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20.9

20.4

(a)
∵ 𝑨, 𝑩 𝐚𝐫𝐞 𝐧𝐨𝐧𝐞𝐦𝐩𝐭𝐲 𝐟𝐢𝐧𝐢𝐭𝐞 𝐬𝐞𝐭𝐬
∴ ∃𝑛,𝑚 ∈ ℤ+, 𝑠. 𝑡. ,

𝐴 ≈ 1,2,… , 𝑛
𝐵 ≈ 1,2,… ,𝑚 , in another word, ∃𝑔: 𝐵 → 1,2,… ,𝑚 and 𝑔 is bijective

The function 𝑓 𝑥 = 𝑥 + 𝑛 from 1,2,…𝑚 to {n + 1,… , n + m}, we could show that 𝑓(𝑥) is bijective 
(skipped).
∵ 𝑔, 𝑓 are both bijective
∴ 𝑓 ∘ 𝑔: 𝐵 → 𝑛 + 1,… , 𝑛 + 𝑚 is bijective, then 𝐵 ≈ 𝑛 + 1,… , 𝑛 + 𝑚

(b)
Case1: if A or B is empty, 𝐴 ∪ 𝐵 is obviously finite;
Case2: neither A nor B is empty
∵ 𝐴, 𝐵 are nonempty finite sets
∴ from 𝑎 , we know that ∃𝑛,𝑚 ∈ ℤ+, 𝑠. 𝑡. ,

𝐴 ≈ 1,2,… , 𝑛
𝐵 ≈ 𝑛 + 1,… , 𝑛 + 𝑚

∵ 𝐴 ∩ 𝐵 = ∅ and 1,2,… , n ∩ 𝑛 + 1,… , 𝑛 + 𝑚 , By Theorem 20.6, we have: 
𝐴 ∪ 𝐵 ≈ 1,2,… , 𝑛 ∪ 𝑛 + 1,… , 𝑛 + 𝑚 = 1,2,… , 𝑛 + 𝑚

∴ 𝐴 ∪ 𝐵 is finite

20.6



21.10

∵ 𝑓 is well defined
∴  𝑏∈𝐵 𝑓

−1 𝑏 = 𝐴

Assume that ∀𝑏 ∈ 𝐵, 𝑓−1 𝑏 is finite.
According to Exercise 20.13, we could conclude that  𝑏∈𝐵 𝑓

−1 𝑏 is finite(Contradiction)
So, the assumption is not correct, ∃𝑏 ∈ 𝐵 𝑠. 𝑡. 𝑓−1 𝑏 is finite

20.13

Can be proved by Introduction on m



21.11

Obviously, 𝑟𝑎𝑛 𝑓 = 𝑓(𝐴) ⊆ 𝑋
Define a function, 𝑔: 𝐴 → 𝑓 𝐴 as 𝑔 𝑥 = 𝑓(𝑥)
It is easy to show that g is one-to-one and onto, so g is bijective
Then, 𝐴 ≈ 𝑓 𝐴
𝑓(𝐴) is finite



21.15

∵ 𝐴 is nonempty and finite with 𝐴 = 𝑛
∴ ∃𝑓: 𝐴 → 1,2, … , 𝑛 and 𝑓 is bijective
For each 𝑎 ∈ 𝐴, 𝑓 𝑎 ∈ 1,2, … , 𝑛 , we can define an new function 𝑔: 𝐴\{𝑎} →
{1,2, … , 𝑛}\{𝑓(𝑎)} as following:

𝑔 𝑥 = 𝑓 𝑥 , 𝑥 ∈ 𝐴\{𝑎}
We can show that 𝑔 𝑥 is bijective(skipped), so 𝐴\{𝑎} ≈ {1,2, … , 𝑛}\𝑓(𝑎)
Given 𝑓(𝑎) we could also find a function ℎ: 1,2, … , 𝑛 \𝑓 𝑎 → {1,2, … , n − 1} as:

ℎ 𝑥 =  
𝑓(𝑥), 𝑥 < 𝑓(𝑎)

𝑓 𝑥 − 1, 𝑥 > 𝑓(𝑎)

We can show that ℎ 𝑥 is bijective, so 1,2, . . , n \𝑓 𝑎 ≈ {1,2, … , 𝑛 − 1}
Consequently, 𝐴\{𝑎} ≈ {1,2, … , 𝑛 − 1}, so 𝐴\{𝑎 | = 𝑛 − 1



21.16

(a)
Case1: 𝐵 = ∅, obviously 𝐵 ≤ 𝐴
Case2: 𝐵 ≠ ∅, obviously A is not empty.

