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In a hash table in which collisions are resolved by chaining, an unsuccesstul search
takes average-case time ®(1+a), under the assumption of simple uniform hashing.

In a hash table in which collisions are resolved by chaiming, a successful search
takes average-case time ©(14-a), under the assumption of simple uniform hashing.

What does this analysis mean? If the number of hash-table slots is at least pro-
portional to the number of elements in the table, we have n = O(m) and, con-
sequently, « = n/m = O(m)/m = O(1). Thus, searching takes constant time
on average. Since insertion takes (1) worst-case time and deletion takes O(1)
worst-case time when the lists are doubly linked, we can support all dictionary
operations in (1) time on average.
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void addEntry(int hash, K key, V value, int bucketIndex) {
if ((size >= threshold) && (null != table[bucketIndex])) {
resize(2 * table.length);
hash = (null != key) ? hash(key) : 0;
bucketIndex = indexFor(hash, table.length);

createEntry(hash, key, value, bucketIndex);
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Worst-case Analysis of the Insertion

e For n execution of insertion operations
e A bad analysis: the worst case for %f@@l!ﬂ is the case

when expansio f
 So, the worst cp st is in O(n?).
e Note the expansion is required during the ith operation only 1f
i=2% and the cost of the ith operation

{i if i —11s exactly power of 2

1 otherwise

n 1gn | _
So, the total cost 1s : Zci <n+ Z2J <n+2n=3n

i=1 =0
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e Satisfies (approximately) the assumption of simple uniform hashing.

e Derives the hash value in a way that we expect to be independent of
any patterns that might exist in the data.
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e universal hashing: to choose the hash function randomly
in a way that 1s independent of the keys that are actually

going to be stored
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|AJ@H3: probability calculations in hashing
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e expected number of items per location /%

e expected number of empty locations k(1 —3)"
e expected number of collisions n—k+k(1-21)"

e expected time until all locations have at least one

1item
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Hashing by Chaining: FkII1E %R

e For successful search: (assuming that x. is the ith element inserted into the

table, i=1,2,...,n)

e For each i, the probability of that x. 1s searched 1s 1/n.

e For a specific x;, the number of elements examined in a
successful search 1s #+1, where 7 1s the number of elements
inserted into the same list as x;, after x; has been inserted. And for
any j, the probability of that x; 1s inserted into the same list of x; 1s

1/m. So, the cost 1s:

/ "/ \ Expected number of

_— elements in front of

Cost for DI -|J Z -~~~ the searched one in

computing-———"" 7 l+1m the same linked list.
hashing \]\ /
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Hashing by Chaining: FkII#E %R

* The average cost of a successful search:
e Define a=n/k as load factor,

The average cost of a successful searchis:

i=1 ) J nm ;- nm ;-
/ ~N
// _1 \\\ a
=]/+n =l+——=—=0(+a)
/// 2m 2 2n\\\\\Number of elements in front of
Cost for computing hashing the searched one in the same

linked list.
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HASH-INSERT(T. k) HASH-SEARCH(T. k)

1 i=20 1 i =0

2 repeat 2 repeat

3 Jj = h(k,i) 3 J = hik.i)

4 if T[j]==NIL - ifT[j]==k

5 T[j] =k 5 return j

6 return j 6 i =1i+1

7 elsei =i + 1 7 until T[j]==NILori ==m
8 untili ==m 8 return NIL

O error “hash table overflow™
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define the mndom variable X to be the number of probes made in an unsucoess ful
search, and let us also define the event A, for i = 1.2,. .., to be the event that
an ith probe occurs and it is to an occupied slot. Then the event [X = i} is the
mtemsection of events A, NA.MN---MNA._,. Wewill bound Pr{X > i} by bounding
Prid,mA;N---n 4}

PriX =i} = i.""].”‘i...”"'fi _
m M- mM— M-I+
n it E[X] = Zf-?r{.f:f;
< () i
et e = YiriX z i} -PriX =i+ 1))
= - - .'-III
R - ! - |
_ : -1 _ = Pr{X =i},
E[X] = EE’I{IE;;{ Eq — 2
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To search for the (i +1)th inserted element in the table,

the cost 1s the same as the cost for inserting it when there

L . . i
are just i elementsin the table. At that time, @ = —, so,
m

1 m

the cost1s —— = .
i m—i For your reference:

m Half full: 1.387; 90% full: 2.559
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* linear probing hk.i) = (k' (k) +i) mod m
e quadratic probing  h(k.i) = (h'(k) + c,i + c,i%) mod m
e double hashing hk.i) = (hy(k) + ihy(k)) mod m
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e linear probing: primary clustering

e quadratic probing: secondary clustering




[B]J§R4: collision resolution (&)
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e The probe sequence 1s a permutation of <0, 1, ..., m-1>,

e uniform hashing: The probe sequence of each key is equally likely to
be any of the m! permutations of <0, 1, ..., m-1>.
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* linear probing hk.i) = (k' (k) +i) mod m
e quadratic probing  h(k.i) = (h'(k) + c,i + c,i%) mod m
e double hashing h(k.,i) = (hy(k) + ihy(k)) mod m
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e linear probing: primary clustering

e quadratic probing: secondary clustering
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