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4.1-5

Use the following ideas to develop a nonrecursive, linear-time algorithm for the
maximum-subarray problem. Start at the left end of the array, and progress toward
the right, keeping track of the maximum subarray seen so far. Knowing a maximum
subarray of A[l.. j], extend the answer to find a maximum subarray ending at in-
dex j +1 by using the following observation: a maximum subarray of A[1..j + 1]
is either a maximum subarray of A[l.. j] or a subarray A[i .. j + 1], for some
1 <i < j + 1. Determine a maximum subarray of the form A[i..j + 1] in
constant time based on knowing a maximum subarray ending at index ;.



Max-sum Subsequence

* The problem: Given a sequence S of integer, find the largest
sum of a consecutive subsequence of S. (0, if all negative items)

 An example: -2, 11, -4, 13, -5, -2; the result 20: (11, -4, 13)

A brute-force algorithm:
MaxSum = 0;
for(i=0;i<N;i++)
for (j=i;j<N;j++)
{
ThisSum = 0;
for (k =1i; k <=j; k++)
ThisSum += A[k];
if (ThisSum > MaxSum)
MaxSum = ThisSum;
} in O(n3)
return MaxSum;
2016/4/1 3




More Precise Complexity

The totalcostig :

ZJ:1= j—i+1
k=i

ni(j—i+1)=1+2+...+(n_i): (”—i+21)(n—i)
(n—|+1)(n—|) (nN—1+2)(n—i+1)
2, > ;

:Ezi —(n—l—g)ii —|—%(n2 +3n—|—2)i1
= =1 i=1

n® +3n% +2n
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Decreasing the number of loops

An improved algorithm
MaxSum = 0;
for(i=0;i<N;i++)
{
ThisSum = 0;
for (j=1i;j<N; j++)
{
ThisSum += A[j];
if (ThisSum > MaxSum)
MaxSum = ThisSum;

}
}

return MaxSum;

2016/4/1

the sequence




Power of
Divide and Conquer

Part 1

the sub with largest sum may be in:

— — =
—_—
—_—

or:

Part 1

in O(nlogn)

2016/4/1
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recursion

The largest is

_ the result

Part 2



Power of
Divide and Conquer

Center = (Left + Right) / 2;
MaxLeftSum = MaxSubSum(A, Left, Center); MaxRightSum = MaxSubSum(A, Center + 1, Right);

MaxLeftBorderSum = 0; LeftBorderSum = 0;
for (i = Center; i >= Left; i--)
{
LeftBorderSum += A[i];
if (LeftBorderSum > MaxLeftBorderSum) MaxLeftBorderSum = LeftBorderSum:;

}

MaxRightBorderSum = 0; RightBorderSum = 0; Note: this is the core part of the
for (i = Center + 1; i <= Right; i++)
{

RightBorderSum += A[i];

if (RightBorderSum > MaxRightBorderSum) MaxRightBorderSum = RightBorderSum;
}
return Max3(MaxLeftSum, MaxRightSum,

MaxLeftBorderSum + MaxRightBorderSum);

procedure, with base case and
wrap omitted.



A Linear Algorithm

First scan the array to eliminate the
case of “all negative integers”
ThisSum = MaxSum = 0;
for (j=0;j<N; j++)

{
ThisSum += A[j]; j
if (ThisSum > MaxSum) 10—
MQ(_Sum = ThisSum;
— — elseif (ThisSum<0) This is an example of “online
( ThisSum = 0; ) algorithm”
~ — — =
return MaxSum; w

N Negative item or subsequence cannot
be a prefix of the subsequence we want.

in O(n)

2016/4/1 8



A Linear Algorithm

FIND-M AXIMUM-SUBARRAY First scan the array to eliminate the
1 s[ldeft — 1 case of “all negative integers”
S[i] save the left and right index and the sum of a maxium subarray of A[l..n]
2 s[l].right « 2 : _ , _ , _ : _ : _ . _
T T e e T T s S T T T s S T T T 4 S F T T T o e P T 4o
3 sli].sum « a[l] the sequence
4 fori«2ton
}%[zﬂ}mn<0— N\\ J
( 6 then slil.lcft i \ 00 Co—
3[&] right < i+ 1 J/
} ~ — slilsumeai] | — This is an example of “online
else 5[5] let — sli — 1].left . I ithm”
10 sli).right < 1+ 1 AN algorithm
11 sli].sum < s[i — 1].sum + ali] AN . .
12 Maz + s[1] h Negat|Ve Iitem or SUbsequence cannot
13 fori«2ton be a prefix of the subsequence we want.

14 if Max.sum < s[i|.sum
15 then Max «+ s[i]

16 return Max

in O(n)

2016/4/1 9



4.3-7
Using the master method in Section 4.5, you can show that the solution to the
recurrence 7' (n) = 4T (n/3) + n is T(n) = O(n"#*). Show that a substitution

proof with the assumption T'(n) < ¢n'#3* fails. Then show how to subtract off a
lower-order term to make a substitution proof work.

