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(1) for 2 =1 ton-1 IR EE TN ?
[2] for 7 = 1+1 to =&

[3) 1 (Alz2] > Alzl])

(4] exchange A[1] and A[7]

How many times 1s the companison Ali] = A[s] made in Line 37
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Principle 1.1 (Sum Prindiple)

The size of a union of a family of mutually disjoint finite sets 1s the
sum of the sizes of the sets.
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If our goal were to solve only Exercise 1.1-1, then our abstraction would have
been almost a mindless exercise that complicated what was an “obvious”
solution. However, the sum principle will prove to be useful in a variety of
problems. Thus, the value of abstraction is that recognizing the abstract
elements of a problem often helps us solve subsequent problems.
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(11 for i = 1 to r 4 AR R 5 @)

(1) for i =1 to :z MJ'B

(2] for 7 =1 to m

(3) S =10 22 HnAEE s
(4) [ for k = 1 to n J =7 )\\ Sy
. - e e ya P T 7
[5) ! 5=5+ Ali k] » E_n‘,J NS Y
(6) Cli.j1 = 8

How many multiplications {expressed in terms of r, m, and a) does this
pseudocode carry out in total among all the iterations of Line 37
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Principle 1.3 (Product Principle)

The size of a union of m disjoint sets, each of size n, is mn.
|




TN
ﬁt*‘ The first loop makes n(n + 1)/2-1

Comparisons.
[ (1) for 1 = 1 to n—1 Ask yourself first where the n(n + 1)/2 comes from
(2) minval = A[1] and then why we subtracted 1
(3) minindex = 1
1 S for j = i to n Q245
(5) if (A[J] < minval)
(6) minval = A[7]
(7) minindex = Jj
— (8) exchange A[1i] and A[minindex]
CD )[ (9) Dbigjump = 0
. = (10) for 1 = 2 to n e)‘ « 1L Ts1HE
18] %
w‘(ll) if (A[i] > 2 * A[1i — 1]) & KA
(12) bigjump = bigjump + 1

How many comparisons does the pseudocode make in Lines 5 and 117
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A password for a certain computer system 1 supposed to be between four
and eight characters long and composed of lowercase and/or uppercase
letters. How many passwords are possible? What counting principles did
you use? Estimate the percentage of the possible passwords that have exactly
four letters.
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Principle 1.4 (Product Principle, Version 2)
If a set § of lists of length m has the properties that

|. there are i; different first elements of lists in §, and

2. for each j = | and each choice of the first j — | elements of a
list in §, there are i; choices of elements in position j of those
lists,

then there are iyi;---im = [ |, f lists in §.
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(1) trianglecount = 0

(2) for 1 =1 to n

(3) for j = 1i+1 ton

(4) for k = 741 to n

(5) if points i, j, and k are not collinear
)

trianglecount = trianglecount + 1

Among all iterations of line 5 of the pseudocode, what is the total number
of times this line checks three points to see if they are collinear?

RIEHEFEAR LB 2 =120k
&L, BAaBAE?

f a(n — 1yin — 2)
{3.)_ 6




5] 8.
crianglecount - ¢ YR EERRREIXAN R
for i =1 ton &B‘J)ﬁ)ﬁﬂ%?

for j = 1+1 to n
for k= j+1 ton
if points 1, j, and k are not collinear
SFEIXBEN=/,MEIRTe, trianglecount = trianglecount + 1

v

Among all iterations of line 5 of the pseudocode, what 1s the total number
of times this line checks three points to see it they are collinear?

Principle 1.5 (Bijection Principle)

Two sets have the same size 1f and only 1f there 1s a one-to-one function
from one set onto the other.
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What bijection is behind our assertion that the number of increasing triples
equals the number of three-element subsets? We define the function f as
the function that takes the increasing triple (i, j, k) to the subset {i, j, k}.
Because the three elements of an increasing triple are different, the subset
is a three-element set; so, we have a function from increasing triples to
three-element sets. Because two different triples can’t be the same set in
two different orders, they must be associated with different sets. Thus, f
Is one-to-one. Because each set of three integers can be listed in increasing
order, it is thus the image of an increasing triple under f. Therefore f is
onto. Thus, we have a one-to-one correspondence, or bijection, between the
set of increasing triples and the set of three-element sets.
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(A, B, C, D, E}. Consider the particular labeling in which A, B, and D are
labeled blue and C and E are labeled red. Which lists correspond to this
labeling? They are

ABDCE ABDEC ADBCE ADBEC BADCE BADEC
BDACE BDAEC DABCE DABEC DBACE DBAEC,

(Quotient Principle)

If an equivalence relation on a p-element set S has ¢
classes each of size r, then g = p/r.

XH: p=120, =12, q=120/12=10
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When four people sit down at a round table to play cards, two lists of their
four names are equivalent as aeatina charts if each person has the same

person to the right in both lists.” (The person to the right of the person in
Position 4 of the list is the person in Position 1.) We use Theorem 1.7 to

count the number of possible ways to seat the players. We take our set S to
be the set of all four-element permutations of the four people, that is, the
set of all lists of the four people.

We wish to count the number of ways to attach n = 2 distinct beads to
the corners of a regular n-gon (or string them on a necklace). We say that
two lists of the n beads are equivalent if each bead is adjacent to exactly
the same beads in both lists. (The first bead in the list is considered to be

adjacent to the last.) al =1y
: n 2
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How many k-element multisets can we
choose from an n-element set?
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Suppose, however, that we could count the numhfr of ways to arrange k

_distinct books on the n shelves of a bookcase.
mulllpllcllg of a '-.hc-lf a5 I'.l-l..I]'IE the ﬂumhc-r of t:-ml.s on 1t. H{:-'-.l.mc-r many

function. In fzu:t, any way of mixing the books among themselves that
does not change the number of books on each shelf will give us the same
multiplicities. But the number of ways to mix the books among themselves
15 the number of permutations of the books—namely, k!. Thus, it looks like
we have an equivalence relation on the arrangements of distinct books on

a bookshelf such that

1EIEhTERIFHIE

2. there 15 a bijection between the equivalence classes and k-element
multisets of the a shelves.

l. each equivalence class has k! elements, and

Therefore, if we can compute the number of ways to armrange &k distinct books
on the a shelves of a bookcase, we should be able to apply the guotient
principle to compute the number of k-element multisets of an n-element set.
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We hm-'e[ﬁ: hﬂﬂks] to arrange on the n shelves of a bookcase. The order in
which the books appear on a shelf matters, and each shelf can hold all the

books. We will assume that as the books are placed on the shelves, they
are pushed as far to the left as they will go. Thus, all that matters 1s the

order in which the books appear. When book i 1s placed on a shelf, it can
g0 between two books already there or to the left or right of all the books
on that shelf.
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The number of k-element multisets chosen from an n-element set 1s

nk_ n+k—1
ko k |
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