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Formally, a linear-programming problem is the problem of
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minimize —2x; + 3x, ﬁl@@g

subject to

n e DL RREEAR? T
X >0 WO

[. The objective function might be a minimization rather than a maximization.

There might be variables without nonnegativity constraints.

el

There might be equality constraints,\which have an equal sign rather than a
less-than-or-equal-to sign.

4. There might be inequality constraints, but\instead of having a less-than-or-
equal-to sign, they have a greater-than-or-equal>o sign.
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minimize —2x; + 3x; maximize 2x; — 3x,
subject to subject to
xn + x2 =17 => Xy + xa =7
X, — xy, = 4 1 Xy — 2x, = 4
¥ > 0 ¥, > 0.

maximize 2xy

subject to
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|=> subject to . )
3 Xp + X, — X =
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ZRMEK . Slack Form

7z = 2-131 - 3JC2 —|_ 3x3 maximize 2xv, — 3x, 4+ 3x;
subject to
Xa = 1 — x1 — X3 4+ xs e
. =y o+ oEm B =
Xs = —1 + X1+ X - X ST “ARE x - 2 + 26 o< 4
i/ X1s X3, Xa > 0
Xe = 4 - X1 + 2)(32 — 2.3(33

slack: the part of a rope, chain etc.,
that hangs loosely

(N.B.A.b.c.v). 2 = v o+ Y cx

R XE =

Pt Eriar o= b= Yayy foricB MGz EEs

JjeN iﬁqﬁ%Nﬂg‘?B

z = 28 -— A ﬂ a1z s die —-1/6 —1/6 1/3

6 6 3 A= axs ass aw |=| 8/3 2/3 -1/3
xn = & + 1_63 + % - lTﬁ 43 das  das /2 —=1/2 0
_ _ 8.1-3 2.1-5 -'Ef& bl. 8
woeoa - o Ty ko b=(;}2)=(4),

X3 Xs b 18
xy = 18 - = = ., 4 _
e > T3
wehave B = {1,2,4}, N = {3,5,6}, c=(cs es ¢) =(-1/6 —1/6 —2/3)", and v = 28
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o slackjEx\. basicfllnon-basic
Maximize: 80x, + 60x, z= 80x; + 60x, 7R LB A4
Subjectto: x;, + x, < 100 (d:3h) x3=100-x; - x, =9

2x, +x, <150 (AH) x, =150 - 2x, - x,
5x;, +10x, < 800 (%4)

Xs = 800 - 5x; - 10x,

SR, —A “H[{TMR” 2 (0,0,100,150,800)7, FHM ] z=0.
BT 7Ez2R ik e A, R A N IE, o] LUBEE e 1 E R &z E. H
ENFMERE LRI, BIABEHAT AR & N i 4E .

B 767 fEx W KAl aefE, BIik A JJHUslackse “#8R 7« W x =75

X =(150-x,-x,)/2
s DQ a1 R 1 A \\ . —
TIRAIE R ST (75,0,25.425)7,
=75-0.5x, — 0.5x,
250 405y, TBIHIz6000+20x,-40x,

Xs =425 —7.5x, +2.5x, VERE: basicHlnon-basicl) &
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TREHATE N HI AT AT R 4(50,50,0,0,50)7,
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X5 =50 — 15x5 + 5x,
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maximize 3x; + x; 4+ 2x;