Assume: T(n) < cnl°8% —dn,d > 0
Then,as T(n) = 4T (g) + n, we have

T(n) < 4 (c (E)logB - (E)> +n T(n) < 4c(n/3)"%" +n

3 3

log. 4 Xdn
= cn'%83 —T+n

< cnlo8* — dn

< enlo83d 4+ n

\ 4

4dn
—T+n < —dn

4d

Next step:
3 <d T(n) = 0(n'°83 %) T(n) = Q'8 %)




4.4-8
Use a recursion tree to give an asymptotically tight solution to the recurrence
T(n)=T(n—a)+ T(a)+ cn, where a > 1 and ¢ > 0 are constants.

Assume n=ka, k>=1

T(n)=T(n-a)+T(a)+cn T (a) —9
cn cn
A / N
¢(n-a) T(a) c(n-a)+T (a)
N
c(n-2a) T(a) c(n-2a)+T (a)

yd
T(a) T(a)

«— o |

k-2
T(n) =T(a) + Z c(n—ia)+ (k—1)T(a)
i=0

:cn(k—l)—ca(k_1);(k_2)+kT(a)
n n
=cn(z—1>—ca(a_1)*(a_2)+ET(a) T(a) =0(1)
a 2 a

LSRN cn® (Ba+2T(a) — 2ca)
:cn(g—l)—ca(“ )2(“ )+§T(a) =24t a n—ca=0(n?




4.5-4

Can the master method be applied to the recurrence T'(n) = 47T(n/2) + n*lgn?
Why or why not? Give an asymptotic upper bound for this recurrence.

cn?lgn
L N
e A n\%. n n? n M2 n
o(3) 155 <(3) 153 <(3) 163 C(z)\lgi
/N.
ey <Gl e <G e e
T TA) e T(1)

T

\ /

glogan — 2

log, n—1
n

log, n—1

cn?lgn

n

21 _
cn*lg-

n

21 _

cn*lg
O(n?)

0(n?1g?n)

(n) = 0(n?%) + Z cn?lg (2i> < 0(n?) + z cn?1g(n) = O(n?) + cn?lg(n) * log,n
i=0 =0



4-3 More recurrence examples

Give asymptotic upper and lower bounds for 7'(n) in each of the following recur-
rences. Assume that 7'(n) is constant for sufficiently small n. Make your bounds
as tight as possible, and justify your answers.

a. T(n) =4T(n/3) +nlgn.

b. T(n) =3T(n/3)+n/lgn.

c. T(n)=4T(n/2)+n/n.

d. T(n)=3T(n/3—2)+n/2.

e. T(n)=2T(n/2)+n/lgn.

f. T(n) =T(n/2) +T(n/4) + T(n/8) +n.
g. T(n)=Tm—1)+1/n.

h. T(n) =T —1) +1gn.

i. T(n)=T(mn—2)+1/1gn.

Jj. T(n) = JnT(Jn) + n.



e. T'(n)=2Tn/2)+n/lgn.

5. O(nlglgn)

T(n) = 2T(n/2) + li — 4(n/4) + 2

gn
lgn—1

=nT(1)+ Z

=0

= O(nlglgn)

T

n/2

mn

lg(n/2)

lgn

T =nT(1)+ nz

i=1

lgn

1
lgn

T

= AT (n/4) +

T

lgn —1

%

_|_

lgn

nT(1) + nE !

lgn

i=1

I

O(nlglgn)




g. T(n)y=Tn—-1)+ 1/n.

1

Tn)=Tn—-1)+1/n= ! 1 +T(n — 2)

n n—1

+T(n —3)

n—2

Harmonic series

For positive integers n, the nth harmonic number is

H —1+l+1+1+ +1
S 2 3 4 n

"1
— ZE
k=1

= Inn+ O(1).




h. T(n)=T(n—1) + lgn.

Tn)=lgn+T(n—-1)=lgn+Ign—1+T(n—2)

n—1 n
= Z lg(n —1i) = Zlgi = lg(n!)
i=1

1=0

= 0O(nlgn)

terms in the factorial product is at most n. Stirling’s approximation,

n\n _ 1
nl = 27n (—) (1+(~)(—)),
e n




L.

Guess 0(n)

T(n) <cn

1 1
Tm)=Th-2)+—<cn—-2)+—=cn—2c+
lgn lgn

T'(n)y=Tmn—-2)+1/l1gn.

1 N 1
lgn  lgn—2

n/2

1
N ; lg(2i)

I'(n) =

+ ...

1
lgn

NFH2c — lgin >0=>c> ﬁ,ﬂlcﬂ/Z, ny = 28]

— < cCn



i. T(n)=Tmn-2)+1/l1gn.

1 1
T(TL):—+—+"'
]gn lgﬂ—Q
n/2
=Y
Guess Q(lglgn)? — lg(21)
n\, T(n) = Ci
GuessQ(lg—n)- — lgn
) =T+ =2 1 cn TR
n) =T(n lgn ~1g(n—2) lgn lgn—2) lgn—2) lgn
cn 2C 1
“lgn lgn—2) lIgn 2c 1
cn B * =0
Zlg_n lg(n—2) Ign —
<lg(n—2)_lgn(n_2)
- 2lgn 2

1 . e
Let c = 2o = 4. the condition can be satisfied



