HATHERATIC AL ASS0CIATICN OF ASERCE

Counterfeit Coin Problems

Author(s): Bennet Manvel

Source: Mathematics Magazine, Vol. 50, No. 2 (Mar., 1977), pp. 90-92
Published by: Mathematical Association of America

Stable URL: http://www.jstor.org/stable/2689732

Accessed: 01-10-2017 07:35 UTC

JSTOR is a not-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide
range of content in a trusted digital archive. We use information technology and tools to increase productivity and

facilitate new forms of scholarship. For more information about JSTOR, please contact support@jstor.org.

Your use of the JSTOR archive indicates your acceptance of the Terms & Conditions of Use, available at

http://about.jstor.org/terms

Mathematical Association of America is collaborating with JSTOR to digitize, preserve and
extend access to Mathematics Magazine

JSTOR

This content downloaded from 144.168.61.90 on Sun, 01 Oct 2017 07:35:21 UTC
All use subject to http://about.jstor.org/terms



Counterfeit Coin Problems

BENNET MANVEL
Colorado State University

In January of 1945, the following problem appeared in the American Mathematical Monthly,
contributed by E. D. Schell:

You have eight similar coins and a beam balance. At most one coin is counterfeit and
hence underweight. How can you detect whether there is an underweight coin, and if so,
which one, using the balance only twice?

Since such weighing problems are today as much a part of the tradition of recreational
mathematics as magic squares and mobius bands, it is interesting to note that they date only from that
problem in 1945. The classic works of Loyd, Ball, Dudeney and Kraitchik contain no such problems.
The responses to Schell’s problem, a flurry of papers in the Monthly, Scripta Mathematica, and the
Mathematical Gazette, contain no mention of earlier publications which might be relevant. Thus, it is
apparent that this class of extremely natural and appealing puzzles is a recent invention, not an old
chestnut which “crops up from time to time to puzzle and infuriate new generations of solvers’” as
someone wrote in 1961 (when such puzzles were just fifteen years old!).

That early spate of papers, appearing in 1945 and the next few years with a speed unheard of in
these days of publication backlogs, solved, resolved, and generalized the original problem in all
directions. In this paper I present several variations of the balancing problem, all of which have been
solved before. The method of solution given here may be original.

We will always be dealing with a set of coins, of identical appearance, and a beam balance. We are
interested in minimizing the maximum number of weighings which may be required to find the odd
coin. The method of solution chosen may require solution of several types of weighing problems
simultaneously, because a problem may change character after a weighing. For example, after a single
use of the beam we have some coins which we know to be genuine (those on the beam, if it balances,
those left off it if it does not). Thus, after one weighing we have a problem of a different type than the
original one.

We shall break all of the problems dealt with into two classes: those in which the counterfeit coin is
known to be underweight and those in which it is only known to be of a different weight than the
genuine coins. At the very end of the paper we will examine the possibility of no counterfeit coin. For
the time being, we will assume that in every case exactly one coin is not genuine. Sometimes a
“standard” coin, known to be the correct weight, will be provided. We begin with the first class of
problems.

THeOREM 1. Let S be a set of coins, one lighter than the rest. The least number of weighings on a
beam balance in which the light coin can be found is the unique n satisfying 3" ' <|§|=3".

Proof. Suppose first that | S| = 3". Then for the first weighing, we divide S into three equal sets, S,
S and S;, of size 37", and place S, and S, on opposite sides of the beam. If the scale does not balance,
the light coin is on the light side of the scale; otherwise it is in Ss. In any case, we have reduced our
problem to finding the light coin in a set of size 3"7'. Continuing in this way, the light coin can be
located after n weighings. If | S| < 3", a similar procedure can be followed, placing equal sets S, and S,
of coins on the scale, leaving a set S5 of at most 3"~ coins unweighed. Again, repetitions will lead us to
the light coin in at most n — 1 more steps.

On the other hand, it is clear that a single weighing of any sort cannot do better than cut the size of
the set of “suspect” coins by a factor of 3. This is so because three sets are involved in the process, two
on the scale and one off, and the outcome merely distinguishes which of the three sets contains the
light coin. Thus if |§|>3""", n — 1 weighings cannot be enough to find the light coin in all cases.
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We now modify the problem under consideration by assuming only that the counterfeit coin is a
different weight from the others — either heavier or lighter. The general observation we need to solve
this more difficult problem is the following rather strange sounding result.

LemMa. If in a set S of coins one coin is a different weight than the rest and each coin is labelled
“possibly heavy™ (p.h.) or ““possibly light” (p.l.), the least number of weighings on a beam balance in
which the odd coin can be found is the unique n satisfying 3"~' <|S|=3".

Proof. Notice that this result is very similar to Theorem 1, in which every coin can be thought of as
being labelled p.1. since the odd coin is known to be light. In fact, the weighing procedure of Theorem
1 works in this case, with one restriction. Whenever we place coins on the scale, we must be sure to put
equal numbers of p.l. coins on the two sides (and therefore equal numbers of p.h. coins on the two
sides, as well). If, for example, |S|= 3", we divide S into three sets of size 3", say S,, S: and S;,
placing the same number of p.l. coins in S, and S,. When S, and S, are compared on the scale, if S,
(say) is heavier, the counterfeit coin must be among the p.h. coins in S, or the p.1. coins in S, which
together constitute a set of size 3"'. If the scale balances, we are, of course, left with the set Ss, of size
377!, Thus in every case we reduce the size of the set by a factor of 3, as in Theorem 1. For sets where
| S| is not a power of 3 a similar procedure is effective.

