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Find an expression for each of the shaded sets in the Venn
diagrams of Figure 6.5.

e

ANBNC " " BUC)—4
‘e‘ ‘e‘ (BUC)—(ANBNC)
% (ANnBU@ANCUBND))
‘* ((AUB)UAUOUBUD)




Problem6.16. In each part of this problem, two sets, A and B, are defined. Prove
that A C B in each of the following:

(a) A={x*:x€Z}and B=1Z;
(b) A=Rand B={2x : x € RB};
(€) A={(x,y) €R*:y=(5=3x)/2} and B = {(x.y) € B* : 2y +3x = 5}.

* (b)HFrVx,(x EA = x €B)
cx€EA=3IyER=Ax =2y
* fiillx € B



Problem 7.8 . Consider the following sets: X ‘
@) (ANB)\(ANBNC),
(il) ANB\(ANBNC), "
(ili) ANBNCS, ‘
(iv) (ANB)\C, and '
(v) (A\C)N(B\C).

(a) Which of the sets above are written ambiguously, if any?

(b) Of the sets above that make sense, which ones equal the set sketched in Fig-
ure 7.27

(c) Prove that (ANB)\C = (A\C)N(B\C).

a) (ii) c) ANnB)\C=ANB)N-C
s AnNnB)\(ANBNO) =(ANnB)N (=CN-=C)
« ANn(B\(ANBNC()) =AnNn=C)n(BnN=C)

b) (i), (iii), (iv), (v) = (A\C) N (B\()



Problem 7.11. Prove or give a counterexample for the following

statement.

Let X be the universe and 4, B € X If A NY=F NY for all ¥V C J
then 4 = B

7.11. ? « BFACk, FrblAnk= BNX
AnY =BnTforal ¥ ¢ X.o . LA
=>UNY)-(BnY)=0D.
=A-B)nY =D.

Since Yisnot & allthetime, A — 5 = . »
—A=B.-




Problen 8.4 . Prove or give a counterexample: Let {A, :n€ Z%} and {B, :ne Z*}
be two indexed collections of sets. If A, C B, forall n € Z*, then

A, C () B,.
1 1

Counterexample: If 4, = B = (k& # m),then A4 = m B
1 =1

ia=

let A1={1,2} A={1,3} B1={1,2,4} B,={1,3,5}
WEMNTHERn , AvCBy HE.

[+ #]

mn=l An":‘{‘l}: m:=l Eﬂ:{l}#



Problem 8.8 Define

A=R\ (] (R\{-n.—n+1,....0,....n—1.n}).

ne&t

The set A should be familiar to you. Guess what it 1s and then prove that your guess
1S correct.

e Guess:A =7

* Proof:
e letX,={-n-n+1,..,n—1,n},nez*
* LetB=N,ept(R—{—n,—m+1,..,n—1,n})
¢ = nnez+(R_Xn)
o =N epe(RN=Xy)

=RN nnEZ"'(_'XTl) U ¥ .
nl|=

= Rn_‘(UnEZ"'XTl)

“RN-Z nez*
e A=R—-B

=RN-Z

=RN-a(RNAZ)

=RN(-RUZ)

=(RN=-R)U(RNZ)

e 7



Problem” 8.11. A collection of sets ./ is said to be pairwise disjoint if the follow-
ing is satisfied: Forall X.Y € &/, if XNY £ 0, then X =Y.

A comment about this definition may be in order: Speaking informally, a collec-
tion of sets 1s pairwise disjoint if whenever we choose two sets from the collection,
they are disjoint or they are equal.

(a) Give an example of a pairwise disjoint collection of infinitely many sets.

(b) What is the contrapositive of “if XNY # @, then X = ¥"?

(c) What is the converse of “if XNY £ @, then X =¥™?

(d) If o is a pairwise disjoint collection of sets, does the assertion you found in
(b) hold for all X, ¥ € &7

@ If the assertion that you found in (b) holds for all X and ¥ in some set &, is
o a pairwise disjoint collection of sets? Yes, HEREX—

(f) Suppose that 54 is a pairwise disjoint collection of sets. Can we conclude that
NxesX =07

() Suppose that [yc X = 0. Is 54 necessarily a pairwise disjoint collection of
sets?



Problem” 8.11. A collection of sets <7 is said to be pairwise disjoint if the follow-
ing is satisfied: Forall X.Y € &/, if XNY # 0, then X =Y.

A comment about this definition may be in order: Speaking informally, a collec-
tion of sets is pairwise disjoint if whenever we choose two sets from the collection,
they are disjoint or they are equal.

(f) Suppose that Z is a pairwise disjoint collection of sets. Can we conclude that
NxezX =0?

