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The Relational Data Model

— 如何靠“关系”赢得图灵奖 (1981)?

Codd@CACM’1970 Edgar F. Codd (1923 – 2003)
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Ordering of Events in Distributed Systems

— 如何靠“关系”赢得图灵奖 (2013)?

Lamport@CACM’1978 Leslie Lamport (1941 ∼)
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Ordered Pair and Cartesian Product
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UD Problem 9.19: Distributive Laws

A × (B ∪ C) = (A × B) ∪ (A × C)
A × (B ∩ C) = (A × B) ∩ (A × C)
A × (B \ C) = (A × B) \ (A × C)
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UD Problem 9.18: Cartesian Product and “⊆”

A × B ⊆ C × D ⇐⇒ A ⊆ C ∧ B ⊆ D

Proof.

(x, y) ∈ A × B =⇒ (x, y) ∈ C × D

x ∈ A ∧ y ∈ B =⇒ x ∈ C ∧ y × D

(x ∈ A =⇒ x ∈ C) ∧ (y ∈ B =⇒ y ∈ D)
(A ⊆ C) ∧ (B ⊆ D)

A = ∅ ∨ B = ∅

A × B ⊆ C × D

A,B ̸= ∅

=====⇒ A ⊆ C ∧ B ⊆ D

By contradiction.
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Relation
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Definition (Equivalence Relation)
R is an equivalence relation on X if R is

Reflexive: ∀x ∈ X : xRx

x

Symmetric: ∀x, y ∈ X : xRy =⇒ yRx

x y

Transitive: ∀x, y, z ∈ X : xRy ∧ yRz =⇒ xRz

x y z
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Definition (Equivalence Class)

Equivalance Relation R ⊆ X × X

The equivalence class of a modulo R is a set:

[a]R = {x ∈ X : a ∼ x}
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UD Problem 10.10

∼ is an equivalence relation on X

Prove that
∀x, y ∈ X : [x]∼ = [y]∼ ⇐⇒ x ∼ y.
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UD Problem 10.9

∼ ⊆ R2 × R2

(x1, x2) ∼ (y1, y2) ⇐⇒ Even(x1 − y1) ∧ Even(x2 − y2)

Q : Is ∼ an equivalence relation?

Q : What is the partition of R2?
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UD Problem 10.13: Equivalence Relations/Classes on Polynomials

p(x) = anxn + an−1xn−1 + · · · + a1x1 + a0 (aj ∈ R, n ∈ N)

(a)
p ∼ q ⇐⇒ p(0) = q(0)

[p(x) = x]∼
(b)

p ∼ q ⇐⇒ deg(p) = deg(q)

[p(x) = 3x + 5]∼
(c)

p ∼ q ⇐⇒ deg(p) ≤ deg(q)

[p(x) = x2]∼
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Partition

A1

A2

A3

A4

A5
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Definition (Partition)
A family of sets {Aα : α ∈ I} is a partition of X if

(i)
∀α ∈ I : Aα ̸= ∅

∀α ∈ I ∃x ∈ X : x ∈ Aα

(ii) ∪
α∈I

Aα = X

∀x ∈ X ∃α ∈ I : x ∈ Aα

(iii)
∀α, β ∈ I : Aα ∩ Aβ = ∅ ∨ Aα = Aβ

∀α, β ∈ I : Aα ∩ Aβ ̸= ∅ =⇒ Aα = Aβ
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UD Problem 11.8: Partitions of the Set of Polynomials

p(x) = anxn + an−1xn−1 + · · · + a1x1 + a0 (aj ∈ R, n ∈ N)

deg(p = 0) = −∞

(a)
Am = {p : deg(p) = m} m ∈ N

(p = 0) /∈
∪

m∈N
Am

(c)
Aq = {p : ∃r(p = qr)} q ∈ P

q ∈ Aq

p ∈ Ap

p ̸= q ∧ r = pq =⇒ (r ∈ Ap ∩ Aq) ∧ (Ap ̸= Aq)

Hengfeng Wei (hfwei@nju.edu.cn) 1-9 Set Theory (II): Relations 2019 年 12 月 05 日 17 / 25



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

UD Problem 11.8: Partitions of the Set of Polynomials

p(x) = anxn + an−1xn−1 + · · · + a1x1 + a0 (aj ∈ R, n ∈ N)

deg(p = 0) = −∞

(a)
Am = {p : deg(p) = m} m ∈ N

(p = 0) /∈
∪

m∈N
Am

(c)
Aq = {p : ∃r(p = qr)} q ∈ P

q ∈ Aq

p ∈ Ap

p ̸= q ∧ r = pq =⇒ (r ∈ Ap ∩ Aq) ∧ (Ap ̸= Aq)

Hengfeng Wei (hfwei@nju.edu.cn) 1-9 Set Theory (II): Relations 2019 年 12 月 05 日 17 / 25



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

UD Problem 11.8: Partitions of the Set of Polynomials

p(x) = anxn + an−1xn−1 + · · · + a1x1 + a0 (aj ∈ R, n ∈ N)

deg(p = 0) = −∞

(a)
Am = {p : deg(p) = m} m ∈ N

(p = 0) /∈
∪

m∈N
Am

(c)
Aq = {p : ∃r(p = qr)} q ∈ P

q ∈ Aq

p ∈ Ap

p ̸= q ∧ r = pq =⇒ (r ∈ Ap ∩ Aq) ∧ (Ap ̸= Aq)

Hengfeng Wei (hfwei@nju.edu.cn) 1-9 Set Theory (II): Relations 2019 年 12 月 05 日 17 / 25



