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Problem20.9. (a) Suppose that A and B are nonempty finite sets and AN B = 0.
Show that there exist positive integers n and m such that A ~ {1,2,...,n} and
Bx~{n+1,..., n+m}.

(b) Prove Corollary 20.4

~ Let A and B be disjoint sets. If A and B are finite, then AU B is finite.
(a)
A, B are nonempty finite sets
~3dn,m e Zt,s.t.,
A~{12,..,n}
B = {1,2,...,m},in another word,3g: B — {1,2, ..., m} and g is bijective
The function f(x) = x + n from{1,2,...m} to {n + 1, ..., n + m}, we could show that f(x) is bijective
(skipped).
g, f are both bijective
o~ fog:B—-{n+1,..,n+m}isbijective,thenB = {n + 1, ...,n + m}

(b)
Casel: if Aor Bis empty, A U B is obviously finite;
Case2: neither A nor B is empty
A, B are nonempty finite sets
=~ from (a), we know that3an,m € Z%,s.t.,
A=~{12,..,n}
B={n+1,..,n+m}
“ANB=0@0and{1,2,..,n}n{n+1,..,n+ m}, By Theorem 20.6, we have:
AUB ~{1,2,..,n}u{n+1,...n+m}={12,..,n+m}

~ A U B is finite

Theorem 20.6. Let A,B,C, and D be nonempty sets. [ANB=0,CND=0,A=C,
and B~ D, then AUB~ CUD.




Problem 21.10. Suppose that A 1s an infinite set, B is a finite set,and f : A — Bis a
function. Show that there exists b € B such that f~!({b}) is infinite.

 f is well defined
“ Upeg f1((BY) = A

Assume that Vb € B, f~1({b}) is finite.
According to Exercise 20.13, we could conclude that U, f ~1({b}) is finite(Contradiction)
So, the assumption is not correct, 3b € B s.t. f ~1({b}) is finite

Exercise 20.13. Use induction to prove the following. Letm € Z*. If A1,A2, ..., A
are finite sets, then the union | J;_, A; is finite.

Can be proved by Introduction on m



Problem 21.11, [ et X be an infinite set, and A and B be finite subsets of X. Answer

each of the following, giving reasons for your answers:
(e) If f:A — X is a one-to-one function, is f(A) finite or infinite?

Obviously, ran(f) = f(A) € X

Define a function, g: A — f(A) as g(x) = f(x)

It is easy to show that g is one-to-one and onto, so g is bijective
Then, A = f(A)

f(4) is finite



Problem 21.15. Let A be a nonempty finite set with [A| =7 and let a € A. Prove that
A\ {a} is finite and |A\ {a}| =n—1.

» A is nonempty and finite with |A] = n
~3f:A - {1,2,..,n}and f is bijective
Foreacha € 4, f(a) € {1,2, ...,n}, we can define an new function g: A\{a} —
{1,2, ...,n}\{f (a)} as following:
g(x) = f(x),x € A\{a}
We can show that g(x) is bijective(skipped), so A\{a} = {1,2, ..., n}\f (a)
Given f(a) we could also find a function h: {1,2, ...,n}\f(a) - {1,2,...,n — 1} as:
fx), x<f(a)

) = {f(x) ~1x> f(@
We can show that h(x)is bijective,so {1,2,..,n}\f(a) = {1,2, ...,n — 1}
Consequently, A\{a} = {1,2,...,n—1},s0 |[A\{a}| =n—1



Problem 21.16. (a) Suppose that A is a finite set and B C A. We showed that B is
finite. Show that |B| < |A].

(b) Suppose that A is a finite set and B C A. Show that if B # A, then |B| < |A|.
(c) Show that if two finite sets A and B satisfy B C A and |A| < |B|, then A = B.

