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Long multiplication
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> z=qa-102 +b

> y=c 105 +d

zy = (a-10% +b)(c-10% + d)
= ac-10"+ (ad+ bc) - 10% + bd
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> z=20a-10% +b
> y=c-10: +d
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(a-10% 4 b)(c-10% + d)
ac-10" + (ad+ be) - 10 + bd

T(n) = 4T(g) + O(n)

Master Theorem
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2y = ac-10" + (ad+ bc) - 102 + bd



zy=ac-10" + (ad + bc) - 102 + bd

ad+ bec=ac+ bd— (a— b)(c—d)



O(n2) N O(nlogg 3)

TiGiE — Karatsuba %
zy = ac- 10" + (ad + bc) - 107 + bd

ad+ be = ac+ bd— (a— b)(c— d)



O(n?) — O(n'°823)

Karatsuba %

2y = ac- 10" + (ad + be) - 102 + bd

ad+ bc = ac+ bd— (a— b)(c— d)

zy = ac-10"+ (ad+ be) - 10% + bd
= ac-10"+ (ac+ bd— (a— b)(c— d)) - 10* + bd



O(n?) — O(nloe23)
Karatsuba Ej%

zy=ac-10" + (ad + bc) - 10% + bd

ad+ bec= ac+ bd— (a— b)(c—d)

ac-10" + (ad + be) - 10 + bd
= ac-10"+ (ac+ bd — (a— b)(c— d)) - 10% + bd
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T(n) = 37(3) + O(n)

Master Theorem

T(n) = O(n'°%?)



O(nl°823) — faster

+ G lized .
Karatsuba BIjZ% —""%% Toom-Cook &%

» Given two large integers, a and b, Toom-Cook splits up @ and b into k
smaller parts each of length [, and performs operations on the parts. As k
grows, one may combine many of the multiplication sub-operations, thus
reducing the overall complexity of the algorithm. The multiplication
sub-operations can then be computed recursively using Toom-Cook
multiplication again, and so on. Toom—Cook multiplication

> 1§J§ll] Toom 3 AILMEACKRERER 9 IRICENLAL 5 RITE, IMEIEHRES
O(nlos3 )~ O(nl46)


https://en.wikipedia.org/wiki/ToomCook-multiplication

O(n'°823) — faster

AXxXB
A:ao+a1><10+a2><102+---+an,1><10”71

B=1by+ b Xx 10+ by x 10> + -+ + b1 x 10" *



O(n'°823) — faster

AXx B
A(»’U)Iao-i-m><x+a2><x2+---+an,1><x"*1
1

B(z):bo-l-lh><:l:—|—b2><$2+'“+bn_1><z"_

A x B= A(10) x B(10)



O(n'°823) — faster

Ax B
A(z):%"‘al><l“+a2><12+-~~+an71><x"71
B(z) =bo+ by X x4 by x2° + -+ bp_y x 2"

A x B= A(10) x B(10)

A(z) x B(z)



Polynomial Multiplication
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1. R¥ENE
RZIXNEHFFIRFE RS
flz) = a0+ a1z + a22” + -+ + anz” & flz) = {ao, a1, , an}

2. RIERNE

BSIER— N RE, N EEER n+ 1 DR, FIFEX o+ 1 DRskiE—
AIRTRIXNEREL

F(20) = yo = a0 + ar7o + a248 + azz} + - - + a1l
flz1) =y = ao + ar1m1 + a2} + azaf + - + anal

f(zn) = yn = a0 + a1 + 0222 + a3z + - + @l
BABRERNERT (o) I0F:

flz) = wta T+ a4 Fans” fz) = {(z0,y0), (z1,91) ,- -+, (Tn, Yn)}



Polynomial Multiplication

EQUEV:NE A
HEZIEERRA f(2) x g(2)
> WMNRARHETE
BEIHNERAFIIRFTREI, BAENE fIE—URNERES ¢ /Y
B—{UAIREIEE, RESHRE O(n%)
> MNRARERTE
fl@) = {20, f(20)) , (21, f(21)) ;- ., (@, f () }

9(z) = {(20, 9 (20)) , (21, g (#1)) ;- -, (20, 9 (20)) }

fa) x g(x) = {(20, f(w0) g (20)) , (21, f(21) g (21)) - -, (@, f () g () }

MEETH], NERFAANSIEBAERDY = HNIRBITEENINAY v A5k
*HED?/J%EU%@%KE"E@U_V XiER FE IR AN ESRER B
# B9 O(n),
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DFT & FFT

Fourier Transform

> EEEEMENR (Discrete Fourier Transform), 2 EMETHA7ERTEFNSR
15 FEEEERIF I, BESHBTEREIRNE DTFT AU, M
IDFT(Inverse Discrete Fourier Transform) Fi2EXIRAYFETHE,

> RER(EIIITETIE (Fast Fourier transform) MIZSLH DFT B—MEMEA.

EZIAIFET,
> DFT RiEZIAHARBFNELARERTENIIRE
> IDFT RiESHHMNRERNEEUAREFRNERITE
> FFT NRETERLATIARY « BIRESRIME DFT #0 IDFT A9IE



Complex Roots of Unity
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FFT

PRIRE MR
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fle) =a0+ mz+---+ 12"}

HAVEERIMEEAINEEE n = 2" (m € 2), FF— n - 1 IMPSIH
AEHRREREHBMEDE NSFEAPRE— =

flz) = (ao+ od” + - an,_zac"_2) + (a1z+ as®® + -+ an_lx"_l)
= (a0 + a2a” + - an_22""?) + a(ar + a3’ + - + ap_12"7)
SRS BRTHIRE
» G(z) =ao+ az+ -+ An2z'®
» H(z) =a1+ azz+ -+ an 17T
NIREREL f(z) FFTEREIERT 9!



FFT

F(z) = G(2°) + x x H(z%)
B z = wy, FIFARUSIRIMERAS

EEAIE



FFT

F(wfb) = G(wg) +wk x H(w';)
F(w?—g) = G(wé) —wh x H(wg)
FNRR LENRPI L FRE—NEHIAE, FLASEIIKEE— M FH

BEEATLL O(1) HRESZRERESE NI FRIE, ATUABA NSRS
NET ZRIR—, T4e/VERIERUESEARERERTRIGE .

> BHESREAN T(n) = 27(F) + O(n) = O(nlog n)



IFFT

PRIERE R TG
> FMMEBEKET (F(W)), Fwh), -, Fwi™)) X aERR, B
ERERREFRT
BAER T KRR S TEA
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Faster-er

» Schonhage—Strassen algorithm : O(nlog nloglog n)

> Firer's algorithm (only for astronomically large values)
» Galactic algorithm (never used in practice)

» Integer multiplication in time O(nlog n) (2019.3)


http://www.texmacs.org/joris/nlogn/nlogn.pdf
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Thanks for your listening!
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