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Problem

Ternary Disk

Trimedia Disks Inc. has developed “ternary” hard disks. Each cell on a disk
can now store values 0, 1, or 2 (instead of just 0 or 1).

To take advantage of this new technology, provide a modified Huffman
algorithm for constructing an optimal variable-length prefix-free code for
characters from an alphabet of size n, where the characters occur with known
frequencies fy, fo, -« , f,.
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Ternary Huffman Tree
o BANTIRAIENEMNATRE S 3 8 0 (HPR)
o A PRIESHEILFoAmIZH 0, 1, 2

Implicit numberin;
> Wtho, Landz

[E]: Ternary Huffman Code
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Ternary Huffman Tree
o BATIRAIENEMNATRE S 3 8 0 (M)
o A PRMESFEILFoRmIZH 0, 1, 2

HUFFMAN(C)
I n=|C|
2 90=C

3 fori =1ton—1
allocate a new node z,
z.left = x = EXTRACT-MIN(Q)
z.right = y = EXTRACT-MIN(Q)
z.freqg = Xx.freq + y.freq
INSERT(Q, z)
return EXTRACT-MIN(Q) // return the root of the tree

4
5
6
7
8
9

[E: Binary Huffman Code
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Ternary Huffman Tree
o BIMRRIEAREINTREN 3 HA 0 (HHR)
o A PRIEREILFoAmSH 0, 1, 2

Ternary Huffman encoding algorithm
0 HEI=MIREMRANSR, BHEFH
BFXEANNSRE, FSETSRAVRERIE St IA9F0
0 EE TIAR/MEMFERIR TRINSREDN 1
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Ternary Huffman encoding algorithm
0 HEI=MIRE[ANIR, BHEFH
Q SFHX=NNIRES, FEFXISRAVRRIRE HMBIAF]
0 EE LA MMFEER THIXNSE 1

BRBERO=ANR, FiE—INR, FNTEREONSERLDT 2

o EVANSENEE, RETLERE 1 MR, GEE
o HNANSENBE, ERERT 2 MNRTEHTEH

BATETLURII—A dummy node, BRBTEREIRE S 0
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Lemma 16.2

Let C be an alphabet in which each character c € C has frequency c.freq. Let x
and y be two characters in C having the lowest frequencies. Then there exists an
optimal prefix code for C in which the codewords for x and y have the same length
and differ only in the last bit.
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Lemma 16.2

Let C be an alphabet in which each character c € C has frequency c.freq. Let x
and y be two characters in C having the lowest frequencies. Then there exists an
optimal prefix code for C in which the codewords for x and y have the same length
and differ only in the last bit.

MEAEXEFZIEPNE:

Lemma 16.2*

Let C be an alphabet in which each character ¢ € C has frequency c.freq. Let x, y
and z be three characters in C having the lowest frequencies. Then there exists an
optimal prefix code for C in which the codewords for x , y and z have the same
length and differ only in the last bit.
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L abcE T PRERANTBHER:
EFAYHERTE a.freq < b.freq < c.freq B x.freq < y.freq < z.freq

BT x v, z ZERERE R, FTLAIRNIBAE x freq < a.freg,
y.freq < b.freq, z.freq < c.freq

A AR N ESRRRRSEFAITREME (LRSS BRRBPARIZIAY).

BAWE T 35 x 7 a ER—IRF T, 7 T Fh5SHe b 7 y SR — 1R
T BIE T SHE cF0 Z &R T, WFE T H x, y, 2 BERAI=AN UM R,
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RO MR

& T 7 BIRINE (16.4):

B(T) Z c.freq - dr(c) Z c.freq - dr (c
ceC ceC

= x.freq - d1(x) + a.freq - d1(a) — x.freq - d1(x) — a.freq - d(a)
NEAZET xF a, FLA dr(a) = d7(x), dr(x) = d7(a)

= x.freq - d1(x) + a.freq - dr(a) — x.freq - dr(a) — a.freq - d1(x)

= (a.freq — x.freq)(dr(a) — dr(x))
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& T T BRINE (16.4):
Z c.freq - dr(c) Z c.freq - dr (c

ceC ceC

= x.freq - d1(x) + a.freq - d1(a) — x.freq - d1(x) — a.freq - d(a)
NEAZET xF a, FLA dr(a) = d7(x), dr(x) = dr(a)

= x.freq - d1(x) + a.freq - dr(a) — x.freq - dr(a) — a.freq - d1(x)

= (a.freq — x.freq)(dr(a) — dr(x)) = 0
>0 =0

Ternary Disk and Huffman Tree 20209 B 23 B

12/31



RIARIRATTLUEE]: £ T a3 by ME T HhaZik ¢,z EBARREIEINAT,
R B(T") < B(T'), B(T") < B(T").

