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TC 26.1

Let F and F ′ denote a maximum flow of G and G′ accordingly.
Let f and f ′ denote any flow of G and G′ accordingly.

|F | = |F ′|

⇕

|F | ≥ |F ′| and |F | ≤ |F ′|

⇕

|F | ≥ |f ′| for all f ′ and |f | ≤ |F ′| for all f
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|F | ≥ |f ′| for all f ′

|F | ≥ |f ′| for all f ′

⇑

for all f ′, we could obtain a flow f in G, s.t. |f | = |f ′|
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Given any f ′, obtain a flow f in G, s.t. |f | = |f ′|

I Let f ′ be a flow in G′. Obviously, f ′(u, x) = f ′(x, v)
I We could obtain a flow? f of G by:

I For every edge (a, b) ∈ G.E, (a, b) ̸= (u, v), let f(a, b) = f ′(a, b)
I For the edge (u, v) ∈ G.E, let f(u, v) = f ′(u, x) = f ′(x, v)

Is f really a flow?
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Given any f ′, obtain a flow f in G, s.t. |f | = |f ′|

I Capacity constraint: Obviously, for every edge (a, b) ∈ G.E,
0 ≤ f(a, b) ≤ c(a, b)

I For Flow conservation, we first prove that for all vertex a ∈ G.V∑
b∈G.V

f(a, b) =
∑

b∈G′.V

f ′(a, b)

∑
b∈G.V

f(b, a) =
∑

b∈G′.V

f ′(b, a)
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∑
b∈G.V

f(a, b) = ∑
b∈G′.V

f ′(a, b)

I Case 1 (a ̸= u): obviously

I Case 2 (a = u):∑
b∈G.V

f(a, b) =
∑

b∈G.V −{v}
f(u, b) + f(u, v)

=
∑

b∈G′.V −{v,x}
f ′(u, b) + f ′(u, x)

=
∑

b∈G′.V −{v}
f ′(u, b)

=
∑

b∈G′.V
f ′(u, b)

Similarly∑
b∈G.V

f(b, a) =
∑

b∈G′.V
f ′(b, a)
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Flow conservation

∑
b∈G.V

f(a, b) =
∑

b∈G′.V
f ′(a, b) and ∑

b∈G.V
f(b, a) =

∑
b∈G′.V

f ′(b, a)

⇓

For all a ∈ V − {s, t}
∑

b∈G.V
f(b, a) =

∑
b∈G.V

f(a, b)
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Flow value
∑

b∈G.V
f(a, b) =

∑
b∈G′.V

f ′(a, b) and ∑
b∈G.V

f(b, a) =
∑

b∈G′.V
f ′(b, a)

⇓

|f | =
∑

b∈G.V
f(b, s) −

∑
b∈G.V

f(s, b)

=
∑

b∈G′.V
f ′(b, s) −

∑
b∈G′.V

f ′(s, b)

= |f ′|

So, given any f ′ in G′, we could obtain a flow f in G, s.t.
|f | = |f ′|

Similarly, given any f in G, we could obtain a flow f ′ in G′,
s.t. |f ′| = |f |
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TC 26.1-2
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TC 26.1-2

S ⊂ V : a set of sources
T ⊂ V : a set of targets

V − S − T
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TC 26.1-6
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TC 26.1-6

I Build a flow network G(V, E) as following

I For each corner, create a vertex v in G.V
I If there is an street between two corners, add two edges v → u and

u → v to G.E
I Let s be the vertex corresponding to the house corner, t be the

vertex corresponding to the school corner.
I All edges have capacities of 1.

I Check if there is a flow with value greater than 1.
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TC 26.1-6

I Build a flow network G(V, E) as following
I For each corner, create a vertex v in G.V

I If there is an street between two corners, add two edges v → u and
u → v to G.E

I Let s be the vertex corresponding to the house corner, t be the
vertex corresponding to the school corner.

I All edges have capacities of 1.
I Check if there is a flow with value greater than 1.
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I Let s be the vertex corresponding to the house corner, t be the

vertex corresponding to the school corner.
I All edges have capacities of 1.

I Check if there is a flow with value greater than 1.

Jun Ma (majun@nju.edu.cn) 3-13 Flow December 22, 2020 13 / 31



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

TC 26.1-6

I Build a flow network G(V, E) as following
I For each corner, create a vertex v in G.V
I If there is an street between two corners, add two edges v → u and

u → v to G.E
I Let s be the vertex corresponding to the house corner, t be the

vertex corresponding to the school corner.
I All edges have capacities of 1.

I Check if there is a flow with value greater than 1.

Jun Ma (majun@nju.edu.cn) 3-13 Flow December 22, 2020 13 / 31



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

TC 26.1-7

Jun Ma (majun@nju.edu.cn) 3-13 Flow December 22, 2020 14 / 31



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

TC 26.1-7

I For each vertex v ∈ V , divide it into a pair of two vertices v1 and
v2 and add an edge (v1, v2) and set cG′(v1, v2) = l(v)

I For each edge (u, v) ∈ E, replace it with an edge (u2, v1) with
cG′(u2, v1) = cG(u, v)

I Let s1 be the new source, and t2 be the new target.
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TC 26.2-2

flow:(11 + 1 + 7 + 4) − 4 = 19

capacity:16 + 4 + 7 + 4 = 31
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flow:(11 + 1 + 7 + 4) − 4 = 19

capacity:16 + 4 + 7 + 4 = 31
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TC 26.2-6

s1

si

sn

...

