« ZM TR

e TC56312 1. 2. 3. 4. 5. 67



) @11: GCDAI(Extended-)Euclid

e Define Icm(a,.a,...., a,) to be the least common multiple of the n integers

a.da,,...,a,, thatis, the smallest nonnegative integer that is a multiple of each a;.

-

Show how to compute Icm(a,.a,,..., a, ) efficiently using the (two-argument) gcd
operation as a subroutine.
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* How to compute multiplicative inverses in (Z;.-,) ?
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Theorem 31.27 (Chinese remainder theorem)
Let n = nyn,---ng, where the n; are pairwise relatively prime. Consider the
correspondence

a < (a,,a,,..., ag) . (31.27)
wherea € Z,, a; € Z,,, and
a; = a mod n;

fori = 1,2,...,k. Then, mapping (31.27) is a one-to-one correspondence (bijec-
tion) between Z,, and the Cartesian product Z,, x Z,, x --- x Z,, . Operations per-
formed on the elements of Z, can be equivalently performed on the corresponding
k-tuples by performing the operations independently in each coordinate position in
the appropriate system. That is, if

a < (aj,a,,...,ax),

b <> (bl ....,bk) N

then

(@a+b)modn < ((ay+ b)) modny,..., Aagx + b)) mod ny) , (31.28)
(a—b)modn <« ((a,—by)modn,,...,(ap —b) modng), (31.29)

(ab) mod n < (ajbymodn,,...,aby mod ng) . (31.30)
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Proof: Let Zm X Z, denote the set of all pairs (X, Y) such
that X € Z,, and Y € Z,. We define a function

f:Zmn— Lm X L, by the formula f([a]mn) = ([a]n, [a]m).
Since m and n divide mn, this function is well defined (does
not depend on the choice of the representative a). Since
gcd(m, n) = 1, the Chinese remainder theorem implies that
this function establishes a one-to-one correspondence between
the sets Z,,,, and Z,, X Z,.

Furthermore, an integer a is coprime with mn if and only if it
is coprime with m and with n. Therefore the function f also
establishes a one-to-one correspondence between G,,, and
Gm X Gp, the latter being the set of pairs (X, Y) such that
X €G, and Y € G,. It follows that the sets G,,, and

G, X G, consist of the same number of elements. Thus

¢(mn) = ¢(m)¢p(n). % B G IR AT frz
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® Draw the group operation tables for the groups (Z4, +4) and (Z%,-5). Show that
these groups are isomorphic by exhibiting a one-to-one comrespondence o between
their elements such that a + b = ¢ (mod 4) if and only if a(a) - a(b) = a(c)
(mod 5).
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® Draw the group operation tables for the groups (Z4, +4) and (Z%,-s). Show that
these groups are isomorphic by exhibiting a one-to-one comespondence « between
their elements such that a + b = ¢ (mod 4) if and only if a(a) - a(b) = a(c)
(mod 5).
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® Draw the group operation tables for the groups (Z4, +4) and (Z%,-s). Show that
these groups are isomorphic by exhibiting a one-to-one comespondence « between
their elements such that a + b = ¢ (mod 4) if and only if a(a) - a(b) = a(c)
(mod 5).
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@(n) is the number of numbers k, with 1<k<n, such that gcd(n,k)=1

Clearly, if gcd(k,n)=1, then gcd(n-k,n)=1 as well, so (for n>2) all the numbers
relatively prime to n can be matched up into pairs {k,n—k}. So ¢(n) is even.
(In particular, k=n-k means that n=2k and gcd(n,k)=gcd(2k,k)=k>1.)
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Just prior to each iteration of the for loop of lines 4-9,

1. The value of ¢ is the same as the prefix (by,by_,,....b; ) of the binary
representation of b, and

2. d = a mod n.
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MODULAR-EXPONENTIATION (a, b, n)
c =0
=]
let (by,by_,y.....by) be the binary representation of b
fori = k downto 0
7
d =(d-d)modn
if b; == 1
c=c+1
d = (d-a)modn
return d
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