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Pseudocode

“Executable” at an abstract level.
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Stackable Permutations
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Definition (Stackable Permutations)

out = (a1, · · · , an) S = ∅←−−−−−
X = ⊥

in = (1, · · · , n)

S

inout

X read(X)print(X)

push(X, S)pop(X, S)
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S

inout

X read(X)print(X)

push(X, S)pop(X, S)

We can assume that X is always blank.

read + push read + print

pop + print pop + push
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Definition (Stackable Permutations)

out = (a1, · · · , an) S = ∅←−−−−in = (1, · · · , n)

S

inout

Push(in, S)Pop(out, S)
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DH 2.12: Stackable Permutations
(a) Show that the following permutations are stackable:

(i) (3, 2, 1)
(ii) (3, 4, 2, 1)
(iii) (3, 5, 7, 6, 8, 4, 9, 2, 10, 1)

S

inout

Push(in, S)Pop(out, S)
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DH 2.13: Stackable Permutations Checking Algorithm
To check whether a given permutation can be obtained by a stack.

S

inout

Push(in, S)Pop(out, S)

1: procedure Stackable(out)
2: for all aj ∈ out do
3: while top(S) ̸= aj do
4: Push(in, S)
5: Pop(out, S)

Q : What is wrong with Stackable?
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DH 2.13: Stackable Permutations Checking Algorithm
To check whether a given permutation can be obtained by a stack.

S

inout

Push(in, S)Pop(out, S)

1: procedure Stackable(out)
2: for all aj ∈ out do
3: while top(S) ̸= aj ∧ in ̸= ∅ do
4: Push(in, S)
5: if top(S) = aj then
6: Pop(out, S)
7: else ▷ top(S) ̸= aj ∧ in = ∅
8: return F

9: return T
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DH 2.12: Stackable Permutations
(b) Prove that the following permutations are not stackable:

(i) (3, 1, 2)
(ii) (4, 5, 3, 7, 2, 1, 6)

(3, 1, 2)

(4, 5, 3, 7, 2, 1, 6)

out = · · · ai · · · aj · · · ak : i < j < k ∧ aj < ak < ai

312-Pattern
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Theorem (Stackable Permutations)
A permutation (a1, · · · , an) is stackable ⇐⇒ it is not the case that

312-Pattern : out = · · · ai · · · aj · · · ak : i < j < k ∧ aj < ak < ai

Proof.

stackable =⇒ ∄ 312-Pattern

312-Pattern =⇒ non-stackable

∄ 312-Pattern =⇒ stackable

∃ algorithm
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Theorem (Stackable Permutations)
A permutation (a1, · · · , an) is stackable ⇐⇒ it is not the case that

312-Pattern : out = · · · ai · · · aj · · · ak : i < j < k ∧ aj < ak < ai

312-Pattern =⇒ non-stackable.

i < j ∧ aj < ai: Pushj Pushi Popi Popj

j < k ∧ aj < ak: Pushj Popj Pushk Popk

i < k ∧ ak < ai: Pushk Pushi Popi Popk
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Theorem (Stackable Permutations)
A permutation (a1, · · · , an) is stackable ⇐⇒ it is not the case that

312-Pattern : out = · · · ai · · · aj · · · ak : i < j < k ∧ aj < ak < ai

∄ 312-Pattern =⇒ Obtainable by Stackable.

Stackable fails =⇒ ∃ 312-Pattern.

1: procedure Stackable(out)
2: for all aj ∈ out do
3: while top(S) ̸= aj ∧ in ̸= ∅ do
4: Push(in, S)
5: if top(S) = aj then
6: Pop(out, S)
7: else ▷ top(S) ̸= aj ∧ in = ∅
8: return F

9: return T

aj ̸= top(S) ∧ in = ∅

aj is covered by some ak in S

∃k : j < k ∧ aj < ak

Why is ak in S?

∃i : i < j ∧ ak < ai
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∄ 312-Pattern =⇒ Obtainable by Stackable.
Stackable fails =⇒ ∃ 312-Pattern.

1: procedure Stackable(out)
2: for all aj ∈ out do
3: while top(S) ̸= aj ∧ in ̸= ∅ do
4: Push(in, S)
5: if top(S) = aj then
6: Pop(out, S)
7: else ▷ top(S) ̸= aj ∧ in = ∅
8: return F

9: return T

aj ̸= top(S) ∧ in = ∅

aj is covered by some ak in S

∃k : j < k ∧ aj < ak

Why is ak in S?

∃i : i < j ∧ ak < ai
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DH 2.12: Stackable Permutations
(c) How many permutations of A4 cannot be obtained by a stack?

(1, 4, 2, 3), (2, 4, 1, 3), (3, 1, 2, 4), (3, 1, 4, 2), (3, 4, 1, 2)
(4, 1, 2, 3), (4, 1, 3, 2), (4, 2, 1, 3), (4, 2, 3, 1), (4, 3, 1, 2)

Q : What about An?
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DH 2.12: Stackable Permutations
How many permutations of {1 · · ·n} are stackable?

