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set cover problem (ZE&78 50 &0)

Input:

Goal:

Ground elements, or Universe U/ = {ul ,uz,...,un}
Subsets §,,9,,...,5, cU

Costs C€;,Cy5..45C;

Findaset I C {1,2,..., k} that minimizes Zc’:i ,suchthat US, =U.

iel i€l

(note: in the un-weighted Set Cover Problem, ¢, = 1 for all j)
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Interesting example: IBM finds computer viruses (wikipedia)
elements- 5000 known viruses
sets- 9000 substrings of 20 or more consecutive bytes from viruses, not found in *good’ code

A set cover of 180 was found. It suffices to search for these 180 substrings to verify the existence of

known computer viruses.
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2 1 * E% I* Let C represent the set of elements covered so far
[

Let cost effectiveness, or & , be the average cost per newly covered node

o ﬁ?ﬁ: Algorithm
1. C€0

- WA EH
2. While C #U do

Find the set whose cost effectiveness is smallest, say S

o ITE SRR «(S)

Let @ =
° JI_LILE? IZEI For each e S-C, set price(e) = &
Ce€eCus

° j&/ﬂ}{ Hﬁ. 3. Output picked sets

H, :1+l+...+Lzlog|U|
2 19

Proof. Let us encode the inputs in such a wav that one can consider [U], |S]
to be the input size of an input instance (U, S ). One run of Step 2 costs
O( |U[*|S| ) time. The number of runs of Step 2 is bounded by min{ U], [S| } <
( |U]*IS] )'/2. Thus, the time complexity of Algorithm 4.3.2.11 is in O(n3/?).
0O
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* ay = 15/2 = 7.5
o T3 kY

° iﬁﬁﬂj: XaY’Z

Example
U
Y‘ o
Choose Z: &, = C(Z} =

1§ -C|

Choose X: &, = CI:X)
N - #

Choose Y: &y = c(Y}
|8 —-C|

Totalcost=6+15+7=28

c(X)=6
c(Y)=15
c(Z)=17

[N
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H =1+l+.
2

n
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1
+—=log|U |
U]

(1)

Proof:

(i) We know Z price(e)= cost of the greedy algorithm = ¢(S§,) +c(S8,) +...+c(S,,)

eel/

because of the nature in which we distribute costs of elements.

OPT
(1) We will show price(e, ) < T ., where e, 1s the kth element covered.
n—k+
Say the optimal sets are 0,,0,,...,0,,.
So,OPT = ¢(0,)+c(0,)+...+ C(OP ).

Now, assume the greedy algorithm has covered the elements in C so far. Then we

know the uncovered elements, or ‘U — C'l , are at most the intersection of all of the

optimal sets intersected with the uncovered elements:
b
U-c| < |0,nU-C)+|0,n(U-0O)|+..+|0, n(U-C)

In the greedy algorithm, we select a set with cost effectiveness a , where

c(0,)

g g et
|0, n(U-0)

i =1...p. We know this because the greedy algorithm

will always choose the set with the smallest cost effectiveness, which will either be

smaller than or equal to a set that the optimal algorithm chooses.




2.3 1 LIEUERR (2)

Algebra: c(0,) é a- |04 (U — C}|
€ b
OPT = »¢(0) 2 a-)|0,nU-0)| 2 a-U-(
OPT
u-C|’
Therefore, the price of the k-th element is:
OPT OPT
Q@ £ —— =
n—(k-1) n—k+1
Putting (1) and (11) together, we get the total cost of the set cover:
> price(e,) < ) LA GPT-(I L 1] = OPT-H,
e ton—k+1 2 n
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NPO(IV): Contains every U € N PO such that

(i) there is a polynomial-time f(n)-approximation algorithm for
U for some f: IN — IR, where f is bounded by a polyloga-
rithmic function, and

(1) under some reasonable assumption like P # NP, there does
not exist any polynomial-time d-approximation algorithm for
U for any d € RT,

{ The set cover problem belongs to this class. }

« NPO(IV) :

o FEEZINIUNTA] L 22 B0 HT (DL RE I L B2
o NMFAEZ WU R] BB RIS, BRAEP=NP




3.2 1EAA

o (1) FEZTANE. 2 AP R E
o BIICHES, PLISEL, HNTAI R R N0 (n3/2) , SERLEE N0 (1gn)
« (i) AFAEZ BN TR, HHOLDRERTIT SRR, BRARP=NP

o CLAIMIN-VCPJENPO(III), W& (ii), 1 MIN-vCP<, SCP » FTEASCPHHi & (i1)

One can easily observe that MIN-VCP is a special case of SCP. For a
graph G = (V,E), V = {v;,...,v,}, the corresponding input instance of
SCP is (E,{E\,...,E,}), where E; C E contains all edges adjacent to v; for
i=1,...,n. Algorithm 4.3.2.11, then, is a (In n)-approximation algorithm for
Min-VCP, too.




Input:
3 . 3 E ( 1 ) Ground elements, or Universe [/ = {ul Uy sy U, }

Subsets §,,9,,...,8, cU

P Costs ¢,,C5,...,C;
SF1L<i<k, @R WT:
Goal:

1, el Findaset ] C {1,2,..., k} that minimizes ZC; ,suchthat US, =U.
€r; = icl iel

0, ig¢l
(note: in the un-weighted Set Cover Problem, ¢, = 1 for all j)

MTFL<i<kMl<j<n, EXFEa;WT:

{ i 45 .« SCPIATE AL HEA
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3.3 (2)

o TR RS
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In what follows we consider the set cover problem (SCP). This problem is
in the class NPO(IV). Surprisingly, the naive greedy approach provides the
best possible approximation ratio.

[11] Carsten Lund and Mihalis Yannakakis. On the hardness of

approximating minimization problems. J. ACM, 41(5):960-981, 1994,




e =]




4.1 F

« MIT AT BRFEPX
https://math. mit. edu/ goemans/
18434S06/setcover—tamara. pdf

c IIARRY HWEFE MtLEAiesl

http://xuewen. cnki. net/readarticleview. aspx?
filename=2006164591. nh&dbtype=cmfd

e Algorithmics for Hard Problems [JH] ZiEl+
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