Case 2.1: 𝐴 = 𝐵, obviously 𝐵 = 𝐴
Case 2.2: 𝐵 ⊂ 𝐴 ,then 𝐵 = 𝐴 − 𝐴\B < |𝐴|

we now try to show: For an arbitrary non empty finite set B and any of its finite 
superset A, then 𝐴\B = 𝐴 − 𝐵
by introduction on |B|

base case: |B| = 1, by problem 21.15, we get 𝐴\B = 𝐴 − 1
H:for each 𝐵 ≤ 𝑘, 𝐴\B = 𝐴 − |𝐵|
I: when 𝐵 = 𝑘 + 1, let 𝑥 ∈ 𝐵 be an arbitrary element of B, then 𝐵 =

(𝐵\{𝑥}) ∪ {𝑥}
so 𝐴\B = 𝐴\((𝐵\{𝑥}) ∪ {𝑥}) = (𝐴\{𝑥})\(𝐵\{𝑥})
From base case, we know that 𝐴\{𝑥 | = 𝐴 − 1, 𝐵\{𝑥 | = 𝐵 − 1
As  𝐵\{𝑥 | = |𝐵| − 1, and B\{𝑥} ⊆ 𝐴\{𝑥}, from H, we know that 

𝐴\{𝑥 − 𝐵\{𝑥}| = |𝐴\{𝑥}| − |𝐵\{𝑥}| = 𝐴 − 𝐵 ;



20.9

20.4

(a)
∵ 𝐴, 𝐵 are nonempty finite sets
∴ ∃𝑛,𝑚 ∈ ℤ+, 𝑠. 𝑡. ,

𝐴 ≈ 1,2,… , 𝑛
𝐵 ≈ 1,2,… ,𝑚 , in another word, ∃𝑔: 𝐵 → 1,2,… ,𝑚 and 𝑔 is bijective

The function 𝑓 𝑥 = 𝑥 + 𝑛 from 1,2,…𝑚 to {n + 1,… , n + m}, we could show that 𝑓(𝑥) is 
bijective(skipped).
∵ 𝑔, 𝑓 are both bijective
∴ 𝑓 ∘ 𝑔: 𝐵 → 𝑛 + 1,… , 𝑛 + 𝑚 is bijective, then 𝐵 ≈ 𝑛 + 1,… , 𝑛 + 𝑚

(b)
Case1: if A or B is empty, 𝐴 ∪ 𝐵 is obviously finite;
Case2: neither A nor B is empty
∵ 𝐴, 𝐵 are nonempty finite sets
∴ from 𝑎 , we know that ∃𝑛,𝑚 ∈ ℤ+, 𝑠. 𝑡. ,

𝐴 ≈ 1,2,… , 𝑛
𝐵 ≈ 𝑛 + 1,… , 𝑛 + 𝑚

∵ 𝐴 ∩ 𝐵 = ∅ and 1,2,… , n ∩ 𝑛 + 1,… , 𝑛 + 𝑚 , By Theorem 20.6, we have: 
𝐴 ∪ 𝐵 ≈ 1,2,… , 𝑛 ∪ 𝑛 + 1,… , 𝑛 + 𝑚 = 1,2,… , 𝑛 + 𝑚

∴ 𝐴 ∪ 𝐵 is finite

20.6

回顾

𝑨 = 𝑨\𝑩 ∪ 𝑩, 𝑨\𝑩 ≥ 𝟎



21.16

(a)
Case1: 𝐵 = ∅, obviously 𝐵 ≤ 𝐴
Case2: 𝐵 ≠ ∅, obviously A is not empty.

∵ 𝐵 ⊆ 𝐴
We could find a function 𝑓: 𝐵 → 𝐴 as: 𝑓 𝑥 = 𝑥
Obviously, f is 1-to-1
Assume that 𝐵 > 𝐴 , then according to Pigeonhole principle, f cannot be 1-to-1, 
which is contractive to our assumption.
Consequently, 𝑩 ≤ |𝑨|

There is a 𝑏𝑖𝑗𝑒𝑐𝑡𝑖𝑣𝑒 function 𝑔: 𝐴 → 1,2, . . , 𝐴 ,
and a 𝑏𝑖𝑗𝑒𝑐𝑡𝑖𝑣𝑒 function ℎ: 𝐵 → 1,2, . . , 𝐵

Then the function H=𝑔 ∘ 𝑓 ∘ ℎ−1 should be 1-to-1

H



22.1

For(a),

8.11



22.3

Uncountable!