FrLAZATE B(T) > B(T') > B(T") > B(T")

NENERH T EEXIN 7 — M ERMBISKES, Frld B(T) < B(T")

LZERIR B(T) = B(T"), T" L2&MN, B x v,z BEREAN=ARHEHER.
5|35,
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BRI FEEH

Lemma 16.3

Let C be a given alphabet with frequency c. freq defined for each character c € C.
Let x and y be two characters in C with minimum frequency. Let C' be the
alphabet C with the characters x and y removed and a new character z added, so
that €' = C— {x,y} U {z}. Define ffor C' as for C, except that

z.freq = x.freq + y.freq. Let T’ be any tree representing an optimal prefix code for
the alphabet C'. Then the tree T, obtained from T by replacing the leaf node for
z with an internal node having x and y as children, represents an optimal prefix
code for the alphabet C.
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BRI FEEH

Lemma 16.3*

Let C be a given alphabet with frequency c. freq defined for each character c € C.
Let x, y and z be three characters in C with minimum frequency. Let C' be the
alphabet C with the characters x, y and z removed and a new character t added,
so that C' = C— {x, y, z} U {t}. Define ffor C’ as for C, except that

t.freq = x.freq + y.freq + z.freq. Let T be any tree representing an optimal prefix
code for the alphabet C'. Then the tree T, obtained from T’ by replacing the leaf
node for t with an internal node having x, y and z as children, represents an
optimal prefix code for the alphabet C.

ERAR Ternary Disk and Huffman Tree 2020 9823 H 15/31



RILFEH

XFEBNFRF ce C— {x v, 2}, F1E dr(c) = dr (c)
c.freq - dr(c) = c.freq- dv(c),

BA dr(x) = dr(y) = dr(2) = dp (1) + 1
x.freq - dr(x) + y.freq - dr(y) + z.freq - d7(2)
= (x.freq + y.freq + z.freq)(dr/ (t) + 1)
= t.freq - d (t) + (x.freq + y.freq + z.freq)
= t.freq- dp (t) —

(x.freq - dv(x) + y.freq - d1(y) + z.freq - d7(2))

= x.freq + y.freq + z.freq
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RILFEH

TAEA C = CU{t) — {xy.2}, ik
B(T') = B(T) + t.freq - dr(t) — (x.freq - dr(x) + y.freq - d7(y) + z.freq - d7(2))

= B(T') = B(T) — (x.freq + y.freq + z.freq)
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BRI FEEH

B(T') = B(T) — (x.freq + y.freq + z.freq)
TEHANMERRIE: KRR T INAIRIERIEAZE C SNBSS, BAFERED
RILRISRES T #E B(T") < B(T).
A 7' PR=ANHRER X, y,z, @ 77 798 7' 5 x, v, z RENIRKER
BiAMER ¢« B5RIB, HA t.freq = x.freq + y.freq + z.freq, FTLAR_EIAZ
=

B(T") = B(T") — (x.freq + y.freq + z.freq)

< B(T) — (x.freq + y.freq + z.freq) = B(T')

B, XE5FEEXFE— T MNERARREHRIZTE.
B T @ARTFER CH— I RILRIERD.
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Lemma 16.2*%(ZICNEIRMERR)

Let C be an alphabet in which each character c € C has frequency c.freq. Let x, y
and z be three characters in C having the lowest frequencies. Then there exists an
optimal prefix code for C in which the codewords for x , y and z have the same
length and differ only in the last bit.

Lemma 16.3*(ERLF4543)

Let C be a given alphabet with frequency c. freq defined for each character c € C.
Let x, y and z be three characters in C with minimum frequency. Let C' be the
alphabet C with the characters x, y and z removed and a new character t added,
so that €' = C— {x,y, z} U {t}. Define ffor C' as for C, except that

t.freq = x.freq + y.freq + z.freq. Let T be any tree representing an optimal prefix
code for the alphabet C'. Then the tree T, obtained from T’ by replacing the leaf
node for t with an internal node having x, y and z as children, represents an
optimal prefix code for the alphabet C.

Ternary Huffman Algorithm R/OEIERVIERIMESIE
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Huffman #%

Huffman RRIERM Y, R—MHEEEIKEREAIN

111
1011
100
110
1010

= H &0 T

Ternary Disk and Huffman Tree 2020 9823 1 20/31



Huffman #%

Huffman RRIERM Y, R—MHEEEIKEREAIN
MERLRISRBIEE SR LRI E—R& IR

111
1011
100
110
1010

= H B0 T R
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Huffman %
¥J32 Huffman RIRYAYEISZVE

The solution to this recurrence, by case 2 of the master theorem (Theorem 4.1),
is T(n) = O(lgn). Alternatively, we can characterize the running time of MAX-
HEAPIFY on a node of height /i as O(h).

