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3 ik i
UD ($£$# %) KiEi% (Contradiction)

UD (B5++t%E) #HF1RME (Mathematical Induction)
ES (E-1MMZE) aB%JREHE (Pigeonhole Principle)
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UD 17.14: SEZHZFAME
R (5—) BFRNEIEASE _HFRANE.

Theorem (Cantor Theorem)

Let A be a set.
If f: A— 24, then f is not onto.

ES 24.8: Longest Monotone Subsequence (B EHIER) J
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Theorem (Cantor Theorem)

Let A be a set.
If f: A— 24, then f is not onto.
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UD @ H 17.14: SE_8FIAME

fER (55—) BFRPEIERR:

Theorem (Second Principle of Mathematical Induction)

For an integer n, let Q(n) denote an assertion. Suppose that
(i) Q(1) is true and

(ii) for all positive integers n, if Q(1),--- ,Q(n) are true, then Q(n + 1)
is true.

Then Q(n) holds for all positive integers n.
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Theorem (58 _#=F34hi%)

[Qu) AVn € N+((Q(1) A AQn)) = Qn + 1))} — Vn € NTQ(n).
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Theorem (58 _#=F34hi%)

Q) AYR eNF((Q) A+ AQ(R)) = Q(n+1))| = Vi € N*Q(n). J

Theorem ((—) #FAME)
[P(l) AVn € NT(P(n) — P(n + 1))} — Vn € NTP(n). J

Hengfeng Wei (hfwei@nju.edu.cn) 1-3 & BRERR R % 2017 £ 10 B30 H 6 /27



|
Theorem (58 _#=F34hi%)

Q) AYR eNF((Q) A+ AQ(R)) = Q(n+1))| = Vi € N*Q(n). J

Theorem ((—) #FAME)
VP : [P(l) AVn € NT(P(n) — P(n + 1))} — Vn € NTP(n). J

Hengfeng Wei (hfwei@nju.edu.cn) 1-3 & BRERR R % 2017 £ 10 B30 H 6 /27



|
Theorem (58 _#=F34hi%)
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Theorem ((—) #FAME)
[P(l) AVn € NT(P(n) — P(n + 1))} — Vn € NTP(n). J

Let us calculate [calculemus].
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“FRE" SRR
P(n) 2 QL) A+ AQ(n)
(5 —) HFRMEIER P(n) M—IERBEAL .
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“FRE" SRR
P(n) 2 QL) A+ AQ(n)
(5 —) HFRMEIER P(n) M—IERBEAL .

Proof.

By mathematical induction on N7

Basis Step P(1)

Inductive Step P(n) — P(n+ 1)

Therefore, P(n) holds for all positive integers. O
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“FRE" SRR
P(n) 2 QL) A+ AQ(n)
(5 —) HFRMEIER P(n) M—IERBEAL .

Proof.
By mathematical induction on N7
Basis Step P(1)
Inductive Hypothesis P(n)
Inductive Step P(n) — P(n+ 1)

Therefore, P(n) holds for all positive integers. O
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#5 AHE
(%—) 2 EMES EREARESEN . }

Q: A ABEZHFAMNEBIFRA 2" (strong) HFIFMIE?
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Georg Cantor (1845 — 1918)
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Georg Cantor (1845 — 1918)

Leopold Kronecker

(1823 - 1891)
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Georg Cantor (1845 — 1918)

Leopold Kronecker Henri Poincaré

(1823 — 1891) (1854 — 1912)
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Georg Cantor (1845 — 1918)

Leopold Kronecker Henri Poincare Ludwig Wittgenstein

(1823 - 1891) (1854 - 1912) (1889 — 1951)
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Georg Cantor (1845 — 1918)

Leopold Kronecker Henri Poincare Ludwig Wittgenstein

(1823 - 1891) (1854 - 1912) (1889 — 1951)
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From his paradise that Cantor with us unfolded, we hold our
breath in awe; knowing, we shall not be expelled.
— David Hilbert

BB ABBEAIM Cantor BIERI REFIRZEH X
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From his paradise that Cantor with us unfolded, we hold our
breath in awe; knowing, we shall not be expelled.
— David Hilbert
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Theorem (Cantor Theorem)

Let A be a set.
If f: A— 24, then f is not onto.
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Theorem (Cantor Theorem)
Let A be a set.
If f: A— 24, then f is not onto.
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Theorem (Cantor Theorem)
Let A be a set.
If f: A— 24, then f is not onto.

