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CSZH1.1717 n) @13

e ...on Dayiyou receive twice as many pennies as you did on
Day i-1... How may will you have on Day n?
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* In how many ways can we pair up all the members of the club?
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e How can you relate the number of ways of placing k red
checkers and n-1 black checkers in a row to the number of k-
element multisets of an n-element set?

4

'm(1)=1
°'m(2)=2
m(3)=0
'm(4)=3
m(5)=2
m(6)=0
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 How can you relate the choice of k items out of n+k-1 items to
the placement of red and black checkers?

(n+k—1)!_[n+k—1]
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* How many solutions to the equation x,+x,+...+x =k are there
with each x; a positive integer?
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e induction, recursionfllrecurrences? [B] 7 MG H AL R 2

An inductive proof can be seen as The mathematical correctness of
a description of a recursive solutions to recurrences is
program that will print a detailed naturally proved via induction.
proof...

Recursion Recurrences

Recurrences give a natural way of
analyzing recursive algorithms.
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o 24 Zwell-ordering principle ?

e inductionfllwell-ordering principleZ [A] G 14 B & ?
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@

o YR/EXFAAbuild a smaller case to a larger one (bottom-up)
HMdecompose the larger case into smaller ones (top-down)?

JaE AWML ?

— There are times when this way of thinking is clearly the best way to get
a valid proof. Such examples occur throughout computer science.

— “Building up” small cases into larger ones requires an additional step,
namely showing that all larger cases can be created by using the
construction given. It is often the case that a “building up” process
constructs a proper subset of the possible cases.

— With a top-down approach, there is no question about what our base
case or base cases should be. The base cases are the ones where the
recursive decomposition no longer works.
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T'(n)=r"a+ Z :'ﬂ_ig(i).
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1] 3. the master theorem

o AT H | recursion tree

Lemma 4.7 Suppose that we have a recurrence of the form

T(n)=al(n/2)+n.

where a is a positive integer and T(1) is nonnegative.
bounds on the solution.

1. Ifa <2 then T(n)=0(n).
2. If a =2 then T'(n) = ©(nlogn)
3. If a > 2 then T'(n) = ©O(n'o82)

¢ #IE HE ;»g\:én /[:\;

Thus we have the following big-Theta
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0] 13: the master theorem ()

o HNIXNTEHZH ] recursion tree

Theorem 4.9 Let a be an integer greater than or equal to 1 and b be a real number greater than
1. Let ¢ be a positive real number and d a nonnegative real number. Given a recurrence of the
form

uT(n; b)+n® ifn>1
Tn) = ifn=1

in which n is restricted to be a power of b,
1. iflogya < ¢, T'(n) = O(n°),
2. iflogya=rc, T'(n) =0 (nlogn),
3. iflogya > ¢, T(n) = O(n'%% ),

FHUEMA A8
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7] @13: the master theorem (4

o LN MEFHA. O] R EFE4.107

Theorem 4.9 Let a be an integer greater than or equal to 1 and b be a real number greater than
1. Let ¢ be a positive real number and d a nonnegative real number. Given a recurrence of the
form

oy ) al'(n/b) +n° dfn>1
Tn) = { d ifn=1

in which n is restricted to be a power of b,
1. iflogya < ¢, T'(n) = O(n°),
2. iflogya=¢, T(n) =O(nlogn),
3. iflogya > ¢, T(n) = O(n'°% ),

Theorem 4.10 Let a and b be positive real numbers with a > 1 and b > 1. Let T'(n) be defined
for powers n of b by

) d(n/b)y+ f(n) ifn>1
Tn) = { d if n = 1.

Then
1. if f(n) = O(n®) where logya < ¢, then T(n) = O(n) = O(f(n)).

2. if f(n) = O(n°), where logy a = ¢, then T(n) = O(n'°% % log, n)

3. if f(n) = O(n°), where logy a > ¢, then T'(n) = O(n'°8 ),
19



7] @13: the master theorem (4

o NATAthe master theorem™ Fnc?
: . at a i logy, n a\l logyn A\
a'(n/b")° =n° (E) =n° (;—0) » Z n° (]_c) — n° Z ([—C>
= ’] i—0 ) i=0 )

o WIRENHIREEAINT

) 2I'(n/2) 4+ nlogn ifn >1
L) = { 1 itn =1
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n) B14. recurrences and selection

o AT HELTAARKAR?

Selecti(A,i,n)

(selects the ith smallest element in set A, where n=|4| )
(1) if (n=1
(2) return the one item in A
(3) else
(4) p=MagicMiddle(A)
(6) Let H be the set of elements greater than p
(6) Let L be the set of elements less than or equal to p
(7) if (i < |L]|)
(8) Return Selecti(L.i,|L|)
(9 else
(10) Return Selecti(H.i— |L|,|H]).
4H ) . .

o PREEMFEMagicMiddle 13 s B gL, 2
MagicMiddle(A) ® © ©© ¢ ¢ o o
(1) Let n=|A ~ ~ ~ ~ ~ ~ ~
(2) if (n < 60) ® © © ¢ o o o
(3) use sorting to return the median of A ~ ~ ~ ~ ~ ~ ~
(4) else —~ —~ —~ —~ - -,
(5) Break A into k =n/5 groups of size 5, Gi...., G I\;\’J ¢ \/: < \/\) < § < /j ‘ \/\D < (\/\)
(6) for i=1 to k
(7 find m;, the median of &; (by sorting) ® 6 6 6 6 0 O
(8) Let M ={mi,..., my, | A - ~ A - -~ -
(9) return Selecti (M, [k/2],k). ® &6 6 6 & o o