...

...

p1

pi

pn

t1

tj

tm

...

...

...

q1

qj

qm
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s1
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tj

tm
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q1

qj
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s t

p1

pi

pn

q1

qj

qm

check if the value of a maximum flow f equals ∑
i

pi

Jun Ma (majun@nju.edu.cn) 3-13 Flow December 22, 2020 19 / 31



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

TC 26.2-6

s1

si

sn

...

...

...

p1

pi

pn

t1

tj

tm

...

...

...

q1

qj

qm

s t

p1

pi

pn

q1

qj

qm

check if the value of a maximum flow f equals ∑
i

pi

Jun Ma (majun@nju.edu.cn) 3-13 Flow December 22, 2020 19 / 31



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

TC 26.2-8

Removing edges into s would not affect any simple path
from s to t in the residual network.
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TC 26.2-8

Removing edges into s would not affect any simple path
from s to t in the residual network.
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TC 26.2-10
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TC 26.2-10

I Run Ford-Fulkerson to G to obtain an initial maximum flow f ;
I Build a flow network G′, s.t. G′.V = G.V and c(u, v) = f(u, v);
I Run Ford-Fulkerson, with the modification that we remove

an edge if its flow reaches its capacity.
I The augmenting paths chosen in this modified version of

Ford-Fulkerson are precisely the ones we want.
I Every augmenting path produces at least one edge whose flow is

equal to its capacity. Therefore, at most |E| paths.
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I Run Ford-Fulkerson to G to obtain an initial maximum flow f ;
I Build a flow network G′, s.t. G′.V = G.V and c(u, v) = f(u, v);

I Run Ford-Fulkerson, with the modification that we remove
an edge if its flow reaches its capacity.

I The augmenting paths chosen in this modified version of
Ford-Fulkerson are precisely the ones we want.

I Every augmenting path produces at least one edge whose flow is
equal to its capacity. Therefore, at most |E| paths.
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TC 26.2-12

Part-1
Prove that there must exist another flow f ′ with f ′(v, s) = 0 such that
|f | = |f ′|.

Proof.

I As f(v, s) = 1, there must be a cycle C : v0 → v1 → v2 → · · · → vn−1 → vn,
where v0 = vn = s, vn−1 = v and f(vi, vi+1 ≥ 1) for all i = {0, · · · , n − 1}

I Decreasing f(vi, vi+1) by 1 for all i = {0, · · · , n − 1} results a new flow f ′.
I Obviously

|f ′| =
∑

v∈V

f ′(s, u) −
∑

u∈V

f ′(u, s)

=
∑

u∈V −{v1}
f ′(s, u) + f ′(s, v1) −

∑
u∈V −{v}

f ′(u, s) − f ′(v, s)

=
∑

u∈V −{v1}
f(s, u) + (f(s, v1) − 1) −

∑
u∈V −{v}

f(u, s) − (f(v, s) − 1)

=
∑

v∈V

f(s, u) −
∑

u∈V

f(u, s) = |f |
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TC 26.2-12

Part-2
Give an O(E)-time algorithm to compute f ′, given f .

I Build a directed graph G′, where (x, y) ∈ G′.E if and only if
f(y, x) > 0 and G′.V is the set of vertices of all edges in G′.E.

I Start from v, run DFS to find a path P to s in G′.
I For each edge (x, y) ∈ P , decrease f(y, x) by 1; and finally,

decrease f(v, s) by one.
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Part-2
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I Build a directed graph G′, where (x, y) ∈ G′.E if and only if
f(y, x) > 0 and G′.V is the set of vertices of all edges in G′.E.

I Start from v, run DFS to find a path P to s in G′.

I For each edge (x, y) ∈ P , decrease f(y, x) by 1; and finally,
decrease f(v, s) by one.
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TC 26.2-13

c(u, v) = c(u, v) + 1

Is it OK? 7

Jun Ma (majun@nju.edu.cn) 3-13 Flow December 22, 2020 26 / 31



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

TC 26.2-13

c(u, v) = c(u, v) + 1

Is it OK? 7

Jun Ma (majun@nju.edu.cn) 3-13 Flow December 22, 2020 26 / 31



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

TC 26.2-13

1
1
1

1
1
1

4

⇓ c(u, v) = c(u, v) + 1

2
2
2

2
2
2

5
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TC 26.2-13

1
1
1

1
1
1

4

⇓ c(u, v) = c(u, v) ∗ |E| + 1

8
8
8

8
8
8

29
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TC 26.3-3

Is that 3? 7

It is 2 min{|L|, |R|} − 1 + 2 = 2 min{|L|, |R|} + 1
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TC 26.3-3

Is that 3?
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It is 2 min{|L|, |R|} − 1 + 2 = 2 min{|L|, |R|} + 1
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TC Problem 26-1(Escape problem)
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TC Problem 26-1(Escape problem)

I As each vertex can be used only once, each vertex has a capacity
of one.

I Split each vertex v into a pair of vertices v1 and v2 and add an
edge (v1, v2) with capacity one

I Given a vertex v, for each of its neighbor u, add an edge (v2, u1)
with capacity one.

I Create a supersource s and add an edge (s, v1) with capacity one
for each vertexv corresponding to a starting point

I Create a supersink t and add an edge (v2, t) with capacity one for
each vertex v corresponding to a boundary point

I Finally, check if the value of a maxflow is no less than m
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