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Max-sum Subsequence

• The problem: Given a sequence  S of integer, find the largest 
sum of a consecutive subsequence of S. (0, if all negative items)

• An example: -2, 11, -4, 13, -5, -2; the result 20: (11, -4, 13)

A brute-force algorithm: 
MaxSum = 0;

for (i = 0; i < N; i++)
for (j = i; j < N; j++)
{

ThisSum = 0;
for (k = i; k <= j; k++)
ThisSum += A[k];
if (ThisSum > MaxSum)

MaxSum = ThisSum;
}

return MaxSum;

……

i=0

i=1

i=2

i=n-1

k

j=0 j=1
j=2

j=n-1

in O(n3)

the sequence
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More Precise Complexity
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Decreasing the number of loops

An improved algorithm
MaxSum = 0;

for (i = 0; i < N; i++)
{

ThisSum = 0;
for (j = i; j < N; j++)
{

ThisSum += A[j];
if (ThisSum > MaxSum)

MaxSum = ThisSum;
}

}
return MaxSum;

the sequence

i=0

i=1
i=2

i=n-1

j

in O(n2)
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Power of 
Divide and Conquer

Part 1 Part 2

the sub with largest sum may be in:

Part 1 Part 2
or:

Part 1 Part 2

recursion 

The largest is 
the result

in O(nlogn)
Algorithm Design & Analysis 20132016/4/1 6



Power of 
Divide and Conquer

Center = (Left + Right) / 2;
MaxLeftSum = MaxSubSum(A, Left, Center); MaxRightSum = MaxSubSum(A, Center + 1, Right);

MaxLeftBorderSum = 0; LeftBorderSum = 0;
for (i = Center; i >= Left; i--)
{

LeftBorderSum += A[i];
if (LeftBorderSum > MaxLeftBorderSum) MaxLeftBorderSum = LeftBorderSum;

}

MaxRightBorderSum = 0; RightBorderSum = 0;
for (i = Center + 1; i <= Right; i++)
{

RightBorderSum += A[i];
if (RightBorderSum > MaxRightBorderSum) MaxRightBorderSum = RightBorderSum;

}
return Max3(MaxLeftSum, MaxRightSum,

MaxLeftBorderSum + MaxRightBorderSum);

Note: this is the core part of the 
procedure, with base case and 
wrap omitted.
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A Linear Algorithm

ThisSum = MaxSum = 0;
for (j = 0; j < N; j++)
{

ThisSum += A[j];
if (ThisSum > MaxSum)

MaxSum = ThisSum;
else if (ThisSum < 0)

ThisSum = 0;
}
return MaxSum;

the sequence

j

Negative item or subsequence cannot 
be a prefix of the subsequence we want.

This is an example of “online 
algorithm”

in O(n)
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First scan the array to eliminate the 
case of “all negative integers”



A Linear Algorithm

the sequence

j

Negative item or subsequence cannot 
be a prefix of the subsequence we want.

This is an example of “online 
algorithm”

in O(n)
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First scan the array to eliminate the 
case of “all negative integers”



𝐴𝑠𝑠𝑢𝑚𝑒: 𝑇 𝑛 ≤ 𝑐𝑛log3 4 − 𝑑𝑛, 𝑑 > 0

Then, as 𝑇 𝑛 = 4𝑇
𝑛

3
+ 𝑛, we have

𝑇 𝑛 ≤ 4 𝑐
𝑛

3

log3 4

− 𝑑
𝑛

3
+ 𝑛

= 𝑐𝑛log3 4 −
4𝑑𝑛

3
+ 𝑛

≤ 𝑐𝑛log3 4 − 𝑑𝑛

−
4𝑑𝑛

3
+ 𝑛 ≤ −𝑑𝑛

−
4𝑑

3
+ 1 ≤ −𝑑

3 ≤ 𝑑 𝑇 𝑛 = 𝑂(𝑛log3 4)
Next step:

𝑇 𝑛 = Ω(𝑛log3 4)



𝑇 𝑎 =?

c(n-a)+𝑇 𝑎

c(n-2a)+𝑇 𝑎

𝑇 𝑎

Assume n=ka, k>=1
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𝑖=0
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3𝑎 + 2𝑇 𝑎 − 2𝑐𝑎

2𝑎
𝑛 − 𝑐𝑎 = Θ(𝑛2)

𝑇 𝑎 = Θ(1)
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?
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Guess O n

𝑇 𝑛 ≤ cn

𝑇 𝑛 = 𝑇 𝑛 − 2 +
1

lg 𝑛
≤ 𝑐 𝑛 − 2 +
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仅需2𝑐 −
1

lg 𝑛
≥ 0 ⇒ 𝑐 ≥

1

2lg 𝑛
,取c=1/2, 𝑛0 = 2即可



Guess Ω(lg lg 𝑛) ?

Guess Ω
𝑛
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Let 𝑐 =
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4
, 𝑛0 = 4, the condition can be satisfied

T 𝑛 ≥ 𝑐
𝑛

lg 𝑛


