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回忆…

• “如果今天星期二，而且陶老师出差，则由马老
师上课”
• P：今天星期二

• Q：陶老师出差

• R：马老师上课
𝑃 ∧ 𝑄 ⟶ 𝑅
¬(𝑃 ∧ 𝑄) ∨ 𝑅
¬𝑃 ∨ ¬𝑄 ∨ 𝑅
¬𝑃 ∨ ¬𝑄 ∨ 𝑅

……



合取范式
(Conjunctive normal form, CNF)
• In Boolean logic, a formula is in conjunctive normal 

form (CNF) or clausal normal form if 
• it is a conjunction of disjunction clauses, where a clause 

is a disjunction of literals; 

• it is an AND of ORs

https://en.wikipedia.org/wiki/Conjunctive_normal_form

https://en.wikipedia.org/wiki/Conjunctive_normal_form


析取范式
(Disjunctive normal form,DNF)
• In Boolean logic, a disjunctive normal form (DNF) is 

a standardization (or normalization) of a logical 
formula 
• which is a disjunction of conjunctive clauses, where a 

clause is a conjunction of literals;

• it can also be described as an OR of ANDs

https://en.wikipedia.org/wiki/Disjunctive_normal_form

https://en.wikipedia.org/wiki/Disjunctive_normal_form


Existence of CNF/DNF

• Every propositional formula can be converted into 
an equivalent formula that is in CNF or DNF

• Since all logical formulae can be converted into an 
equivalent formula in conjunctive normal form, 
proofs are often based on the assumption that all 
formulae are CNF



How to obtain CNF/DNF?

• This transformation is based on rules about logical 
equivalences: 
• double negative law

• De Morgan's laws

• distributive law

• …



How to obtain CNF/DNF?    (con't)

• Handle “→”/ “↔”
• 𝐴 → 𝐵 ⟺ ¬𝐴 ∨ 𝐵

• 𝐴 ↔ 𝐵 ⟺ ¬𝐴 ∨ 𝐵 ∧ ¬𝐵 ∨ 𝐴

• Handle “¬”
• ¬¬𝐴 ⟺ 𝐴

• ¬(𝐴 ∨ 𝐵) ⟺ ¬𝐴 ∧ ¬𝐵

• ¬(𝐴 ∧ 𝐵) ⟺ ¬𝐴 ∨ ¬𝐵

• Apply distributive law:
•
•

Obtain DNF

Obtain CNF



How to obtain CNF/DNF?    (con't)

• Example ：obtain the CNF/DNF of¬(𝐴 → 𝐵) ∨ ¬𝐶
• ¬ 𝐴 → 𝐵 ∨ ¬𝐶

• ⟺¬ ¬𝐴 ∨ 𝐵 ∨ ¬𝐶

• ⟺ 𝐴 ∧ ¬𝐵 ∨ ¬𝐶

• ⟺ 𝐴 ∨ ¬𝐶 ∧ (¬𝐵 ∧ ¬𝐶)

DNF

CNF



How to obtain CNF/DNF?    (con't)

• However, in some cases this conversion to CNF can lead 
to an exponential explosion of the formula. 

• For example, translating the following non-CNF formula 
into CNF produces a formula with  2𝑛 clauses:

• In particular, the generated formula is:

• This formula contains 2𝑛 clauses; each clause contains 
either 𝑋𝑖 or 𝑌𝑖 for each i.

https://en.wikipedia.org/wiki/Disjunctive_normal_form

https://en.wikipedia.org/wiki/Disjunctive_normal_form


Question?

• How many CNF/DNF can be obtained for a given 
formula?



简单合取式（析取式）

• 仅有有限个命题变项或其否定构成的合取式(析
取式)称为简单合取式(析取式)

𝒑 ∧ ¬𝒑 ∧ 𝒒

Literal(字)

都是简单合取式



极小项与极大项

• 在含有n个命题变项(𝐴1, 𝐴2, … , 𝐴𝑛)的简单合取式（析
取式）中，假设所有命题变项可以全排序
• E.g., 字典序或指定其它顺序

• 若以下两个条件都满足；
• 每个命题变项出现且仅出现一次(𝑨𝒊或¬𝑨𝒊), 且

• 每个变项出现顺序遵循全排序顺序

• 则称这样的简单合取式(析取式)为极小项(极大项)

n个命题变项共有多少个极大(小)项? 𝟐𝒏个

命题变元



极小项与极大项

• 可以对2𝑛个极小项或极大项进行编号
• 用𝑚𝑖表示第i个极小项

• 其中i是该极小项为true赋值的十进制表示

• 用𝑀𝑖表示第i个极大项
• 其中i是该极大项为false赋值的十进制表示



主合取范式与主析取范式
(Principal Conjunctive Normal Form VS Principal Disjunctive Normal Form)

• 主合取范式：
• 由极大项构成
的合取范式

• 主析取范式：
• 由极小项构成
的析取范式

例子：n=3, 三个命题变项A,B,C
¬𝐴 ∧ 𝐵 ∧ 𝐶 ∨ 𝐴 ∧ 𝐵 ∧ ¬C 为主析取范式
A ∨ 𝐵 ∨ ¬𝐶 ∧ ¬𝐴 ∨ 𝐵 ∨ 𝐶 为主合取范式

