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x=2n+1, tor some n € Z,

x € 8.




i) R ;
WA “HS” R
R4 R 2




S5 “CeEmEuUEHITRIE” .
At AR, Hie “WIEaIhEE

PTIILRTTE—H .
0 SEA— U DL AR B B s AR IR

H5EEG0ETIRA
0 SHEEESA, B, A=B iff. AcB, H BcA




FEAUERA 7 =0 (1)
- EEERESASRIEZEEN

o f1: AuB=B = AcB
o #2: AcB = AnB=A

#1, friEsiit: AcB RI0G: UERHE AR R
Bl: XX, xe A= xeB SHEATX, R ¥exe A
BRI IE B R ARG IEL: xeAUB
AT, i Bxe A O RAT: AUB=B
<HENIE 4 7> X eB

X eB Klitk: AcB

Klitk: AcB




FEARUEIH L (2)
. FAEEE BB ESER AR

a fl: A-(BUC) = (A-B) N (A-C)
A-(BUC)={x|xeA, but xgBUC}
={X| xeA, but (x¢B and x¢C)}
={x|(xeA, but x¢B) and (xeA, but x¢C)}
= (A-B) n (A-C)

MR EEAT B F IR 7 2
XeA-(BUC) < (xeA) A (xg(BUC)) < xeAA xgB A xgC
< (xeAA xgB) A (xeAA x¢C)
< (xe(A-B)) A (xe(A-C))
< xe((A-B) n (A-C))




FARUEB T (3)

ANB=A=A-B=¢:

A-B=p=AB=A

« MHEBMEFNRF| L roa r

LBl ANB=A < AB=| _n Au(AnB] B 2%B

o #l: AUANB) = A = =AN(E ;ﬁ;ﬁf;
o Bl: BRAGB=AGC EMB=C | _ o
0 —MHEE RRAARFT: —C

=« FIAHA NB=A < AcBiLHH:
((AuBUC) N (AUB))-((Au(B-C)) NA)=B-A
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EFER— RSB SER

0 AUB=B < AcB < AnB=A < A-B=¢
v @ e @

o XfF EIRSErar A, AT R FEEUER
DH=02=08)=1@=(01)

o fE DL B b, R ELEAERA
A-B=¢p = AUB=B.,
ERE: AuB= (AUB) NE=(AUB) N(~BUB)

=(An~B)uB =B
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o CIRBEA R Ees= Ul M, {H AT BT Bl

Unjénllﬁ

= Hll1:
o (1) (A-B)U(A-C)=A
OB

ANBNC=¢
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IF BT M PR 1 5

(A-B)U(A-C)=A FH H AN AnBNC=¢
= RIZANBNC#p, Bl: fF{EXeANBNC,
Nixe(A-B), xg(A-C), .. xg(A-B)U(A-C), (HH
25: (A-B)UA-C)=A, FJ&E. .. AnBNC=

< RN E T L, A-BSA, A-CcA; ik
(A-B)U(A-C)=A, NI(A-B)U(A-C) /= A B T4
NMIfEfExeA, Bxe(A-B) U(A-C),Hlix ¢(A-B) H.
xe(A-C), HIHX#MEHE X, x eAnBNC, 5&
MM IE, o (A-B)U(A-C)=A
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Let X denote a set, and A, B, and C denote subsets of X. Then
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W Aand A C A.

(A9 = A.
AUP = A.
AN@P=40.
A NA =A,
AUA =A.

A N B = BN A. (Commutative property)
AU B = BU A. (Commutative property)
(AUB)UC = AU (BUC). (Associative property)
(ANB)NC = AN(BNC). (Associative property)

- [L.BC A,

ACAUB.

AU(BNC)=(AUB)N (AU C). (Distributive property)
AN(BUC)=(ANB)U/(ANC). (Distributive property)
X\ (AUB)=(X\A)N(X\ B). (DeMorgan’s law)

(When X is the universe we also write (A U B)° = A°N B°.)

X\(ANB)=(X\A)U X\ B). (DeMorgan’s law)

(When X is the universe we also write (A N B)° = A°U B°.)

A\B=ANPB.

