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⇒

Proof.
By Lemma-24.2.
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⇐

Proof.
Suppose v.d <∞ when Bellman-Ford
terminates.
I v.d and v.π are updated only if

u.d + w(u, v) < v.d

I once v.d is updated, there must be a
path from s to v within in the
predecessor subgraph.
(Can be proved by introduction on
the length of path from s to v)
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1: procedure Bellman-Ford(G, w, s)
2: Initialize-Single-Source(G, s)
3: for i = 1 to |G.V | − 1 do
4: Suc=FALSE
5: for each edge (u, v) ∈ G.E do
6: if Relax(u, v, w) then
7: Suc=TRUE
8: if Suc== FALSE then
9: return
10: procedure Relax(u, v, w)
11: if v.d > u.d + w(u, v) then
12: v.d = u.d + w(u, v)
13: return TRUE
14: return FALSE
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1: procedure Bellman-Ford(G, w, s)
2: Initialize-Single-Source(G, s)
3: for i = 1 to |G.V | − 1 do
4: Suc=FALSE
5: for each edge (u, v) ∈ G.E do
6: if Relax(u, v, w) then
7: Suc=TRUE
8: if Suc== FALSE then
9: return
10: procedure Relax(u, v, w)
11: if v.d > u.d + w(u, v) then
12: v.d = u.d + w(u, v)
13: return TRUE
14: return FALSE
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1: procedure Bellman-Ford(G, w, s)
2: res = TRUE
3: Initialize-Single-Source(G, s)
4: for i = 1 to |G.V | − 1 do
5: for each edge (u, v) ∈ G.E do
6: Relax(u, v, w)
7: for each edge (u, v) ∈ G.E do
8: if v.d > u.d+w(u, v) then
9: v.d = −∞
10: res = FALSE
11: for each vertex v ∈ G.V do
12: Update(v)
13: return res
14: procedure Relax(u, v, w)
15: if v.d > u.d + w(u, v) then
16: v.d = u.d + w(u, v)

17: procedure Update(v)
18: if v.d ̸= −∞ and v.π ̸= Nil then
19: d = Update(v.π)
20: if d = −∞ then
21: v.d = d
22: return v.d
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1: procedure Bellman-Ford(G, w, s)
2: res = TRUE
3: Initialize-Single-Source(G, s)
4: for i = 1 to |G.V | − 1 do
5: for each edge (u, v) ∈ G.E do
6: Relax(u, v, w)
7: for each edge (u, v) ∈ G.E do
8: if v.d > u.d+w(u, v) then
9: v.d = −∞
10: res = FALSE
11: for each vertex v ∈ G.V do
12: Update(v)
13: return res
14: procedure Relax(u, v, w)
15: if v.d > u.d + w(u, v) then
16: v.d = u.d + w(u, v)
17: procedure Update(v)
18: if v.d ̸= −∞ and v.π ̸= Nil then
19: d = Update(v.π)
20: if d = −∞ then
21: v.d = d
22: return v.d
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I Check v.d = v.π.d + w(v.π, v) for each v with v.π ̸= Nil

I Check s.d = 0 and s.π = Nil

I Check v.d =∞ for each v ̸= s with v.π = Nil

I Run Bellman-Ford one round to see if any v.d updated
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0
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v.π = u u.π = v
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TC Problem 24-2 (Nesting Boxs)
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Describe an efficient method to determine whether or not one
d-dimensional box nests inside another.

1: procedure isInside(Ba, Bb)
2: da ← increasing sequence of dimensions of Ba

3: db ← increasing sequence of dimensions of Bb

4: for i = 1 to d do
5: if da[i] ≥ db[i] then
6: return FALSE
7: return TRUE
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I Obtain the increasing sequence of dimensions for all boxes.
O(nd lg d)

I Construct a DAG G. O(n2d)
I each vi ∈ G.V represents a corresponding box Bi

I each edge ⟨vi, vj⟩ indicates isInside(Bi, Bj)=TRUE.
I Find a longest path in DAG G.O(n2)

I Obtain topology order of G. O(n2)
I With the topology order, find the longest path via DP. O(n2)

dist[v] = max
(u,v)∈G.E

{dist[u] + w(u, v)}
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I Obtain the increasing sequence of dimensions for all boxes.

O(nd lg d)
I Construct a DAG G. O(n2d)

I each vi ∈ G.V represents a corresponding box Bi
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I Find a longest path in DAG G.O(n2)

I Obtain topology order of G. O(n2)
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I Obtain the increasing sequence of dimensions for all boxes.

O(nd lg d)

I Construct a DAG G.

O(n2d)
I each vi ∈ G.V represents a corresponding box Bi

I each edge ⟨vi, vj⟩ indicates isInside(Bi, Bj)=TRUE.
I Find a longest path in DAG G.O(n2)

I Obtain topology order of G. O(n2)
I With the topology order, find the longest path via DP. O(n2)
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I Obtain the increasing sequence of dimensions for all boxes.

O(nd lg d)

I Construct a DAG G.

O(n2d)

I each vi ∈ G.V represents a corresponding box Bi

I each edge ⟨vi, vj⟩ indicates isInside(Bi, Bj)=TRUE.
I Find a longest path in DAG G.O(n2)

I Obtain topology order of G. O(n2)
I With the topology order, find the longest path via DP. O(n2)
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I Obtain the increasing sequence of dimensions for all boxes.

O(nd lg d)

I Construct a DAG G.

O(n2d)

I each vi ∈ G.V represents a corresponding box Bi

I each edge ⟨vi, vj⟩ indicates isInside(Bi, Bj)=TRUE.

I Find a longest path in DAG G.O(n2)
I Obtain topology order of G. O(n2)
I With the topology order, find the longest path via DP. O(n2)
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I Obtain the increasing sequence of dimensions for all boxes.