Understanding this problem:
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Theorem (Cantor Theorem)
Let A be a set.
If f: A— 24, then f is not onto.

Understanding this problem:
24 A={1,2,3},

24 = {0, {1}, {2}, {3}, {1,2}, {1,3}, {2,3}, {1,2,3}}

Hengfeng Wei (hfwei@nju.edu.cn) 1-3 & BRERR R % 2017 £ 10 30 H 13 /27



Theorem (Cantor Theorem)
Let A be a set.
If f: A— 24, then f is not onto.

Understanding this problem:
24 A={1,2,3},

24 = {0, {1}, {2}, {3}, {1,2}, {1,3}, {2,3}, {1,2,3}}

Onto
VB € 24 3a € A (f(a) = B).

Hengfeng Wei (hfwei@nju.edu.cn) 1-3 & BRERR R % 2017 £ 10 30 H 13 /27



Theorem (Cantor Theorem)
Let A be a set.
If f: A— 24, then f is not onto.

Understanding this problem:
24 A={1,2,3},

24 = {0, {1}, {2}, {3}, {1,2}, {1,3}, {2,3}, {1,2,3}}

Onto
VB € 24 3a € A (f(a) = B).
Not Onto
B € 2" ~(Ja€ A (f(a) = B)).
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Theorem (Cantor Theorem)
Let A be a set.
If f: A— 24, then f is not onto.

Proof.

O

v
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Theorem (Cantor Theorem)
Let A be a set.
If f: A— 24, then f is not onto.

Proof.

» Constructive proof:

B={zecAlx¢ f(z)}

O

2017 4 10 § 30 H 14 /27
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Theorem (Cantor Theorem)
Let A be a set.
If f: A— 24, then f is not onto.

Proof.

» Constructive proof:

WHATIS TH!§9

B={zecAlx¢ f(z)}

O

2017 4 10 § 30 H 14 /27
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Theorem (Cantor Theorem)
Let A be a set.
If f: A— 24, then f is not onto.

Proof.

» Constructive proof: WHAT IS THIS2

B={reAlx¢ fa)} .

» By contradiction:

Jda€ A: f(a) = B.

O
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Theorem (Cantor Theorem)
Let A be a set.
If f: A— 24, then f is not onto.

Proof.

» Constructive proof:

WHATIS TIIvlwsﬂ

B={zecAlx¢ f(z)}

» By contradiction:

Jda€ A: f(a) = B.

Q:a€ B (= f(a)?

O

2017 4 10 § 30 H 14 /27
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Theorem (Cantor Theorem)
Let A be a set.
If f: A— 24, then f is not onto.

T FLZIBIE (Cantor's diagonal argument) .

y
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Theorem (Cantor Theorem)

Let A be a set.
If f: A— 24, then f is not onto.

T FLZIBIE (Cantor's diagonal argument) .

a f(a)

1]2[3[4]5]- -
111 ]oJo]1] -
2[[0]0[0[0]0
3[[1][0[0[1]0
Afi[i[1]1]1
5[[0[1][0[1]0

O

y
Hengfeng Wei (hfwei@nju.edu.cn) 1-3 & BRERR R % 2017 £ 10 30 H 15 / 27



Theorem (Cantor Theorem)

Let A be a set.
If f: A— 24, then f is not onto.

T FLZIBIE (Cantor's diagonal argument) .

a f(a)

1]2[3[4]5]- -
TI[1]oJo]1] -
2[[0][0[0[0]0
3[[1][0[0[1]0
A[i[i[1]1]1
5[0[1][0[1]0

O

y
Hengfeng Wei (hfwei@nju.edu.cn) 1-3 & BRERR R % 2017 £ 10 30 H 15 / 27



Theorem (Cantor Theorem)

Let A be a set.
If f: A— 24, then f is not onto.