* NO
e Casel: ANEE—NMEES
* Case2: AANmultiset, HAEEZNEEMEIRIES



Problem” 8.11. A collection of sets .7 is said to be pairwise disjoint if the follow-
ing is satisfied: Forall X.Y € &/, if XNY #0,then X =Y.

A comment about this definition may be in order: Speaking informally, a collec-
tion of sets is pairwise disjoint if whenever we choose two sets from the collection,
they are disjoint or they are equal.

(g) Suppose that [y 4 X = 0. Is # necessarily a pairwise disjoint collection of
sets?

(glno-
W A={1,2},A,={1,3},As={4}« /
JXFE i 2 4% PHE AR &I AS 2 pairwise disjoint collection]



Problem 9.17. Let A, B, C, and D be nonempty sets. Then A x B=C x D if and

onlyftA=Cand B=D.

(a) Prove this statement.

(b) One of the two implications does not require the sets to be nonempty. Which

one?

(c) If we do not require the sets to be nonempty, then the statement 1s false. Give
examples of sets A,B.C, and D to show the necessity of the assumption that

the sets be nonempty.

9.12+
(a)
1.fA=CandB=D,thend x B = (€ x [ .-

2f Ax B =C x D .

forallx € A,y € B, we have
(x,y) EAXB=CXD
~x€C,yeD

x e 4
[Forgﬂ_(x, jf) € A x B,itmeans }J
y e B

x el
Since Ax 5 =C x[D , we get that

(X,y) e Ax B ..

A=C

So o
B =D

y e D

. It is the same case when

+H F9.12



Problem 9.23. This problem introduces rigorous definitions of an ordered pair and
Cartesian product. Let A be a set and a.b € A. We define the ordered pair of a and b
with first coordinate a and second coordinate b as

(a,b) = {{a},{a,b}}.

Using this definition prove the following.

(a) If (a.b) = (x,y),thena=xand b=y,
(b) Ifa € Aand b € B, then (a,b) € Z#(F(AUB)).

Now we are able to define the Cartesian product of the two sets A and B as the set

AxB={xe P(P(AUB)): x= (a,b) for some a € A and some b € B}.

(c) Using the definitions introduced in this problem, prove that if A C C and
BCD thenAxBCCxD,.

This 1s a pretty complicated definition. It 1s also not our 1dea, but rather an 1dea
that was born from axioms. P. Halmos’s book, [41]. 1s an excellent reference for this
subject.



Problem 9.16. This problem introduces rigorous definitions of an ordered pair and
Cartesian product. Let A be a set and a.b € A. We define the ordered pair of @ and b
with first coordinate a and second coordinate b as

()= {0} (0. blh e

Using this definition prove the following.
(a) If (a,b) = (x,y),thena=xand b =y.

JGika=x
“(a,b) = (x,y)
~ {{a},{a, b}} = {{x}, {x, y}}
X+ 1= Ha}| = {x}| # [{a, b} = [{x,y}| = 2
~{a} ={x}{a b} = {x, ¥}
A= X
Nikb=y, 3 F LT iR
casel: a=b,A[fix=a=b=y
case2: a # b,fRixb+ y
v {a,b} = %x v}
La=y,b=x
X ca=x
oo y = a=Xx= b



Problem 9.16. This problem introduces rigorous definitions of an ordered pair and
Cartesian product. Let A be a set and a.b € A. We define the ordered pair of @ and b
with first coordinate a and second coordinate b as

(a,b) = {{a}.{a,b}}.

Using this definition prove the following.

(a) If (a.b) = (x,y),thena=xand b =y.
(b) If a € A and b € B, then (a,b) € 2(P(AUB)). |

~a€ADbEBRB
~a b€ AUB
~{a},{a, b} € AUB
~{a},{a,b} € P(AUB)
~ (a,b) = {{a},{a, b}} € P(AUB)
s (a,b) = {{a}, {a,b}} € P(P(AUB))



Now we are able to define the Cartesian product of the two sets A and B as the set

AxB={xe 22(P(AUB)):x= (a,b) for some a € A and some b € B}.

(¢c) Using the definitions introduced in this problem, prove that if A C C and
BCD,thenAxBCCxD.
This is a pretty complicated definition. It is also not our idea, but rather an idea
that was born from axioms. P. Halmos’s book, [41], is an excellent reference for this
subject.

« Hix: Vx(x€e AXB=>x€CxD)

* Proof:
e letx = (a,b) = {{a}, {a, b}} € P(P(AUB)), for some a €
Ab€EB

«vACC,BCD

~AUB&SCUD 54 5] 9 L5 s

Z> - El9, ,:nbib:
IP(IP(AUB)) C IP(?(CUD)) A S Biff P(4) € P(B)
+x €P(P(AUB)) (1
NecaeAcC,beBcD (2)
H(DQR)4EEN, nfffxeCxD