subject to i = 3x; + x2 + 2x;
x1 + x2 + 3x3 =< 30 X4 = 30 — x3; — x» — 3x3
<
2+ o2+ oo = M E> xs = 24 — 2t — 2%, — 5y
dx;, + x + 2x3 =< 36
l : ’ Xe = 36 — 4x; — x, — 2xj
X1,X2.X3 > 0
% 1{kpivoting: x; “#t” , x, “H”
X2 X3 3xg 111 X5 Xs 11xg
z = 21 + — + _— = - 7 = — i — —_ - —
2 ¢ PR 8 16
X2 X3 X6 33 X; Xs 5x¢
Yy = 9 - = - = - = - = - = AT .
1 i 4 6 3 16
3x2 Sx3 Xe _ 3 3x, X5 Xg
e Y w= 3% T3t
3x2 X6 _ 9 3x Mo X
S R S W TH 6
234 —{kpivoting 214 P (X pivoting
H2kpivoting: x; “BHE” , x; “H”7 3K pivoting: x, “BE” , x; “H”
- R e .
¢ =% 6 6 3
X X X6 — ) 0 .
I T —Kpivoting/=, LAl & T .
_ 4 8x3 B 2xs5 N Xs
= 3 3 3
o= 18 - 2 4 0B
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PIVvVOT(N, B, A.b.c.v.l.e)

1 // Compute the coefficients of the equation for new basic variable x,..

2 let A be a new m X n matrix

3 b,g — b! /afe

4 forecach j e N — e}

5 aej — a:’j/afe

6 der = ]-z/aie

7 // Compute the coefficients of the remaining constraints.

8 forecachi € B — {l}

9 b; = b; —a;.b,

10 for cach j € N — {e} 5 & Mardm “F17

11 dii = Ajj — Ajele;j - =
N s A 4R R

12 aij] — —djele]

13 // Compute the objective function.
14 v = v + c.b,
15 for cach _;' e N — {e}

16 [ C; = Cj cgae}

17 ¢ = —Ceaﬂ-f

18  // Co I‘ﬂputl, new sets of basic and nonbasic variables.
19 N = N —fetuU{l}

20 EZB—IJ}U{EI

21 return (N.B, A, b.¢ V)
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Lemma 29.1

Consider a call to PIvOT(N, B, A. b,
returned from the call be (fﬁ:’ ﬁ A, B
the call. Then

c,v,l,e) in which aq;, # 0. Let the values
¢, V), and let X denote the basic solution after

l. X; =0forcach j € N. HiFwE
2. Xe = by/aje.
3. x; =b; — a,—ege for cachi € B — fe}.

—

[x,. = b; — 2 :ﬁux;=> X; = b; ]

jeN

RIS AT

3 ge — bf/'aff.‘

8 foreachi € B —
9 b- = b; —




SIMPLEX (A, b.c)

1

seRENe e JE B ¥ S CORLVS I

1
11

13
14
15
16
17

(N.B,A.b,c.v) =_INITIALIZE-SIMPLEX (A.b.c)

let A be a new vector of length n

while some index j € N hasc¢; > 0
choose an index e € N for which ¢, > 0
for cach index i € B

it a;c > 0 (REEHRRF— TIS?
&I — bf’f;a:'e /
else A; = oo

choose an index / € B that minimizes A;
if A; ==o00
return “unbounded™
else (N.B.A.b.c.v) = PIVOT(N.B.A.b.c.v.l.e)
fori = lton
ifi € B
X
else x; =

||
o &

return (x;,x,..... Xn)
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Given a linear program (A, b, ¢), suppose that the call to INITIALIZE-SIMPLEX in
line 1 of SIMPLEX returns a slack form for which the basic solution 1s feasible.
Then if SIMPLEX returns a solution in line 17, that solution 1s a feasible solution to
the linear program. If SIMPLEX returns “unbounded™ in line 11, the linear program

1s unbounded. n !1]1] o

e FeasibleM &M RN I
i AW, Fofta?

At the start of each iteration of the while loop of lmu —12,

[. the slack form 1s equivalent to the slack form Ii%mlllcd by the call of

INITIALIZE-SIMPLEX, \

\
2. foreachi € B, we have b; > 0, and \

\
3. the basic solution associated with the slack torm 1s feasible.
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maximize 2x; —  X»
weetio o -, BRI
T s EATAEN, R
TR =T THaRIslack A SiE.
X1.X2 = 0

Let L be a linear program in standard form, given as in (29.16)-(29.18). Let x, be
a new variable, and let L, be the following linear program with n + | variables:
maximize —Xo
subject to )
Za@-_;-xj — X9 < b; fori=12,..., m .,
Jj=1

x; = 0 forj=0.1,...,. n.
Then L 1s feasible if and only if the optimal objective value of L, 1s 0.



