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Problem 13.3

Which of the following are functions? Give reasons for your answers.
(a) Define f on Rby f = {(»,y) : x* + y* = 4}.
(b) Definef : R — Rby f(x)=1/(x+1).
(c) Define f : R* — Rby f(x,y) =x +y.
(d) The domainoff isthe setofall closed intervals of real numbers
of the form [a, b], where a,b € R, a < b, and f is defined by

f([a, b)) = a.



(e) Define f : N x N — R by f(n, m) =m.
(f) Define f : R — R by

0 ifx>0
x ifx<0

=]
(9) Define f : Q - Rby

x+1 ifx e2Z
f(x)={ x—1 ifx€3Z
2 otherwise

(h) The domain of f is the set of all circles in the plane R* and, if
¢ is such a circle, define f by f(¢) = the circumference of c.

(1) (For students with a background in calculus.) The domain of f is
the set of all polynomials with real coefficients, and f is defined
by f(p) = p'. (Here p’ is the derivative of p.)

(j) (For students with a background in calculus.) The domain of f is
the set of all polynomials and f is defined by f(p) = fol p(x)dx.
(Here fol p(x)dx is the definite integral of p.)



Let A and B be sets. A function f from A to B is a relation from
A to B satisfying

(1) tor all a € A, there exists b € B such that (a, b) € f, and
(1) tor alla € A, and all b,c € B, if (a,b) € f and (a,c) € f, then
b =c.



Problem 13.4.
Let f : P(R) — Z be defined by

[ min(ANN) ifANN#®
f(A)_{_1 ifANN =0

Prove that f above is a well-defined function.

Well-ordering principle of N.
Every nonempty subset of the natural numbers contains a minimum.



Problem 13.5.

Let X be a nonempty set and let A be a subset of X. We define the
characteristic function of the set A by

) — 1 ifxeA
Xal)=1 0 ifxvex\ A

(a) Since this is called the characteristic function, it probably is a
function, but check this carefully anyway.

(b) Determine the domain and range of this function. Make sure
you look at all possibilities for A and X.



Problem 13.13.
Let X be a nonempty set. Find all relations on X that are both
equivalence relations and functions.



Problem 14.8.

For each of the functions below, determine whether or not the func-
tion is one-to-one and whether or not the function is onto. If the
function is not one-to-one, give an explicit example to show what
goes wrong. If it is not onto, determine the range.

(a)
(b)

(¢)
(d)

(e)
(£)
(g)
(h)

(1)

Define f : R — Rby f(x) = 1/(x* + 1).

Define f : R — R by f(x) = sin(x). (Assume familiar facts
about the sine function.)

Define f : Z X Z — Z by f(n, m) = nm.

Define f : R* x R* — R by f((x,y), (4, v)) = xu + yv. (Do you
recognize this function?)

Define f : R*xR? — Rby f((x,y), (u, V) =v/(¥ — u)* + (y —v)%.
(Do you recognize this function?)

Let A and B be nonempty sets and let b € B. Define f : A —
A X Bby f(a)=(a,D).

Let X be a nonempty set, and P(X) the power set of X. Define
f: P(X) = P(X) by f(4) = X\ A,

Let B be a fixed proper subset of a nonempty set X. Define a
function f : P(X) - P(X) by f(A)=ANB.

Let f : R — R be defined by




Problem 14.12.

Let a, b, ¢, and d be real numbers with a < b and ¢ < d. Define a
bijection from the closed interval [a, b] onto the closed interval [¢, d]
and prove that your function is a bijection.
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