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Algorithmic Problem
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Input: A sequence of n numbers (a,.a,....,

Outpui: A permutation (reordering) (a}. a5, ..., a ”} of the input sequence such

thata, <a, < ---=a,.
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This is the framework used
throughout the courses to think
about the design and analysis of
algorithms.
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INSERTION-SORTI( A)

1 for j = 2to A.lengrth

2 key = Alj]

3 A Insert A[j]into the sorted sequence A[1.. 7 — 1. )
4 i =7 —1

5 while i = Oand A[i] = key

6 4[.' + 1] = Ali]

7 i = i—1

5 Ali + 1] = key
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Rloop Invariant,
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Al the start of each iteration of the for loop of lines 1-8, the subarray
* _ . . ) . T
A[l.. j—1] consists of the elements originally in A[1.. j— 1], but in sorted

order. AN
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Initialization: It is true prior to the fir

Mamtenance: If it is true before an ite
next iteration.

st iteration of the loop.

ration of the loop, it remains true before the

Termination: When the loop terminates, the invariant gives us a useful property
that helps show that the algorithm is correct.
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Before we can analyze an algorithm, we must have a model of the implemen-
tation technology that we will use, including a model for the resources of that
technology and their costs. For most of this book, we shall assume a generic one-
processor, random-access machine (RAM) model of computation as our imple-

mentation technology and understand that our algorithms will be implemented as
computer programs. In the RAM model, mstructions are executed one after an-

other, with no concurrent operations.

The RAM model contains instructions commonly found in real computers:
m“ 8 arithmetic (such as add, subtract, multiply, dividf:,_ remainder, ﬂmr,_ Feilingj, data
movement (load, store, copy), and control (conditional and unconditional branch,
subroutine call and return). Each such instruction takes a constant amount of time.
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mSEETIﬂH-SDETfAJ cost  times \

1 for j = 2to A.length € m o=~ & a)—a] ;
2 key = A[/] Ca n—1 T AHAR.,
3 M Insert A[j]intothe sored mAEn-17
sequence A[l..j —1]. 0 n— 1
i=j—1 Cy n— 1
while i = Oand A[i] = key Cs Y ool
Ali + 1] = A[i] Ch Z_T‘:zﬂ_." — 1)

i =i—1 € 3o L —1)
Ali + 1] = key Cx rri I /

Tin) = cyn +f1{_ﬂ—1}+f4{n—1}+f52fj+fﬁ2{f_‘f—1}
j=2 J=12
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(n:u + 1) )
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T'in) el +caln—1)+cqln—1) + 5

nin—1) nin—1)
+ g - )+f?( - + cgln—1)

— (ETF-I—E—;—%]HE-I—(H+i?+ii+?—%—%+fh}

—(ca +cy s+ c3).

We can express this worst-case running time as an” + bn 4 ¢ for constants a, b,

and ¢ that again depend on the statement costsc;; it 1s thus a quadratic function
of n.
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MERGE-SORT(A, p.r)

Lad o) =

4
5

Divide-and-Conquer

il p<r )
P Recursion

g=|{(p+r)/2
MERGE-SORT(A, p.q)
MERGE-SORT(A.q + 1.1)
MERGE(A. p.gq.r)

To sort the entire sequence A = (A[l], A[2], ..., A[n]}, we make the initial call
MERGE-SORT(A, 1, A.length), where once again A.length = n.
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MERGE(4, p.q.1) BRANFEA

| | RIRNEIRRER
| m=g-—p+1 | :[: f. = ll AN ONEE =R
2 mp=r —q | ] =
3 letL[l..n, + 1]and R[1..n, + 1] be new arrays : 12 fork = ptor
4 fori = ]tnnl | :: IIL[;.]ER—DEJ
s Lij=Alp+i-1] i 3 [—]'_+1H
6 forj = 1tons 413_5\1%@5’3 e ke ’ 4[11’_ R
1 Rjl=Alg+j]  FESEAE 6 dedl] =R
8§ Lim+1]=00 I | '
{.;' R[Hg + 1] = 0
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At the start of each 1iteration of the for loop of lines 12-17, the subarray
A[p..k — 1] contains the k — p smallest elements of L[1..n; + 1] and

R[1..ny + 1], in sorted order. Moreover, L[i] and R[;] are the smallest
elements of their arrays that have not been copied back into A.




Mergesortad{t{f: 1=:EU3=\

Divide: The divide step just computes the middle of the subarray, which takes
constant time, Thus, D{n) = &(1).

Conguer: We recursively solve two subproblems, each of size n /2, which con-
ributes 27 (1 /2) to the running time.

Combine: We have already noted that the MERGE procedure on an n-element
subarray takes time &(n), and so Cin) = B(n).

G(l) fn=1.
2T (n /2y +6n) fn=1.

Tin) =
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