S Cpp—————

maximize 2x; — X maximize —X

subject to N\ . subject to
2x; — N < 2 @ 2x, — Xy — Xo < 2
X, — 5x \< —4 Xp — 5x, — xy < -4
X1.X2 2‘\0 X1, X2. X = 0
Z —4 — x; 4+ 5x, 5 X4 I = = Xy
Xo = 4 4+ x 2X

*

X3 = 6 — x; — 4x, + x4

— 5x, + \\4 ! Y3 = 2 — 2xy + x5 + x5

< = — Xo ‘& L 4 9.3:1 X4
‘ 4 (X0 ) X X4 ¢ = 73t 3 5
X2 = = —| =1+ —= + —= ) ]
5 5 5 5 S 4 X1 X4
14 N 4x, Ox, N X4 2 = 3 + 3 + 5
BT 5 5 5 14 I, X4
5 5 5
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maximize Z CjX;

j=1
subject to

Za,-jxj < b fori=12,..., m
j=1
xj > 0 forj=12,....n

KNNEHE;
175 5%,
minimize Z b y;
subject to
Za;;}’; > ¢ forj=12...,n

_}:f :_} D 1(’]1!‘: ]_2,....!?1

= Whlm=n,

3x; + x
X1+  x
2x1 ‘|‘ 2xl
4x1 ‘|‘ X2
X1,X2,X3
30y; + 24y
o+ 2y
i + 2y
3yvi + 5

YVi: V2, V3

llﬂ E_ﬁﬂi_ﬁg"
+  2x;3
4+ 3x3 < 30
+ 5x; < 24
-+ 2:('3 < 36
> 0
+ 36y
+ 4y; =
+ Y3 =
+ 2yz =
=

o

==l
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Lemma 29.8 (Weak linear-programming duality)

Let x be any feasible solution to the primal linear program in (29.16)~(29.18) and
let y be any feasible solution to the dual linear program n (29.83)—(29.85). Then,
we have

;% <Y by Kignig: FERY "X
,,s:ZI ; ({BER" FENg?

Corollary 29.9
Let x be a feasible solution to a primal linear program (A, b, ¢), and let y be a
feasible solution to the corresponding dual linear program. If

n Fiis
D% =) biji,
j=1 i=1

then x and y are optimal solutions to the primal and dual linear programs, respec-
tively.
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THE (DANTZIG) SIMPLEX METHOD
FOR LLINEAR PROGRAMMING

George Dantzig created a simplex algorithm to solve linear programs for planning and
decision-making in large-scale enterprises. The algorithm’s success led to a vast array of
specializations and generalizations that have dominated practical operations research for

half a century.




MultiPop:
Cost=min(s,¢)

Amortized cost: push:2; pop, multipop: 0
e R R A e ey S e e S T e R Y, R aF O A S S i e S o



B Push operation with array doubling
— No resize triggered: 1

— Resize(n—2n) triggered: tn+1 (t is a constant)

B Accounting scheme (specifying accounting cost)
— No resize triggered: 2t
— Resize(n—2n) triggered: -nt+2t

B So, the amortized cost of each individual push
operation 1s 1+27e®(1)




B Consider the following operations on a set of
nodes 1n a graph:
— Connect(A, B): add an edge from node A to node B in
the graph;
— Disconnect(A, B): if there 1s a path from A to B,
remove all edges in the path;

B Assume the cost of adding or removing an edge 1s
1. There 1s no edge 1n the graph at the beginning.
Consider a sequence of n operations on the graph,
analysis the average cost of each operation 1n the
worst case.
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