T FLZIBIE (Cantor's diagonal argument) .

a f(a)

1]2[3[4]5]- -
TI[1]oJo]1] -
2[[0][0[0[0]0
3[[1][0[0[1]0
A[i[i[1]1]1
5[0[1][0[1]0

B=1{0,1,1,0,1}
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Theorem (Cantor Theorem)

Let A be a set.
If f: A— 24, then f is not onto.

T RLISIE (Cantor's diagonal argument) (M TUERFAIHES A).

a f(a)

1]2[3[4]5]- -
TI[1]oJo]1] -
2[[0][0[0[0]0
3[[1][0[0[1]0
A[i[i[1]1]1
5[0[1][0[1]0

B=1{0,1,1,0,1}
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TFFEMEIERA (Existence Proof)
1. #3i&E4ERR (Constructive proof)
2. RiEi% (By contradiction)
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TEFEMEUERR (Existence Proof)
1. #3iE43ERR (Constructive proof)
2. RiEi% (By contradiction)
3. #EZ% (Probabilistic Method)

Paul Erdés (1913 — 1996)
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TEFEMEUERR (Existence Proof)
1. #3iE43ERR (Constructive proof)
2. RiEi% (By contradiction)
3. %% (Probabilistic Method)

Paul Erdés (1913 — 1996)
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Theorem (Dov Jarden (1953))

Ea,bER\Q:abeQ.
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Theorem (Dov Jarden (1953))
Ja,be R\ Q:a’ Q. J

V2ER\Q (UD: Theorem 5.2)
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Theorem (Dov Jarden (1953))

EIa,bER\@:abe@.

V2ER\Q (UD: Theorem 5.2)

Proof.
\/5«/5
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Theorem (Dov Jarden (1953))

EIa,bER\@:abe@.

V2ER\Q (UD: Theorem 5.2)

Proof.
\/5«/5

(V2%
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Theorem (Dov Jarden (1953))

Ea,bER\Q:abeQ.

V2ER\Q (UD: Theorem 5.2)

Proof.
\/5\/5

(V2%

Q  XRHEMEIERANG?

Hengfeng Wei (hfwei@nju.edu.cn) 1-3 & BRERR R % 2017 #£10 B30 H 18 / 27



Theorem (Dov Jarden (1953)) J

Ea,bER\Q:abeQ.

V2ER\Q (UD: Theorem 5.2)

Proof.
\/5\/5

(V2%

Q : XEZAEMIERANG? X2 RIEES?
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Lossless Compression Algorithms
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Theorem (“No Free Lunch” Theorem)

Any lossless (file) compression algorithm that makes some files shorter
must necessarily make some files longer.
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File f: a string of bits of a finite length | f|
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Theorem (“No Free Lunch” Theorem)

Any lossless (file) compression algorithm that makes some files shorter
must necessarily make some files longer.

Understanding this problem:

File f: a string of bits of a finite length | f|
Compression Alg.: a function C
C:F—F
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Theorem (“No Free Lunch” Theorem)

Any lossless (file) compression algorithm that makes some files shorter
must necessarily make some files longer.

Understanding this problem:

File f: a string of bits of a finite length | f|
Compression Alg.: a function C
C:F—F

Lossless: f is injective

C(f1) =C(f2) = fi=f
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Theorem (“No Free Lunch” Theorem)

Any lossless (file) compression algorithm that makes some files shorter
must necessarily make some files longer.

Understanding this problem:

File f: a string of bits of a finite length | f|
Compression Alg.: a function C
C:F—F

Lossless: f is injective

C(f1) =C(f2) = fi=f

\vc: BfeF:lcHI<Ifl) = BfeF:lcih) > If!)\
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|
Theorem (“No Free Lunch” Theorem)

Any lossless (file) compression algorithm that makes some files shorter
must necessarily make some files longer.

VC: (3f € F:|C(f) < |f]) » Bf € F:[C(f)] > |f])

Proof.

v
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|
Theorem (“No Free Lunch” Theorem)

Any lossless (file) compression algorithm that makes some files shorter
must necessarily make some files longer.