&

:EL —= '/T: =3
(DeMorgan’s laws) —(PV Q)< (—PA—-Q)

—(PAQ) < (=P V —Q);

(Distributive property) (P A (Q VR))< ((PAQ)V (P AR));
(PV(QAR) < ((PVQ)A(PVR);

(Double negation) —(—P) < P;

(Associative property)

(P A(Q AR)) < (P AQ)AR);
PV(QVR) e ((PVQ)VRE)

(Commutative property) (PAQ) < (Q AP);
(PVQ)<e (QVP).
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Input: A positive integer b, and positive integers wy,wa,...,w, for some
n € N — {0}.

Constraints: M(b,wy,wa,...,wn) = {T C{L,...,n}| > ,cpwi < b},
i.e., a feasible solution for the problem instance b, wy, wa,...,w, is

every set of objects whose common weight does not exceed b.
Costs:  For each T € M(b,wq,wa,...,wy,),

R ALE

cost(T, b, w1, wa, ..., wy) = ZieT w;. s i A

Input: A positive integer b, and 2n positive integers wy, ws,...,Wn, C1,
Ca,..-,Cn for some n € IN — {0}.

\ Constraints:
e
%gii M(b,wl,...,wn,cl,...,cn) = {T C {1,...,n}| ZiETwi < b}
Costs:  For each T' € M(b,wy,...,wn,C1,...,Cn),

cost(T,b,wy,...,Wn,C1,...,Cp) = ZieT C;.

Goal:  mazximum.
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a Given a set A and a finite set of subsets of A: {A,A,,... A},
a exact cover of A with respect to the A/’s is a set Sc
{ALA,,...A}, satisfying:
Any two sets in S are disjoint, and
US=A
o Mathematically, we call S a partition of A.

— M £

o A={a,b,c,d,e f,g,h,ij}; A;={a,c,d}, A,={a,b,e,f}, A;={b,f,g}, A,={d,h,i },
As={a,h,}}, As={e,h}, A,={c,i,]}, Ag={i,}}

0 s {Ap As Ag, Agl
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Let [A|=n, and there are m subsets for A/'s, we can represent the input of exact
cover problem as a mxn matrix, with each row for a A, .

o o r O O P -

o o O o o B+, O

O rr O O O O O -

o O O O r O O BB

o O r O O O B+, O

o O O o o+ +—» O

o O O o O —» O O

o O Fr kP O O O

b O O Fr O O O

b O O O O O

Solution;

Find a collection of rows of M: r,,
l5,...I, satisfying:

riAr=0 for 1<i,j<k, and

ryvrv... v =1

where 0=[00 0000000 Q]
1=[1111111111]

and, A is boolean product, v is
boolean sum




Knuth’s X Algorithm

Input: matrix A
Initialization: label the rows of A;

M=A; L={};
(1) If there 1s a column of 0’s in M, return “No solution”
(2) Otherwise:
Choose the column ¢ with the fewest 1°s;
Choose a row r with a 1 in column ¢, L=L{r};
Eliminate any row r; having the property: rar0;
Eliminate all columns in which r has a 1;
Eliminate row r;

If No row and column left, then output L, otherwise repeat (1) and
(2) on resulted M;
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Describe the problem in suitable form e 2
a9 constraints for cells A3 2

Each cell contains exactly one number

€.9g., Construct the matrix of covering
0 C1R1 = {C1R1#1,C1R1#2,C1R1#3)} 27 columns for constraints
0 C1R2 = {C1R2#1,CR21#2, C1R2#3} 27 rows for “moves”

o 9 constraints for numbers-columns

Each number exists in one column exactly once
e.g.,

0 N1C1 = {C1R1#1,C1R2#1,C1R3#1}

0 N2C1 = {C1R1#2,C1R2#2, C1R3#2)}

o 9 constraints for numbers-rows
Each number exists in one row exactly once

e.g.,
0 N1R1 = {C1R1#1,C2R1#1,C3R1#1}
0 N1R2 = {C1R2#1, C2R2#1, C3R2#1}

http://www.iroowe.com/sudoku-and-exact-cover%ef%bc%88%e6%95%b0%e7%8b%ac%e4%h8%8e%e5%ae%8c%e5%85%a8%e8%a6%86%e7%9b%96%ef%bc%89/



http://www.iroowe.com/sudoku-and-exact-cover%ef%bc%88%e6%95%b0%e7%8b%ac%e4%b8%8e%e5%ae%8c%e5%85%a8%e8%a6%86%e7%9b%96%ef%bc%89/
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€HEN
CHEN
THEN
€d¢ZN
A<I4\
THZN
€dTIN
¢dIN
THIN
€OEN
¢OEN
TOEN
€O¢N
¢J¢N
TO¢ZN
€JIN
¢JTN
TOTN
€deod
[A<1%0)
THED
€d¢o
[A<140)
1420
€d10
¢d10
Td1O
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CiIR1#1)1 10 0 0 0O O 0O O Of1 0 OO0 O O O Ojr 00OOCOO)O0P