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

UD Problem 11.8: Partitions of the Set of Polynomials

p(x) = anxn + an−1xn−1 + · · · + a1x1 + a0 (aj ∈ R, n ∈ N)

deg(p = 0) = −∞

(a)
Am = {p : deg(p) = m} m ∈ N

(p = 0) /∈
∪

m∈N
Am

(c)
Aq = {p : ∃r(p = qr)} q ∈ P

q ∈ Aq

p ∈ Ap

p ̸= q ∧ r = pq =⇒ (r ∈ Ap ∩ Aq) ∧ (Ap ̸= Aq)

Hengfeng Wei (hfwei@nju.edu.cn) 1-9 Set Theory (II): Relations 2019 年 12 月 05 日 17 / 25



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

UD Problem 11.8: Partitions of the Set of Polynomials

p(x) = anxn + an−1xn−1 + · · · + a1x1 + a0 (aj ∈ R, n ∈ N)

deg(p = 0) = −∞

(a)
Am = {p : deg(p) = m} m ∈ N

(p = 0) /∈
∪

m∈N
Am

(c)
Aq = {p : ∃r(p = qr)} q ∈ P

q ∈ Aq

p ∈ Ap

p ̸= q ∧ r = pq =⇒ (r ∈ Ap ∩ Aq) ∧ (Ap ̸= Aq)

Hengfeng Wei (hfwei@nju.edu.cn) 1-9 Set Theory (II): Relations 2019 年 12 月 05 日 17 / 25



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

UD Problem 11.8: Partitions of the Set of Polynomials

p(x) = anxn + an−1xn−1 + · · · + a1x1 + a0 (aj ∈ R, n ∈ N)

deg(p = 0) = −∞

(a)
Am = {p : deg(p) = m} m ∈ N

(p = 0) /∈
∪

m∈N
Am

(c)
Aq = {p : ∃r(p = qr)} q ∈ P

q ∈ Aq

p ∈ Ap

p ̸= q ∧ r = pq =⇒ (r ∈ Ap ∩ Aq) ∧ (Ap ̸= Aq)

Hengfeng Wei (hfwei@nju.edu.cn) 1-9 Set Theory (II): Relations 2019 年 12 月 05 日 17 / 25



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

UD Problem 11.8: Partitions of the Set of Polynomials

p(x) = anxn + an−1xn−1 + · · · + a1x1 + a0 (aj ∈ R, n ∈ N)

deg(p = 0) = −∞

(b)
Ac = {p : p(0) = c} c ∈ R

(d)
Ac = {p : p(c) = 0} c ∈ R

(p(x) = x2 + 1) /∈
∪
c∈R

Ac
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UD Problem 11.8: Partitions of the Set of Polynomials

p(x) = anxn + an−1xn−1 + · · · + a1x1 + a0 (aj ∈ R, n ∈ N)

deg(p = 0) = −∞

(b)
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(d)
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Ac
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UD Problem 11.4: Partitions of R3

Is {Ar | r ∈ R} a partition of R3?

Ar = {(x, y, z) ∈ R3 : x + y + z = r}

Hengfeng Wei (hfwei@nju.edu.cn) 1-9 Set Theory (II): Relations 2019 年 12 月 05 日 19 / 25



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

UD Problem 11.4: Partitions of R3

Is {Ar | r ∈ R} a partition of R3?

Ar = {(x, y, z) ∈ R3 : x + y + z = r}

Hengfeng Wei (hfwei@nju.edu.cn) 1-9 Set Theory (II): Relations 2019 年 12 月 05 日 19 / 25



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

UD Problem 11.4: Partitions of R3

Is {Ar | r ∈ R} a partition of R3?

Ar = {(x, y, z) ∈ R3 : x2 + y2 + z2 = r2}
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UD Problem 11.9: Subset and Partition
Let {Aα : α ∈ I} be a partition of X ̸= ∅.

(a)
B ⊆ X, ∀α ∈ I : Aα ∩ B ̸= ∅

To prove that

{Aα ∩ B : α ∈ I} is a partition of B.

A1

A2

A3

A4

A5

B
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∪
i∈I

(A ∩ Xi) = A ∩
∪
i∈I

Xi

⇐⇒ x ∈
∪
i∈I

(A ∩ Xi)

⇐⇒ ∃i ∈ I : x ∈ A ∩ Xi

⇐⇒ ∃i ∈ I : x ∈ A ∧ x ∈ Xi

⇐⇒ x ∈ A ∧ ∃i ∈ I : x ∈ Xi

⇐⇒ x ∈ A ∧ x ∈
∪
i∈I

Xi

⇐⇒ x ∈ A ∩
∪
i∈I

Xi
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Xi ∩
∪
i∈I

Yi ⊇
∪
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(Xi ∩ Yi)

∩
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Xi ∪
∩
i∈I

Yi ⊆
∩
i∈I

(Xi ∪ Yi)

=⇒ x ∈
∩
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Xi ∪
∩
i∈I

Yi

⇐⇒ x ∈
∩
i∈I

Xi ∨ x ∈
∩
i∈I

Yi

⇐⇒ ∀i ∈ I : x ∈ Xi ∨ ∀i ∈ I : x ∈ Yi

=⇒ ∀i ∈ I : (x ∈ Xi ∨ x ∈ Yi)

⇐⇒ x ∈
∩
i∈I

(Xi ∪ Yi)

X1 = {1}, X2 = {2}, Y1 = {2}, Y2 = {1}
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Order in the Reals
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