(a)
Casel: B = @, obviously |B| < |A]
Case2: B + @, obviously A is not empty.
Case 2.1: A = B, obviously |B| = |A]|
Case 2.2: B c A ,then|B| = |A| — |A\B| < |A4]

we now try to show: For an arbitrary non empty finite set B and any of its finite
superset A, then |A\B| = |A| — | B|
by introduction on |B|

base case: |B| = 1, by problem 21.15, we get |[A\B| = |A| — 1

H:for each |B| < k, |A\B| = |A| — |B|

I: when|B| = k + 1, let x € B be an arbitrary element of B, then B =
(B\{x}) U {x}

so A\B = A\((B\{x}) U {x}) = (A\{x)\(B\{x})

From base case, we know that |[A\{x}| = |A| — 1, |[B\{x}| = |B| — 1

As |B\{x}| = |B| — 1, and B\{x} € A\{x}, from H, we know that

|(A\{x}) — B\{x}| = |A\{x}| — |B\{x}| = |A| — |BI;
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Problem 21.16. (a) Suppose that A is a finite set and B C A. We showed that B is
finite. Show that |B| < |A].

(b) Suppose that A is a finite set and B C A. Show that if B # A, then |B| < |A|.
(c) Show that if two finite sets A and B satisfy B C A and |A| < |B|, then A = B.

(a)

D . There is a bijective function g: A — {1,2,.., 4|},
Casel: B = Q’ 0bVIOUS|y |B| = |A| and a bijective function h: B - {1,2,..,|B|}

Case2: B # @, obviously A is not empty. Then the function H=g o f o h™1 should be 1-to-1

B CA

We could find a function f: B > A3s =X
Obviously, fis 1-to-1

Assume that |B| > |A]|, then according to Pigeonhole principle Hcannot be 1-to-1,
which is contractive to our assumption.

Consequently, |B| < |A|

Theorem 22.2 (Pigeonhole principle). Let m and n be positive integers with m > n,
and let f be a map satisfying f:{1,....m} — {1,...,n}. Then f is not one-to-one.




Problem22.1 Give an example, if possible, of each of the following:

(a) a countably infinite collection of pairwise disjoint finite sets whose union is
countably infinite (see Problem 8.11for the definition of pairwise disjoint);
(b) a countably infinite collection of nonempty sets whose union is finite;

(c) acountably infinite collection of pairwise disjoint nonempty sets whose union
is finite.

For(a), Forn € Nlet A, = {n}. Then A, N A,, = () for n # m as required, and |, .y 4n =N

For (b), try something like A,, = {1}. Then | J A,, = {1} is finite.

For (c), no example exists: If ] is an index set and for each ¢ € I, A; is a nonempty set, then by
picking an element a; € A;, we obtain a map I — |J,.; 4;. If the A; are pairwise disjoint, this map

is certainly injective, hence || J;.; 4i| > ||



Problem22.3 . [s the set of all infinite sequences of 0’s and 1’s finite, countably
infinite, or uncountable? Guess and then prove, please.

Uncountable!

Let A be the set of all infinite sequences of 0’s and 1’s, then A is obviously infinite
Assume A is countable, then A = N, then there should be a bijective function f: N — A
f() = ajaza:3 ...
f(2) = az1az2a;3 -
f(3) = azias,as;3 ...

Here, a;; € {0,1}.

Then we could construct an infinite sequence of 0’s and 1’s (x = b1 b, b5 ...)by:
bi =1-— aii,i = 1,2,3

Obviously x € A, butVa € 4, f(a) # x

Therefore, f cannot be onto, so cannot be bijective.



Problem22.3 . [s the set of all infinite sequences of 0’s and 1’s_finite, countably
infinite, or uncountable? Guess and then prove, please.

which finally ends

with infinite O’s

Let A be the set of all infinite sequences of 0’s and 1’s which finally ends with infinite 0’s, then A is

obviously infinite
For an arbitrary x € A, x finally ends with infinite O’s, let n, be the position of the last 1 in x. Then x

can be represented as:
X = a0y ...a, 000 ...
So, for an arbitrary x € A, we could mapping it to an finite sequence of 0’s and 1’s by function f: 4 —
B, where B is the set of all finite sequences of 0’s and 1’s that start with O:
f(x) =0a,_a, _;..aya;,where x = a;a; ...a, 000 ...

For each element b € B, b can be seen as the binary representation of an Natural Number, and B = N

It is easy to show that fis one-to-one(skipped), so A is countable! (By Exercise 22.5)

Exercise 22.5 Prove that a nonempty set A is countable if and only if there exists a
one-to-one function f: A — N. O
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