VC: (3f € F:|C(f) < |f]) » Bf € F:[C(f)] > |f])

Proof.

» By contradiction

v
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|
Theorem (“No Free Lunch” Theorem)

Any lossless (file) compression algorithm that makes some files shorter
must necessarily make some files longer.

VC: (3f € F:|C(f) < |f]) » Bf € F:[C(f)] > |f])

Proof.

» By contradiction

C:EfeF cH<If)AMFeF |CH)<If)
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|
Theorem (“No Free Lunch” Theorem)

Any lossless (file) compression algorithm that makes some files shorter
must necessarily make some files longer.

VC: (3f € F:|C(f) < |f]) » Bf € F:[C(f)] > |f])

Proof.

» By contradiction

C:EfeF cH<If)AMFeF |CH)<If)

M : # of bits of a shortest file f such that (|C(f)| = N) < (|f| = M)
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|
Theorem (“No Free Lunch” Theorem)

Any lossless (file) compression algorithm that makes some files shorter
must necessarily make some files longer.

VC: (3f € F:|C(f) < |f]) » Bf € F:[C(f)] > |f])

Proof.

» By contradiction

C:EfeF cH<If)AMFeF |CH)<If)

M : # of bits of a shortest file f such that (|C(f)| = N) < (|f| = M)
» By the pigeonhole principle

2N 41 vs 2V

O
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Longest Monotone Subsequence
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Example (ES 24.8: Longest Monotone Subsequence)

Write a computer program that takes as its input a sequence of distinct
integers and returns as its output the length of a longest monotone

subsequence.
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Example (ES 24.8: Longest Monotone Subsequence)

Write a computer program that takes as its input a sequence of distinct
integers and returns as its output the length of a longest monotone
subsequence.

Understanding this problem:

Subsequence vs. substring
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Example (ES 24.8: Longest Monotone Subsequence)

Write a computer program that takes as its input a sequence of distinct
integers and returns as its output the length of a longest monotone
subsequence.

Understanding this problem:

Subsequence vs. substring

Monotone increasing vs. decreasing
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Example (ES 24.8: Longest Monotone Subsequence)

Write a computer program that takes as its input a sequence of distinct
integers and returns as its output the length of a longest monotone
subsequence.

Understanding this problem:

Subsequence vs. substring

Monotone increasing vs. decreasing strictly vs. non-strictly
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Example (ES 24.8: Longest Monotone Subsequence)

Write a computer program that takes as its input a sequence of distinct
integers and returns as its output the length of a longest monotone
subsequence.

Understanding this problem:

Subsequence vs. substring
Monotone increasing vs. decreasing strictly vs. non-strictly

Longest existence? uniqueness?
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ES 24.8: Longest Increasing Subsequence
» Given an integer array A[l...n]

» To find (the length L of) a longest increasing subsegence.

5,2,8,6,3,6,9,7 = 2,3,6,9
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FHERE XEB AT LRI “Pigeonhole Principle” iX—2&7
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FHERE XEB AT LRI “Pigeonhole Principle” iX—2&7
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FHERE XEB AT LRI “Pigeonhole Principle” iX—2&7

Theorem (Erdés-Szekeres Theorem)

Let n be a positive integer. Every sequence of n> + 1 distinct integers
must contain a monotone subsequence of length n + 1.
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Q: XERESHFRANERTLAKRR?
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Q: XERESHFRANERTLAKRR?

B.S. P(1)
LH. P(n)
I.S. P(n) - P(n+1)

P(n) BIF47
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L(7) : the length of an LIS ending at i.
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L(7) : the length of an LIS ending at i.

L = max L(i)

1<i<n
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L(7) : the length of an LIS ending at i.

L = max L(i)

1<i<n

L(1)
L(4)

1
+max{L(j) : j <iAA[j] < A[i]}
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L(7) : the length of an LIS ending at i.

L = max L(i)

1<i<n
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Thank

You!

Hengfeng Wei (hfwei@nju.edu.cn)
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