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Uniqueness of MST (Problem 4.30)

T is a unique MST of G
<~
Ve € G\ T : w(e) > w(every other edge on the cycle in T + e)

Uniqueness of MST (Problem 4.29)
Distinct weights = Unique MST

Cut Property

Cycle Property
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BE
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‘SmartSign.com + 800-952-145

Be Careful with Your Proofs!!!
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Theorem (A “Real” Theorem) J Theorem (A “Faked” Theorem) J

Proof. Proof.
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Cut Property
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Cut Property (Version I)
X : A part of some MST Tj of G
(S, V\'S): A cut such that X does not cross (S,V '\ S)
e : A lightest edge across (S,V \ 5)

Then X U {e} is a part of some MST T of G.

Correctness of Prim’s and Kruskal’s algorithms.
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By Exchange Argument.

T = T +{et—{¢
{e} —{€'}
XCT
ifeg¢gT
Cta” _) “the77 : “SOIIle” _) ((a,1177
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Cut Property (Version II)
A cut (S,V\S)
Let e = (u,v) be a lightest edge across (S, V \ 5)

dMST T of G:ecT

T'=T+{e} - {}
——
ifegT
“a” % “the” ; “377 % “V”
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A Wrong Divide&Conquer Algorithm for MST

(Vi,Va) 1 |[Val - [Wal | < 1

T, + T + {e} : e is a lightest edge across (V1, V3)

P — S A
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Cycle Property
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Cycle Property
» Let C be any cycle in G

» Let e = (u,v) be a maximum-weight edge in C

Then IMST T of G:e ¢ T.

T =T —{e}+{e}
——
ifeeT
“a” _> “the” § “377 % “v”
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|
Anti-Kruskal Algorithm J

Reverse-delete algorithm (wiki; clickable)

(@) (m logn (log log n)3>

Proof.
Cycle Property

TCF = 37 :T CF—{e}

“On the Shortest Spanning Subtree of a Graph
and the Traveling Salesman Problem”
— Kruskal, 1956.
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https://en.wikipedia.org/wiki/Reverse-delete_algorithm

.
Uniqueness of MST (Problem 4.30)
T : a MST of a connected weight graph G
T is a unique MST of G

<~
Ve € G\ T : w(e) > w(every other edge on the cycle in T' + e)
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Uniqueness of MST
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Uniqueness of MST (Problem 4.29)
Distinct weights = Unique MST J

By Contradiction.

4 MSTs T1 75 T2

AE:{6|6€T1\T2\/€ET2\T1}

e=min AF

ecTh\ Ty (wlo.g)
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T2+{€} = C
Je'eC)¢g Th = e\Th = ¢ € AE = w(c) > w(e)

T =T+ {e}—{} = w(T') <w(Tz)
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Condition for Uniqueness of MST
Unique MST =& Distinct weights

a
1
1
b—2 c
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Unique MST
Unique MST =& Minimum-weight edge across any cut is unique J
a
1
1
b 5 c

Theorem (After-class Exercise)

Minimum-weight edge across any cut is unigue —> Unique MST
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Unique MST
Unique MST =& Maximum-weight edge in any cycle is unique J

Theorem (After-class Exercise)
Mazimum-weight edge in any cycle is unique =—> Unique MST J
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Existence of Cycle (Problem 4.8)
Vv € V(G) : deg(v) > 2 = G contains a cycle J

By Contradiction.
m=n—Fk(G) <n-1

> deg(v) <2(n—1)

veV(GQ)
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Existence of Cycle (Problem 4.8)

Vv € V(G) : deg(v) > 2 = G contains a cycle

M M M
v / / W N\ @

maximal path P, ,
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-
Existence of Cycle (Problem 4.8) J

Vv € V(G) : deg(v) > 2 = G contains a cycle

Vo € V(Q) : deg(v) > 2
= P e V(Q) :deg(v) =1

Theorem 4.3 .
——— (G is not a tree

Consider each component G’ of G

— Ju,v € V(') : u,v are connected by > 2 paths

= (' contains a cycle

—> @ contains a cycle
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|
Bridge and Spanning Trees (Problem 4.26)

G : a connected graph
e € E(G) is a bridge <= ee€ VST of G

“ R
<—

By Contradiction.

STof G—e

!/ /
T'=T—{e}+{c}
N—_——
ecT
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MST from the point of view of greedy-algorithm

MIT 6.046J: “Design and Analysis of Algorithms”, Spring 2015
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