The lemma is useful because it describes a common type of weighing problem. If we know only
that the counterfeit coin is an odd weight, a first weighing which does not balance leaves us with the
coins on the scale each labelled “‘possibly heavy” or “possibly light””. We are now ready to solve the
problem of the odd coin in the case wherea standard coin is provided.

THEOREM 2. If we are given a set S of coins, plus a standard coin, and one coin in S is a different
weight than the rest, then the least number of weighings in which the odd coin can be found is the unique
n satisfying 3" '=1)2<|S|=(3"-1)/2.

Proof. Let us denote by M(n) the maximum number of coins for which the odd coin problem can
be solved in n weighings if a standard coin is provided. The lemma claims that M(n) = (3" — 1)/2. It is
easy to see that this is correct for n =1 and 2.

Suppose now we are given a set S of coins from which we are to find the odd coin in n weighings.
On our first weighing, we must place equal sets of coins S, and S, on the scale, leaving off a set Ss. If
the beam balances, we are left with S,, so we must require | S;| = M(n — 1) to be able to solve the
problem in that case. On the other hand, if the scale does not balance, we are left with S, and S, each
coin labelled “possibly heavy” or “possibly light””. So we must have | S,|+|S,|=3""". Since the two
sides of the scale must have the same number of coins, this apparently implies that |S,[+]|S,|=
37~'—1, at a maximum, but that is not so. We have a standard coin at our disposal, so we can let
|Si|+]S,]=3"", and |S,| =]S,| + 1, using the standard coin on the S, side. So if the scale does not
balance, we are left with 3"~ coins, each labelled, a problem we know by the lemma to be solvable.

Thus we have found that we can solve the balancing problem if [S|=(|S\|+]S:|)+]S:|=
3""'+ M(n - 1). This yields M(n)=3"""+ M(n — 1), which leads to M(n)=Z!233". Thus M(n)=
(3" = 1)/2, as the sum of a geometric series.

THEOREM 3. Let S be a set of more than two coins, one a different weight than the others. The least
number of weighings in which the odd coin can be found is the unique n satisfying (3"~' = 3)2<|S§|=
3" -3

Proof. Clearly we must begin by comparing two equal sets S, and S; on the balance, leaving off a
set Ss. If the beam does not balance, the counterfeit is in S, U S, each coin is labelled “possibly
heavy” or “‘possibly light” and so, by the lemma, | S, U S.| = 3"~". Since we must balance equal sets of
coins and have no standard coin, the maximum for | S, U S, | is actually 3"~' — 1. If, on the other hand,
the beam balances, we are left with S; and some standard coins (in S, and S,). Thus, by Theorem 2,
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|S3] can be as large as (3""'—1)/2. Combining these results, we find |S| can be (3" '—1)+
(3" = 1)2=(3" - 3)/2, as desired.

Theorem 1 shows that an underweight coin in a set of k coins can be found in [log; k] weighings
where [x] is the least integer greater than or equal to x. As can easily be seen, a standard coin (or
coins) does not reduce that number. If we know only that the counterfeit coin is a different weight,
then [logs(2k +3)] weighings are required, as proved in Theorem 3. In that case, however, a standard
coin is a help occasionally, since Theorem 2 states that [logs(2k + 1)] weighings are required if a
standard coin is provided.

None of this actually deals with Schell’s original problem, which presents us with a set of coins
which may contain a counterfeit one or may not. We have assumed that exactly one counterfeit was
present in every problem. It is easy to see, by following through the process outlined in Theorem 1,
that if the beam balances on every weighing, there is exactly one coin which has never been on the
scale. If we are not sure whether or not we have a counterfeit coin, that last coin is an embarrassment!
Thus, exactly one fewer coins, (3" — 1), can be handled in n weighings in that case. In the procedure
outlined for an “odd” coin, there is no such problem, because if all of the coins are the same weight,
they will all eventually be placed on the scale.
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Geoboard Triangles with One Interior Point

CHARLES S. WEAVER
University of Illinois
Hllinois State University

A geoboard is a physical model of an integer lattice, the set of points in the plane with integer
coordinates. Nails are hammered in a square array on a piece of wood and rubber bands are stretched
over the nails to make polygons. A central formula of geoboard geometry is Pick’s formula for the
area of a polygon with vertices on the lattice: Area = T/2 + (I — 1) where T is the number of points at
which the polygon intersects the lattice and I is the number of lattice points enclosed by, but not
touching, the polygon. (See [1], pp. 208-209.)

It is natural to ask what combinations of T and I can occur in polygons. For example, if I =0, T
can assume any value greater than 2. This can be seen by making a triangle that touches T — 1 points
on the x-axis and with third vertex on the line y = 1. In contrast to this is the case I = 1. A well-known
problem states, for example, that there is no geoboard triangle touching seven lattice points and
enclosing exactly one. Proofs of this fact bring together elementary geometry and number theory and
reveal some of the reasons that geoboards can be fascinating. In this note we will prove a more general
theorem that includes the above problem as a special case.
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