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Let £ be a finite Boolean algebra. Recall (Section 14.10) that an element @ in B is an atom if ¢ immediately
succeeds 0, that is if 0 < a. Let A be the set of atoms of B and let P(A) be the Boolean algebra of all subsets of
the set A of atoms. By Theorem 14.8, each x # 0 in B can be expressed uniquely (except for order) as the sum
( join) of atoms, i.e., elements of A. Say,

X = al -+ -ﬁl‘z +---—4 ﬂr
is such a representation. Consider the function f: 8 — P(A) defined by
fix)y={ay.a>. ..., a, }

The mapping is well defined since the representation is unique.

Theorem 15.6: The above mapping f: B — P(A) is an isomorphism.

Two Boolean algebras B and B’ are said to be isomorphic if there is a one-to-one correspondence f: B — B’
which preserves the three operations, i.e., such that, for any elements, a, b in B,

fla+b)= fla)+ f(b), flaxb)= fla)=* f(b) and f(a) = f(a)

1)
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S EfrEbijective
RK= Ay, Fay, t ot A,y = ay, tay, +ay,
FGO) = @y, Gy s O} FO) = {1y, 0300y,
DX+Y =y, + 0y, + ot Qx, +ay, +ay, + 0y, = Baerouro)-reonso @ (B
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s flx+y) =)+ f)
i) Z51Bli)
iii)l=a;+ay+-+ap, f(1) ={ay,ay, ...,q5}
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Two Boolean algebras B and B’ are said to be isomorphic if there is a one-to-one correspondence f: B — B’
which preserves the three operations, i.e., such that, for any elements, a, b in B,

fla+b)= fl@+ fb), flaxb)= fla)* f(b) and f(a') = f(a)

¢ %ZIKJB‘S\E%:
e HHTheorem 15.6, XMTE A 75 FAAM /RACEX. ¥, &
HAtomEZE S NAy, Ay MX = P(Ay),Y = P(Ay)
o CHIIX|=]Y]
« iFB: P(Ay) = BXI = BVl = p(4,), B )y:
Let B" =B x B x - -- x B (n factors) where the operations of +, %, and / are defined componentwise using

Fig. 15-1. For notational convenience, we write the elements of B” as n-bit sequences without commas, e.g.,
x = 110011 and y = 111000 belong to B". Hence

x+y=111011, x=#%y=110000, x"=001100

Then B” is a Boolean algebra. Here 0 = 000 - - - 0 is the zero element, and 1 = 111-- -1 is the unit element.
We note that B” has 2" elements.