ClR2#1)0 11 0 0 0O O O O Of1 0 OJOJO O O O OO 1 0O O O OO)0 P

CIR3#1)0 0 1 0 0O O O OOf1 0 OO0 O O O OjO0O1L OOUOO)OP

C2R1#1)0 0 0 1 0 0O O OO0 1 0jOJ0OO0OOCOO]L OOOOOTO0O)0P

C2R2#1)0 0 0 0 1 0 O O OO 1 OJOJO O O O O O01 0O OOO)0pP

HAL

C2R3#1|0 |0 0 0 0 1 O O OJO 1 OJOJO O O O OJO O 1 O O O OO O

C3R1#1|0 |0 0 0 0 0O 1 O OJO O 1JO0 )0 O O O OJj12 0 O O O O OO O

C3R2#1|0 |0 0 0 0 0O O 1 OO O 1J0 )0 O O O OJO 1 O O O O OO (O

—carz#llodo 0 0 0 0 00 100 0 10040 0 0 0 olo 01 00 0 0l0

CiR1#2)1 j0 0 0 0 O O O OJO O OJ2)0 O O O OO O O 1 O O O)0 O

ClR2#2)0 |11 0 0 O O O O OO O OjJ121)0 O O O OO O OO 1 OO0

ClR3#2)0 0O 1 0 O O O O OJO O O)2)0 O O O OO O O O O 1 0)0 O

C2R1#2)0 O 0 1 0 O O O OJO O OJOJ1 0 O O OO O O 1 0 O 0O)0 O

C2R2#2)0 JO 0 0 1 0 O O OO O OJOJ1 0 O O OO O O O 1 0 O)0 O
C2R3#2)0 jO 0 0 0O 1 0 O OO O OJOJ1 0 O O OO O O O O 1 0)0 O

HA2

C3R1#2)0 J0 0 0 0 0 1 O OJO O OJOJ0O 1 O O OO O O 1 0 O 0O)0 O

C3R2#2)0 j0 0 0 0O O O 1 OJO O OJOJ0O 1 O O OO O O O 1 0 0O)0 PO

C3R3#210 Jj0 0 0 0 0O 0O O 1§O0O O OJOJO 1 O O OO O O O O 1 0J0 [0

CIR1#3)1 10 0 0 0O O OO Oj0O O OO0 O 1 O OO0 OOOOUOUI1}j00p0

ClIR2#3)0 |11 0 0 0O O O O OO O OJOJO O 1 O OO O OO OCOO)1 O

CIR3#3)0 /0 1 0 0O O O O OO O OJOJO O 1 O OO OO O OOO)jOnQn

C2RI1#3)0 0 0 1 0 0 O O OJO O O)OJ0O O O 1 OO O O O O O 1}0 PO

C2R2#3|0 |0 0 0 1 0 O O OJO O OJOJ0O O O 1 OO O O O O O OfJ1 O

HA3

C2R3#3|0 |0 0 0 0 1 O O OO O OJOJO O O 1 OjO O O OO OO0

C3R1#3|0 |0 0 0 0 0O 1 O OO O OJOJO O O O 1J0 O O O O O 1}j0 O

C3R2#3|0 |0 0 0 0 O O 1 OO O OJOJO O O O 1J0 O O O O O O}1 O

C3R3#3|0 |0 0 0 0 0O O O 1§0 O OJO 0O O O O 140 O O O O O OO
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RIMEM

ems: 6.7, 6.12, 6.14-18;

ems: 7.1, 7.8-11;

ems: 8.1, 8.4, 8.7, 8.8, 8.9, 8.11;
ems: 9.2, 9.4, 9.12-14, 9.16

oroject 27.3



