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Algorithmic Problem
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Input: A sequence of n numbers (a,.qa,.....a,).

Output: A permutation (reordering) (a}, @5, ..., ) of the input sequence such

thata} <a, < - <a,.
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Procedure In Pseudocode

INSERTION-SORT(A)

| for j = 2to A.length
2 key = Alj]
3 M Insert A[j]intothe sorted sequence A[1../7 — 1].
4 I = J—1
5 while i > Oand A[i] > key
6 4[: + 1] = Ali]
7 i =1i—1
S Ali + 1] = key
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Key = j
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At the start of each iteration of the for loop of lines 1-8, the subarray
* . - i c ) v
A[l.. j—1] consists of the elements originally in A[1 .. j— 1], but in sorted
order. \
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Initialization: It is true prior to the first iteration of the loop.

Maintenance: If it is true before an iteration of the loop, it remains true before the
next iteration,

Termination: When the loop termnates, the invariant gives us a useful property
that helps show that the algorithm 1s correct.
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Before we can analyze an algorithm, we must have a model of the implemen-
tation technology that we will use, including a model for the resources of that

technology and their costs. For most of this book, we shall assume a generic one-
processor, random-access machine (RAM) mode! of computation as our imple-
mentation technology and understand that our algorithms will be implemented as
computer programs. In the RAM model, instructions are executed one after an-

other, with no concument operations.

The RAM model contains instructions commonly found in real computers:
W }@E’E o drithmetic (such as add, subtract, multiply, divide, remainder, floor, ceiling), data
b4 movement (load, store, copy), and control (conditional and unconditional branch,
77 subroutine call and return). Each such instruction takes a constant amount of time.
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/I NSERTION-SORT(A) cost  times w
1 for j = 2to A.length 1 no~s IFi{Eia—Aa] :
2 key = A[/] 2 n—1 " A4En,
3 // Insert A[j] into the sorted mAZEn-17?
sequence A[l..j —1]. 0 n—1
4 i = j—1 Cy n—1
5 while i > Oand A[i] > key Cs p Dl
6 Ali + 1] = A[i] Ce Y i=a(ti—1)
7 i =i—1 ¢z 2i(ti—1)
& Ali + 1] = key Cg n—1 /

Tn) = cin+cain—1)4+cg(n—1) —+—CSZ!', +q,2(f, —1)

J=2 1=2

+C7Z(Ij—l)+c8("_l)- E E
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| | nin+1)
cin+can—=1)+csn—=1)+cs (T B )

nin—-1) nin-1)
+(‘f_\(_,) )+L‘.‘-(_,) )+['3("— I)

Cs Ce Cqy Cs Ce Cq

— (7+_,)"“—")Hz+(('1+(':‘+‘('4+,_——_.'—_l"+‘('h)"

—

I'in)

S

—(cy + ¢4+ 5+ Cg) .

We can express this worst-case running time as an” 4+ bn + ¢ for constants a, b,
and ¢ that again depend on the statement costsc;; it is thus a quadratic function
of n.
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MERGE-SORT(A, p.r)

Divide-and-Conquer

| p<r :

5 g = (p+1)/2) Recursion

3 MERGE-SORT(A, p.q)

4 MERGE-SORT(A,q + 1,71)

5 MERGE(A, p.q.r)

To sort the entire sequence A = (A[l], A[2], ..., A[n]), we make the initial call

MERGE-SORT(A, 1, A.length), where once again A.length = n.
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MERGE(4, P..T) - TP REEA

| m=¢-p+] |10 i=1 " /NANREE,

2 mp=r—gq 11 j =1
3 letL[l..n, + 1]and R[l..n, + 1] be new arrays : 12 fork = ptor
4 fori=1lton, 13 PL[] = R[j]
5 Llil=Alp+i-1] | 14 Alk] = L[i]
6 forj = 1ton; gEeEm | P =R
1 Rjl=dlg+)]  PESEAR 16 ckedll = RU]
9 Rln,+1]= o |
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At the start of each iteration of the for loop of lines 12-17, the subarray
A[p..k — 1] contains the k — p smallest elements of L[l..n; + 1] and
R[1..ny + 1], in sorted order. Moreover, L[i] and R[j] are the smallest
elements of their arrays that have not been copied back into A.
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Divide: The divide step just computes the middle of the subarray, which takes
constant time. Thus, D(n) = O(1).

Conquer: We recursively solve two subproblems, each of size n/2, which con-
tributes 27 (n/2) to the running time,

Combine: We have already noted that the MERGE procedure on an n-element
subarray takes time ©(n), and so C(n) = O(n).

s('-')(l) fn=1,

I'in) = -~ :
| I 2T(n/2)+O(n) fn>1.
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