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[B)@Rl] : heapFheapsort ()

MAX-HEAPIFY (A, Q)

I | = LEFT(i)

2 r = RIGHT(i)

3 if ] = A.heap-size and A[l] = Ali]

4 largest = 1

5 else largest = i

6 if r = A.heap-size and A[r] = Allargest|
7 largest = r

8 il largest # i

9 exchange A[i] with A[largest]

0 MAX-HEAPIFY (A, largest)
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[B)@Rl] : heapFheapsort ()

BUILD-MAX-HEAP(A)

2
3

A.heap-size = A.length
for i = | A.length/2| downto 1
MAX-HEAPIFY (A, 1)
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I‘Dl%_fﬁ.l : heapﬂ:lheapsort (4R)

HEAPSORT(A)

| BUILD-MAX-HEAP(A)

2 fori = A.length downto 2

3 exchange A[1] with A[{] 4 7 (Q 3)
4 A.heap-size = A.heap-size — 1 ~{ o -
5 MAX-HEAPIFY (A4, 1) 9 ®
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d-ary Heap

* A d-ary heap 1s like a binary heap, but non-
leaft nodes have d children instead of 2 (with
one possible exception)

1.

A

How to represent a d-ary heap in an array?
Heap height = ? (in terms of n and d)
Implement EXTRACT-MAX

Implement INSERT

Implement INCREASE-KEY (A,Lk), running
time? (1n terms of d and n)




Q1. Represent d-ary in an Array

e Binary Heap
e Root (1) =1
« PARENT(})
o LEFT(i) = 2i,

e d-ary heap
 PARENT(i)
o jth child(i) =




Q2. Height of d-ary heap

e By intuition: ®(log;n)
e Calculating the height

l+d+d?+...+d""'" « n<1+d+d*+... +d"
dh — 1 dhitl —1
<
i—1 = "= a4

d" < n(d-1)+1 < d"*'
h < logy(nd—1)+1) < h+1




Q3. EXTRACT-MAX

e Directly get max by A[1]
e By property of Heap
e Maintain the Heap property
e By HEAPIFY(A.i,n,d) (fixHeap)

EXTRACT-MAX(A. n)

1 max + A[l]

2 A[l] «+ A[n]

3 n=n-—1

4 HEAPIFY(A. 1. n d)
5 return moar




HEAPIFY
o After EXTRACT-MAX the heap property 1s only
partially ruined
e Fix the partially ruined sub-tree recursively
HEAPIFY(A, i, n, d)
1. §->i
2. For (k = each child of A[i])
3 if (Index[Child] <= n and Child > A[j])
4. then j=Index[Child]
5. If =) O (dlogn)
6. then
7 Exchange A[i] <-> A[j]
S HEAPIFY(A, j, n, d)




Q4. INSERT

* Directly append the element to the Heap
e The Heap property 1s partially ruined
* Fix the partially ruined heap

INSERT (A, k,n,d)

1 n+—n+1

2 Aln]=—-¢

3 INCREASE-KEY (A, i, k,n)




Q5. INCREASE-KEY

e Partially ruined heap property
* The increased key goes up like a bubble

INCREASE-KEY(A, i, k)
1. Ali] <- max(A[i], k)
2. It (k ==A[i])
3.  while (i>1 and PARENT(i) <A[i])
do
Exchange A[i] <-> PARENT(i)
i <- PARENT(i)

O (log;n)
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|B)@R2: priority queue
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A

HEAP-EXTRACT-MAX(A)

&

2. priority queue (£%)

1 il A.heap-size < 1

2 error “heap underflow™

3 max = A[l]

4 A[l] = A[A.heap-size]

5 A.heap-size = A.heap-size — 1
6 MAax-HEAPIFY (A, 1)

7 return max
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A

HEAP-INCREASE-KEY (A, i, key)
il key < A[i]
error “new key is smaller than current key”

&

2. priority queue (£%)

Ali] = key

while i > 1 and A[PARENT(i)] < A[i]
exchange A[i] with A[PARENT(i)]
[ = PARENT({)
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A

MAX-HEAP-INSERT (A, key)

&

2. priority queue (£%)

| A.heap-size = A.heap-size + 1
2 A[A.heap-size] = —o0
3 HEAP-INCREASE-KEY(A, A.heap-size kev)
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B)Rn3: ADT

1. priority queue € heap €< array

prev 5]2 7 4
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AJ&3: ADT &)

void traverse(BinTree T)
if (T is not empty)
Preorder-process root(T);
traverse{leftSubtree(T));
Inorder-process root(7);
traverse(rightSubtree(7)):

Postorder-process root(T);
return;
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[B)EH3: ADT &)
o {RF f#union-find (disjoint sets) J 15 ?

UnionFind create(int n)

Precondition: nong.

Postconditions: If sets = ¢create{n), then sets refers (o a newly created object; find{sets, ¢)
=¢ for | < e < n, and is undefined for other values of e,

Precondition: Set {e} has been created in the past, either by makeSet{sets, ¢) or create,

Precondition: find(sets, e) is undefined.
Postconditions: find(sets, ¢) = e; that is, e is the set id of a singleton set containing ¢.

“leaders.” Also, s # 1.

Postconditions: Let /sets/ refer to the state of sets before the operation. Then for all x such
that find(/sets/, x) = s, or find(/sets/, x) = r, we now have find(sets, x) = u. The value
of u will be either s or 1. All other find calls return the same value as before the union
operation.




Maze Creating: an Example

Selecting a wall to

Inlet
5 -~ pull down randomly
il If i,j are in same equivalence
! class, then select another wall
j to pull down, otherwise, joint
> the two classes into one.
Outlet The maze is complete when the

inlet and outlet are in one
equivalence class.




Counting Inversions

e G1ven an array of n (distinct) numbers, how
many nversions?
eE.g..1,2,7,5,6.(7,5), (7,6) are inversions

e Simple solution
° O(n?)




Divide and Conquer

e Simple division inspired by merge sort

e Counting Inversions in O(n 1g n)

Algorithm 2 Sort-and-Count(L)

1:
e
3:

4:

if L contalns one element then
return zero;
end if
Divide L into two halves: A contains the first |
the remaining |5 |;
(ra, A) = Sort-and-Count(A);
(rg, B) = Sort-and-Count(B);
(r, L) = Merge-and-Count(A,B);

return r =r4 +rg +r, and the sorted list L;

5 | elements, B contains




Question: Anagram Problem

* An anagram 1s a word that 1s made by changing the
order of the letters 1n another word. For example,
ate, tea and eat belong to one set of anagrams.
Design an algorithm for finding all the set of
anagrams 1n a large file of English words.

e Time complexity O(n 1g n)

1. Sort all the words according to their length. O (n)

2. Mark all the words with ID (the sorted “word”).
O (n)

3. Sorting words according to ID, and merge the
same words. O (n log n)




k Largest Numbers

* (G1ven a set of » numbers, we wish to find the &
largest numbers 1n sorted order, using a
comparison-based algorithm.

» Sorting and getting the last £ numbers.
e O (nlogn)

e Using a heap and exacting the first £ numbers.
e O(n+klogn)

e Getting the kth largest number, then partitioning
and sorting.

e O(n+klogk)

o




Finding Two Elements

* Both 4 and B are two arrays with » integers. For a
given integer x, design an algorithm to find out
whether existsa € 4 and b € B, satisfying x = a
+ b. Analyze the complexity of your solution.
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