O(nd lg d)

I Construct a DAG G.

O(n2d)

I each vi ∈ G.V represents a corresponding box Bi

I each edge ⟨vi, vj⟩ indicates isInside(Bi, Bj)=TRUE.
I Find a longest path in DAG G.

O(n2)
I Obtain topology order of G. O(n2)
I With the topology order, find the longest path via DP. O(n2)
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I Obtain the increasing sequence of dimensions for all boxes.

O(nd lg d)

I Construct a DAG G.

O(n2d)

I each vi ∈ G.V represents a corresponding box Bi

I each edge ⟨vi, vj⟩ indicates isInside(Bi, Bj)=TRUE.
I Find a longest path in DAG G.

O(n2)

I Obtain topology order of G.

O(n2)
I With the topology order, find the longest path via DP. O(n2)
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I Obtain the increasing sequence of dimensions for all boxes.
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I Construct a DAG G.

O(n2d)

I each vi ∈ G.V represents a corresponding box Bi

I each edge ⟨vi, vj⟩ indicates isInside(Bi, Bj)=TRUE.
I Find a longest path in DAG G.

O(n2)

I Obtain topology order of G.

O(n2)

I With the topology order, find the longest path via DP.
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I Obtain the increasing sequence of dimensions for all boxes.
O(nd lg d)

I Construct a DAG G.

O(n2d)

I each vi ∈ G.V represents a corresponding box Bi

I each edge ⟨vi, vj⟩ indicates isInside(Bi, Bj)=TRUE.
I Find a longest path in DAG G.

O(n2)

I Obtain topology order of G.

O(n2)

I With the topology order, find the longest path via DP.

O(n2)

dist[v] = max
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{dist[u] + w(u, v)}

Jun Ma (majun@nju.edu.cn) 3-8 single source shortes path November 12, 2020 17 / 20



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

I Obtain the increasing sequence of dimensions for all boxes.
O(nd lg d)

I Construct a DAG G. O(n2d)
I each vi ∈ G.V represents a corresponding box Bi

I each edge ⟨vi, vj⟩ indicates isInside(Bi, Bj)=TRUE.
I Find a longest path in DAG G.

O(n2)

I Obtain topology order of G.

O(n2)

I With the topology order, find the longest path via DP.

O(n2)

dist[v] = max
(u,v)∈G.E

{dist[u] + w(u, v)}

Jun Ma (majun@nju.edu.cn) 3-8 single source shortes path November 12, 2020 17 / 20



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

I Obtain the increasing sequence of dimensions for all boxes.
O(nd lg d)

I Construct a DAG G. O(n2d)
I each vi ∈ G.V represents a corresponding box Bi

I each edge ⟨vi, vj⟩ indicates isInside(Bi, Bj)=TRUE.
I Find a longest path in DAG G.

O(n2)

I Obtain topology order of G. O(n2)
I With the topology order, find the longest path via DP.

O(n2)

dist[v] = max
(u,v)∈G.E

{dist[u] + w(u, v)}

Jun Ma (majun@nju.edu.cn) 3-8 single source shortes path November 12, 2020 17 / 20



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

I Obtain the increasing sequence of dimensions for all boxes.
O(nd lg d)

I Construct a DAG G. O(n2d)
I each vi ∈ G.V represents a corresponding box Bi

I each edge ⟨vi, vj⟩ indicates isInside(Bi, Bj)=TRUE.
I Find a longest path in DAG G.

O(n2)

I Obtain topology order of G. O(n2)
I With the topology order, find the longest path via DP. O(n2)

dist[v] = max
(u,v)∈G.E

{dist[u] + w(u, v)}

Jun Ma (majun@nju.edu.cn) 3-8 single source shortes path November 12, 2020 17 / 20



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

I Obtain the increasing sequence of dimensions for all boxes.
O(nd lg d)

I Construct a DAG G. O(n2d)
I each vi ∈ G.V represents a corresponding box Bi

I each edge ⟨vi, vj⟩ indicates isInside(Bi, Bj)=TRUE.
I Find a longest path in DAG G.O(n2)

I Obtain topology order of G. O(n2)
I With the topology order, find the longest path via DP. O(n2)

dist[v] = max
(u,v)∈G.E

{dist[u] + w(u, v)}

Jun Ma (majun@nju.edu.cn) 3-8 single source shortes path November 12, 2020 17 / 20



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

TC Problem 24-3 (Arbitrage)
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R[i1, i2] ·R[i2, i3] · · ·R[ik−1, ik] ·R[ik, i1] > 1

1
R[i1, i2] ·R[i2, i3] · · ·R[ik−1, ik] ·R[ik, i1]

< 1

lg 1
R[i1, i2] ·R[i2, i3] · · ·R[ik−1, ik] ·R[ik, i1]

< 0

lg 1
R[i1, i2]

+ lg 1
R[i2, i3]

+ · · ·+ lg 1
R[ik−1, ik]

+ lg 1
R[ik, i1]

< 0

I Applying Bellman-Ford to see if there is any negative-cycle
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1: procedure Bellman-Ford(G, w, s)
2: Initialize-Single-Source(G, s)
3: for i = 1 to |G.V | − 1 do
4: for each edge (u, v) ∈ G.E do
5: Relax(u, v, w)
6: S ← ∅
7: for each edge (u, v) ∈ G.E do
8: if v.d > u.d + w(u, v) then
9: S ← S + {v}
10: Relax(u, v, w)
11: Let G′.V = G.V and G′.E =
{(v.π, v)|v.π ̸= Nil}

12: pick any v ∈ S
13: Run DFS(G′, v) to find a back edge

point to x.
14: Print the cycle by following π edges

start from x
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