HUFFMAN(C)
1 n=|C|
2 9=cC

3 fori =1lton—1
allocate a new node z
z.left = x = EXTRACT-MIN(Q)
z.right = y = EXTRACT-MIN(Q)
z.freq = x.freq + y.Jreg
INSERT(Q, 2)
return EXTRACT-MIN(Q) // return the root of the tree

4
5
6
7
8
9

Ternary Disk and Huffman Tree 2020 9823 1 22/31



Huffman %
32 Huffman RIRIRTIEISZRE
BAAERFEERUE, 1RIE HEAPIFY REISIECHKE SR/ TEN

EHEN O(lgn), MIHITANERIRELZ O(n) B9, FRLARTHEXDMEE Huffman 1%
RRTEIEZER O(nign) BY.

HUFFMAN(C)

1 n=|C|

2 0=C

3 fori = 1lton—1

4 allocate a new node z

5 z.left = x = EXTRACT-MIN(Q)

6 z.right = y = EXTRACT-MIN(Q)

7 z.freq = x.freq + y.Jreg

8 INSERT(Q. 7)

9 return EXTRACT-MIN(Q) // return the root of the tree
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Huffman #%

Ternary Disk

Trimedia Disks Inc. has developed “ternary” hard disks. Each cell on a disk
can now store values 0, 1, or 2 (instead of just 0 or 1).

To take advantage of this new technology, provide a modified Huffman
algorithm for constructing an optimal variable-length prefix-free code for
characters from an alphabet of size n, where the characters occur with known
frequencies fi, fa, - - , f,.

i Ternary Disk X NMAJ@AFE EHE=XIERKEMN
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Huffman #%

Ternary Disk

Trimedia Disks Inc. has developed “ternary” hard disks. Each cell on a disk
can now store values 0, 1, or 2 (instead of just 0 or 1).

To take advantage of this new technology, provide a modified Huffman
algorithm for constructing an optimal variable-length prefix-free code for
characters from an alphabet of size n, where the characters occur with known
frequencies fi, fo, -« , f,.

M Ternary Disk XANAEAR EFE=XIEXER

ESL LR k RIGKEMRARETERIURT, RERINEEHY dummy node
KRIERFREBIAEE— N BT

ERAR Ternary Disk and Huffman Tree 2020 9823 H 25/31



Huffman 4miSf1EARLRD

BAILMSEEER {A, B, C, D} 4, IREE 0,1) DEAETXE
RIZESWMAA CAD:

A B C D
0.1 04 0.2 03
[0,0.1) | [0.1,05) | [05,0.7) | [0.7.1)

BARREITELR

o ERIEA C MWBXIEZEA [0.5,0.7)

o FHEA AA BIEMAKER [0,0.1), 4, FILURBRIEZER [0.5,0.52)

o XJF D, ENEEFRKIEN [0.7,1), ATLURFAVRASXIEA [0.514,0.52)
o ERLYRASXIBMERN— MU EN ISR LRI ET
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Huffman 4miSf1EARLRD

BALMSRIES A {A, B, C, D} 7, IS [0,1) DiERETXIE
RIZESHMAR CAD:
BARmBITER
o BFCIEA C, mIBXEZEA 0.5,0.7)
o FEA AA HFRIAXEA [0,0.1), 4, FRLMRBXAZEA [0.5,0.52)
o XJF D, RAHRWBXERN [0.7,1), FILUZEHRIBX A/ [0.514,0.52)
o ERAZRIBXEHEN— M UEARISEERIET

Aftex
seping  Nothing

e a i i !
-, 05, 026 , 0236, 02306 ——— 0233,
v M u " u u
. o a o a 0
i i i i i i
‘ ¢ * € [ e
. a . a
0.23 0.233 023354

‘\ i
o 0.z

0z
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Huffman 4miSf1EARLRD

FLE, Huffman REBIEEAFSREEEEENENM LF, KM= TE

Bits Comparison

The binary Huffman tree uses on average 4.41 bits per letter.
The trinary Huffman tree uses on average 2.81 trits per letter

PEERERYEI, SNFEERINEISSRL, XIER 7 BRNTTR
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Huffman 4miSf1EARLRD

BL b, Huffman RIBAYEERAASREEEMRIAT BV EERUENm 7,
Ri=TbE
Bits Comparison

The binary Huffman tree uses on average 4.41 bits per letter.
The trinary Huffman tree uses on average 2.81 trits per letter

BEEEHREN, SNFEERIMUEISSEL, XIENK T ERNTR
EESE Huffman RESREVEEUANTTE, HEREA—ERRER
EEan=85BmE a,b WNERER, p(a) = 0.75, p(b) = 0.25

R Huffman fRIBRISHTEK 5 —E AR
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Huffman 4miSf1EARLRD

@ Huffman and Arithmetic coding - Performance analysis

o Evaluation of Huffman and Arithmetic Algorithms for Multimedia
Compression Standards

Ternary Disk and Huffman Tree


https://www.slideshare.net/ramakantsoni/performance-analysis-of-huffman-and-arithmetic-coding-compression
https://arxiv.org/ftp/arxiv/papers/1109/1109.0216.pdf
https://arxiv.org/ftp/arxiv/papers/1109/1109.0216.pdf
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