S

inout

Push(in, S)Pop(out, S)

Q : How many admissible operation sequences of “Push” and “Pop”?
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Definition (Admissible Operation Sequences)
An operation sequence of “Push” and “Pop” is admissible if and only if

(i) # of “Push” = n # of “Pop” = n

(ii) ∀ prefix : (# of “Pop”) ≤ (# of “Push”)

# of admissible operation sequences = # of stackable perms

{admissible operation sequences} ∃f :1−1−−−−→ {stackable perms}

f(s) ≜ Execute this admissible operation sequence s

Why is f bijective (1-1)?
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Theorem
The number of admissible operation sequences of “Push” and “Pop” is(2n

n

)
−
( 2n

n−1
)
.

Proof: The Reflection Method.

Push :→ Pop : ↑

(0, 0)

(n, n)

(
2n

n

)
︸ ︷︷ ︸

all

−
(

2n

n− 1

)
︸ ︷︷ ︸
inadmissible
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(0, 0)

(n, n)

(n− 1, n + 1)
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(
2n

n

)
−
(

2n

n− 1

)

Catalan Number

(3, 2, 1) : ((())) (1, 2, 3) : ()()()

Hengfeng Wei (hfwei@nju.edu.cn) 1-5 Data Structures 2019 年 11 月 21 日 20 / 31

https://en.wikipedia.org/wiki/Catalan_number


.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Queueable Permutations
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DH 2.14: Queueable Permutations

out = (a1, · · · , an) Q = ∅←−−−−
X = ⊥

in = (1, · · · , n)

Q

inout

X read(X)print(X)

add(X, Q)remove(X, Q)
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DH 2.14: Queueable Permutations
(b) Prove that every permutation are queueable.

Q

inout

X read(X)print(X)

add(X, Q)remove(X, Q)

1: procedure Queueable(out)
2: for all a ∈ in do
3: read(X)
4: add(X, Q)
5: for all a ∈ out do
6: while Head(Q) ̸= a do
7: remove(X, Q)
8: add(X, Q)
9: remove(X, Q)

10: print(X)
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(b) Prove that every permutation are queueable.

Q

inout

X read(X)print(X)

add(X, Q)remove(X, Q)

1: procedure Queueable(out)
2: for all a ∈ in do
3: read(X)
4: add(X, Q)
5: for all a ∈ out do
6: while Head(Q) ̸= a do
7: remove(X, Q)
8: add(X, Q)
9: remove(X, Q)

10: print(X)
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DH 2.14: Queueable Permutations
(c) Prove that every permutation can be obtained by two stacks.

X

S S ′

inout

read(X)print(X)

pu
sh

(X
,

S)po
p(

X,
S)

push(X,
S')

pop(X,
S')

1: procedure DoubleStackable(out)
2: for all a ∈ in do
3: read(X)
4: push(X, S)
5: for all a ∈ out do
6: while top(S) ̸= a do
7: pop(X, S)
8: push(X, S′)
9: pop(X, S)

10: print(X)
11: while S′ ̸= ∅ do
12: pop(X, S′)
13: push(X, S)
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DH 2.14: Queueable Permutations
(c) Prove that every permutation can be obtained by two stacks.

X

S S ′

inout

read(X)print(X)

pu
sh

(X
,

S)po
p(

X,
S)

push(X,
S')

pop(X,
S')

1: procedure DoubleStackable(out)
2: for all a ∈ in do
3: read(X)
4: push(X, S)
5: for all a ∈ out do
6: while top(S) ̸= a do
7: pop(X, S)
8: push(X, S′)
9: pop(X, S)

10: print(X)
11: while S′ ̸= ∅ do
12: pop(X, S′)
13: push(X, S)
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Q

inout

X read(X)print(X)

add(X, Q)remove(X, Q)

All are queueable.

Q

inout

ad
d(

X,
Q)

remove(X,
Q)

Only one is queueable.
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Theorem (Queueable Permutations)
A permutation (a1, · · · , an) is queueable ⇐⇒ it is not the case that

321-Pattern : out = · · · ai · · · aj · · · ak : i < j < k ∧ ai > aj > ak

Proof.
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Theorem (# of Queueable Permutations)
The number of queueable permutations of [1 · · ·n] is

(2n
n

)
−
( 2n

n−1
)
.

Proof.

Hengfeng Wei (hfwei@nju.edu.cn) 1-5 Data Structures 2019 年 11 月 21 日 28 / 31



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Theorem (# of Queueable Permutations)
The number of queueable permutations of [1 · · ·n] is

(2n
n

)
−
( 2n

n−1
)
.

Proof.

Hengfeng Wei (hfwei@nju.edu.cn) 1-5 Data Structures 2019 年 11 月 21 日 28 / 31



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

For more about “Stackable/Queueable Permutations”
(Section 2.2.1)
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