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Exercise 16.6.

We already have an example to show that, with the notation from

the theorem above, we need not have f(A; N Ap) = f(A1) N f(A3).

But what is wrong with the following proot of this “non-tact”?

Not a proof.

[t follows from Theorem 16.5 that f(A1NA2) € f(A1)Nf(A2). To show
the reverse set inclusion, we let y € f(A1) Nf(A2). By definition of
intersection, y € f(A;)and y € f(A»). Therefore, y = f(x) for some x
in A; and y = f(x) for some x € A;. Since x € A; and x € A;, we see
thatx €e AiNA,;. Thusy = f(x) where x € A1 N A, soy € f(A1 NA3).
This proves that f(A1) N f(A2) € f(A1 N Az), and the non-fact is
established!
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f RxR—->RxR, f(<x,y>) = <x+ty, X-y>



1) 2

iX B ffunction 5k %
B RERRBEH 2 RFE?




/\ /. (: .

o\

You probably learned that a function f : B — R can be repre-
sented by a graph, and that there is a vertical line test to determine
whether or not { is a function ( See Figure above) . Which condition in

the definition corresponds to the vertical line test? Why?
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When you define a new mathematical concept, it's always a good
idea to think about it and pose questions. Of course, it's also a good

idea to answer those questions, if you can. We now turn to some
questions that we find interesting. See if you can think of some

guestions on your own.
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Given functions f : A — Bandg : C — D with ran(f) € C, we
can define a third function called the composite function from A
to D. (We will usually call this the composition, rather than the
composite function.) This composition is the functiongof : A — D

defined by (g o f)(%) = g(f(1)).

_ Let R be a relation from A to B and S be a relation from B to C. Then we can define
a relation, the composition of R and S written as SoR. The relations SoR 1s a relation from the set A to the
set C and 1s defined as follows:
If ac A,and ce A, then (a,c)e SoR if and only if for some b e B, we have (a,b)e R and
(bt C)E S.
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Example 13.7.
Letf : R\ {1} = Rbe defined by f(x) = (x4 1)/(x — 1). Determine
the range of f.




Proof.

We will show that ran(f) = R\ {1}. Let y € ran(f). Then, clearly,
y € R. Soran(f) € R. To show thaty # 1, suppose that this is not the
case; so we will suppose y = 1 € ran(f) and see what happens. Since
Yy € ran(f), there exists a point x in the domain with f(x) = y = 1.
Using the definition of f, we find that 1 = f(x) = (x + 1)/(x — 1).
Therefore, x +1 = x — 1. This would mean that 1 = —1, which is
not possible. So y € ran(f) implies y € R and y # 1. Thus, ran(f) C
R\ {1}.

Now let y € R\ {1}. Let x = (y + 1)/(y — 1). Since y # 1, we
see that x € R. Remember that we need to check that x € dom(f).
We know that x € R. Could we possibly have x = 1? Suppose we
do, then1 = (y 4+ 1)/(y — 1) which impliesy — 1 = y 4+ 1. Thus we
would have —1 = 1, which is impossible. So x € dom(f) and we can
evaluate f at x to obtain

4+l yt14y—1
o y+1-y+1

It follows that R\ {1} < ran(f). Therefore ran(f) = R\{1}, completing
the proof. Ll
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0 fASBREIHEH: ranf=B, iff. YyeB, IxeA, {5
fX)=y

¥4+ (onetoone)

0 FASBREASTH: Vye ranf, 3IxeA, {15 f(X)=y iff.
VX, X €A, X # X, NIF(X)) #f(X,) iff. VX, X, €A,

F(x) =f(xp)» X =X,
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= f:IR->R, f(X)= -x?+2x-1
« £:Z5R, fo=Inx, st [5@8: A D
= fiIRZ, f(X)=Lx], it |
= fIR-R, f(x)=2x-1, XU
= f:R*—>R*, f(X)= (x?+1)/x
0 R (022, TXHER RS, f(X)=f(1/x) ),
= fIRXRHRxR, f(<X,y>) = <x+y, X-y>, X,
= fINXN-N, f(<x,y>) = | x*-y?|
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a=1{(12),(23),(3.1)};
6={(13),(22), (.1 };
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w T (x)=t,, f(x,)=t,,
R t=t, SEEBRHTE.
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ST, BSHEH Fg R B g 7
f N

"ty teB, b=ty Ho(t)=0(t,) , (FF: gh=
1) REt 58 iz%t ANFEF RN, g °of 1))
e HLT







KT BREL

KAMY  RENIIx
Undo

7] 11 ;
N4 R EG A  BREC 7
Wh B 2% A2 1% PR 2 bijection?

H—NHEHR “undo” .




Example 15.1.

We define f : R — R by f(x) = ¥* — 5. Graph the function f. Then
prove that f is one-to-one and onto. Once you have done that, decide
what £~ is.

How to show that the reverse of f is: g(x) = (x + 5) "/

Hint;

Let f : A — B be a bijective function. The inverse of f is the
function f~! : B— A defined by

f_l(y) —#.it and only # f(X) = y.




‘ Hashing: iHHALEF-
é//%asible size

EL0] * Index distribution
E[1] « Collision handling
Hash
- Function
L] - H(x)=k
A calculated
array index for
E[m-1] the key

T 2 R

Very large, but only a
small part is used in an
application

Key Space

Valué of a
specific key
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