Let A be the set of all infinite sequences of 0’s and 1’s, then A is obviously infinite
Assume A is countable, then 𝐴 ≈ ℕ， then there should be a bijective function 𝑓: ℕ → 𝐴

𝑓 1 = 𝒂𝟏𝟏𝑎12𝑎13…
𝑓 2 = 𝑎21𝒂𝟐𝟐𝑎23 …
𝑓 3 = 𝑎31𝑎32𝒂𝟑𝟑 …
…

Here, 𝑎𝑖𝑗 ∈ 0,1 .

Then we could construct an infinite sequence of 0’s and 1’s (𝑥 = 𝑏1𝑏2𝑏3…)by:
𝑏𝑖 = 1 − 𝑎𝑖𝑖 , 𝑖 = 1,2,3…

Obviously 𝑥 ∈ 𝐴, but ∀𝑎 ∈ 𝐴, 𝑓(𝑎) ≠ 𝑥
Therefore, 𝑓 cannot be onto, so cannot be bijective.



22.3

which finally ends 
with infinite 0’s

Let A be the set of all infinite sequences of 0’s and 1’s which finally ends with infinite 0’s, then A is 
obviously infinite
For an arbitrary 𝑥 ∈ 𝐴, 𝑥 finally ends with infinite 0’s, let 𝑛𝑥 be the position of the last 1 in 𝑥. Then x 
can be represented as:

𝑥 = 𝑎1𝑎2…𝑎𝑛𝑥
000…

So, for an arbitrary 𝑥 ∈ 𝐴, we could mapping it to an finite sequence of 0’s and 1’s by function 𝑓: 𝐴 →
𝐵, where B is the set of all finite sequences of 0’s and 1’s that start with 0: 

𝑓 𝑥 = 𝟎𝑎𝑛𝑥
𝑎𝑛𝑥−1…𝑎2𝑎1, where 𝑥 = 𝑎1𝑎2…𝑎𝑛𝑥

000…

For each element 𝑏 ∈ 𝐵, b can be seen as the binary representation of an Natural Number, and 𝐵 ≈ ℕ

It is easy to show that f is one-to-one(skipped), so A is countable！（By Exercise 22.5）

22.5



ℵ0与ℵ1之间还有什么？

• 在数学中，连续统假设（英语：Continuum 
hypothesis，简称CH）是一个猜想，也是希尔伯
特的23个问题的第一题，由康托尔提出，关于无
穷集的可能大小。其为：
• 不存在一个基数绝对大于可列集(ℵ𝟎)而绝对小于实数
集(ℵ𝟏)的集合。

http://www.bing.com/knows/%E5%B8%8C%E5%B0%94%E4%BC%AF%E7%89%B9
http://www.bing.com/knows/%E9%9B%86
http://www.bing.com/knows/%E5%8F%AF%E5%88%97%E9%9B%86
http://www.bing.com/knows/%E5%AE%9E%E6%95%B0%E9%9B%86


讨论，ℕ, 𝑃 ℕ ,ℝ与ℵ0, ℵ1

• 𝑃 ℕ ? ℝ

已知[0,1] ≈ ℝ,所以仅需考虑[0,1]
找到一个双射 function 𝑓: 𝑃 ℕ → [0,1]

能找到么？



找到一个双射 function 𝑓: 𝑃 ℕ → [0,1]

• 基本思路：
• 令A为所有仅由0,1所构成的序列所构成的集合。

• 对于任意元素𝑋 ∈ 𝑃 ℕ , 𝑋 ⊆ ℕ,构造𝑔: 𝑃 ℕ → 𝐴

• 𝑔 𝑋 = 𝑎1𝑎2, … , 𝑎𝑛 … ,其中𝑎𝑖 = 1 iff 𝑖 ∈ 𝑋, else 𝑎𝑖 = 0

• 易证：g为双射

• 下证𝐴 ≈ [0,1], 定义函数ℎ: 𝐴 → [0,1]：

ℎ 𝑎 =  

𝑖∈ℕ

𝑎𝑖
1

2

𝑖

易证h同为双射

在此处键入公式。

𝟎. 𝒂𝟏𝒂𝟐, … , 𝒂𝒏… [0,1]区间实数二进制表示


