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Analysis of the Basic Algorithm
6 quantities

• A : the number of partitioning stages
• B : the number of exchanges during partitioning
• C : the number of comparisons during partitioning
• D : the number of insertions
• E : the number of keys moved during insertion
• S : the number of stack pushes
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Analysis of the Basic Algorithm
6 quantities

• Instructions which do not reference memory cost one time unit
• Instructions which do reference memory cost two time units

the total running time is

24A + 11B + 4C + 3D + 8E + 9S + 7N
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Analysis of the Basic Algorithm

A common form of recursions

FN = fN +
1

N
∑

1≤k≤N
(Fk−1 + FN−k) for N > M

FN : the average value of some quantity for random arrangements.
fN : the average value of some quantity for the first partitioning stage.

A : fN = fM+1 = FM+1 = 1.
C : fN = N + 1, fM+1 = FM+1 = M + 2.
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Analysis of the Basic Algorithm

FN = fN +
1

N
∑

1≤k≤N
(Fk−1 + FN−k)

NFN = NfN + 2
∑

1≤k≤N
Fk−1

NFN − (N − 1)FN−1 = ∇(NfN) + 2FN−1

FN
N + 1

=
FN−1

N +
∇(NfN)

N(N + 1)

FN = (N + 1)

 FM+1

M + 2
+

∑
M+2≤k≤N

∇(kfk)
k(k + 1)
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Analysis of the Basic Algorithm

∑
M+2≤k≤N

∇(kfk)
k(k + 1)

=
∑

M+2≤k≤N

fk − fk−1

k + 1
+

∑
M+2≤k≤N

fk−1

k −
∑

M+2≤k≤N

fk−1

k + 1

= 2
∑

M+2≤k≤N

∇fk
k + 1

+
fM+1

M + 2
− fN

N + 1

Substituting, we have

A common form of recursions

FN = 2(N+1)
∑

M+2≤k≤N

∇fk
k + 1

+
N + 1

M + 2
(fM+1 + FM+1)− fN for N > M
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Analysis of the Basic Algorithm

A = 2
N + 1

M + 2
− 1

B = (N + 1)

(
1

3
HN+1 −

1

3
HM+2 +

1

6
− 1

M + 2

)
+

1

2

C = (N + 1)(2HN+1 − 2HM+2 − 1)

D = (N + 1)

(
1− 2

HM+1

M + 2

)
E = (N + 1)

M(M − 1)

6(M + 2)

S =
N + 1

2M + 3
− 1

Corollary
The total average running time of Quicksort (N > 2M + 1) is

35
3 (N + 1)HN+1 − 69

2

+1
6(N + 1)

(
8M + 71− 70HM+2 +

270
M+2 + 54

2M+3 − 36
HM+1

M+2

)
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Analysis of the Basic Algorithm

The best value of M is 9, then we have

T(N) = 11.6667(N + 1) ln N − 1.732N − 19
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FN = fN +
∑

1≤k≤N

(N − k)(k − 1)(N
3

) (Fk−1 + Fn−k)
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FN = fN +
∑

1≤k≤N

(N − k)(k − 1)(N
3

) (Fk−1 + Fn−k)(
N
3

)
FN =

(
N
3

)
fN + 2

∑
M<k<N

(N − k − 1)kFk

Define F(z) =
∑

N>M
FNzN and f(z) =

∑
N>M

fNzN, then we have

F′′′
(z) = f ′′′

(z) + 12
F′
(z)

(1− z)2
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Analysis of the Median-of-Three Modification

F′′′
(z) = f ′′′

(z) + 12
F′
(z)

(1− z)2

By θF(z) = −(1− z)F′
(z), it becomes

−θ(θ − 1)(θ − 2)F(z) = −12θF(z) + (1− z)2f ′′′
(z)

This corresponds to

−θU(z) = (1− z)2f ′′′
(z)

(−2− θ)T(z) = U(z)
(5− θ)F(z) = T(z)
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−θU(z) = (1− z)2f ′′′
(z)

(−2− θ)T(z) = U(z)
(5− θ)F(z) = T(z)

Define U(z) =
∑

N>M
UNzN and T(z) =

∑
N>M

TNzN, then it corresponds to

(N + 1)UN+1 = NUN + 6∇3fN+3

(
N + 3

3

)
(N + 1)TN+1 = (N + 2)TN + UN

(N + 1)FN+1 = (N − 5)FN + TN
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Analysis of the Median-of-Three Modification

By some techniques, we get

FN =
12

7

N + 1

M + 2
fM+1 −

5

7
fN

+
12

7
(N + 1)

∑
M+2≤k≤N

∇fk
k + 1

− 2

7

1(N
6

) ∑
M+1≤k≤N−1

(
k
5

)
fk

The best value of M is again 9, then we have

T′(N) = 10.6286(N + 1) ln N + 2.116N − 71

T(N) = 11.6667(N + 1) ln N − 1.732N − 19
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