任何命题公式都存在与
之等值的主合取范式和
主析取范式，并且唯一



求主析取范式



求主合取范式



实例

• Example2：obtain the PDNF/PCNF of¬(𝒑 → 𝒒) ∨ ¬𝒓



实例

• Example2：obtain the PDNF/PCNF of¬(𝒑 → 𝒒) ∨ ¬𝒓



快速算法

𝒒 ⟺ ¬𝒑 ∧ 𝒒 ∧ ¬𝒓 ∨ ¬𝒑 ∧ 𝒒 ∧ 𝒓 ∨ 𝒑 ∧ 𝒒 ∧ ¬𝒓 ∨ 𝒑 ∧ 𝒒 ∧ 𝒓



实例



实例(续)



主析取范式的用途

• 求公式的成真赋值和成假赋值

成真赋值：000,010,100,101,110
成假赋值：001,011,111



主析取范式的用途(续)

• 判断公式类型

¬𝑝 ∧ 𝑞 ∨ ¬𝑝 ∧ ¬𝑞 ∨ 𝑝
⟺ (¬𝑝 ∧ 𝑞) ∨ (¬𝑝 ∧ ¬𝑞) ∨ (𝑝 ∧ ¬𝑞) ∨ (𝑝 ∧ 𝑞)
⟺m0 ∨ 𝑚1 ∨ 𝑚2 ∨ 𝑚3

𝑝 ∨ 𝑞 → 𝑟
⟺¬ 𝑝 ∨ 𝑞 ∨ 𝑟
⟺ ¬𝑝 ∧ ¬𝑞 ∨ 𝑟
⟺ ¬𝑝 ∧ ¬𝑞 ∧ 𝑟 ∨ ¬𝑝 ∧ ¬𝑞 ∧ ¬𝑟 ∨ 𝑟
⟺ ¬𝑝 ∧ ¬𝑞 ∧ 𝑟 ∨ ¬𝑝 ∧ ¬𝑞 ∧ ¬𝑟 ∨ ¬𝑝 ∧ ¬𝑞 ∧ 𝑟 ∨ ¬𝑝 ∧ 𝑞 ∧ 𝑟 ∨ 𝑝 ∧ ¬𝑞 ∧ 𝑟 ∨ 𝑝 ∧ 𝑞 ∧ 𝑟
⟺ 𝑚0 ∨ 𝑚1 ∨ 𝑚3 ∨ 𝑚5 ∨ 𝑚7



主析取范式的用途(续)

• 判断两个公式是否相等
• 两个公式相等当且仅当两者具有相同的PDNF



主析取范式的用途(续)

• 判断两个公式是否相等
• 两个公式相等当且仅当两者具有相同的PDNF



Boolean Satisfiability Problem

• Boolean Satisfiability Problem 
• sometimes called Propositional Satisfiability Problem 

and abbreviated as SATISFIABILITY or SAT 

• Is the problem of determining if there exists an 
interpretation that satisfies a given Boolean formula.

• In other words, it asks whether the variables of a given 
Boolean formula can be consistently replaced by the 
values TRUE or FALSE in such a way that the formula 
evaluates to TRUE. 
• If this is the case, the formula is called satisfiable. 

• On the other hand, the formula is unsatisfiable. 

https://en.wikipedia.org/wiki/Boolean_satisfiability_problem

SAT is one of the first problems that was 
proven to be NP-complete[1].

[1]Cook, Stephen A. (1971). "The Complexity of Theorem-Proving Procedures" (PDF). Proceedings of the 3rd Annual ACM Symposium on Theory of Computing: 
151–158. doi:10.1145/800157.805047.

https://en.wikipedia.org/wiki/Boolean_satisfiability_problem
https://en.wikipedia.org/wiki/NP-complete
https://en.wikipedia.org/wiki/Stephen_Cook
http://www.cs.toronto.edu/~sacook/homepage/1971.pdf
https://en.wikipedia.org/wiki/Symposium_on_Theory_of_Computing
https://en.wikipedia.org/wiki/Digital_object_identifier
https://dx.doi.org/10.1145/800157.805047




2-SAT

• A 2-SAT problem may be described using a Boolean 
expression with a special restricted form: 
• a conjunction of disjunctions (and of ors), where each 

disjunction (or operation) has two arguments that may 
either be variables or the negations of variables

https://en.wikipedia.org/wiki/2-satisfiability

2-SAT can be solved efficiently
and the most efficient of them take linear 

time

https://en.wikipedia.org/wiki/Boolean_expression
https://en.wikipedia.org/wiki/Logical_conjunction
https://en.wikipedia.org/wiki/Disjunction
https://en.wikipedia.org/wiki/Linear_time


NPC



• 1. 写一个程序，输入m, n(>=3);输出m个子句，
每个子句中有从 n个变量中随机取得的三个。

• 例如m = 3,n = 5 
• (x1, ~x2, x3),(x2,x4,~x5),(~x3,x2,x5) 



• 2. 扩展上面的程序，加入新的代码让程序 – 输出
随机产生的合取范式 – 输出该合取范式是否是可
满足的，如果是给出相应的变量赋值


