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Theorem (The First Isomorphism Theorem)
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Q@ : Do isomorphic groups behave exactly the same?
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H<G, K<G, H2K — G/H ~ G/K. J
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H<G, K<G, H2K — G/H ~ G/K. J

H ={(0,0),(1,0)} (0,0) —— (0,1) —— (0,2) ——> (0,3) K ={(0,0),(0,2)}

(1,0) — (1,1) — (1,2) — (1,3)

G:Z2><Z4
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H<G, K<G, H2K — G/H ~ G/K. J

H ={(0,0),(1,0)} (0,0) —— (0,1) —— (0,2) ——> (0,3) K ={(0,0),(0,2)}

G/H ~ Z4 (1,0) — (1,1) — (1,2) — (1,3)

G:Z2><Z4
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H<G, K<G, H2K — G/H ~ G/K. J

H ={(0,0),(1,0)} (0,0) —— (0,1) —— (0,2) ——> (0,3) K ={(0,0),(0,2)}

G/ng4 (1,0) — (1,1) — (1,2) — (1,3) G/KgKLL

G:Z2><Z4
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H<G, K<G, H2K — G/H ~ G/K. J

H ={(0,0),(1,0)} (0,0) —— (0,1) —— (0,2) ——> (0,3) K ={(0,0),(0,2)}

G/ng4 (1,0) — (1,1) — (1,2) — (1,3) G/KgKLL
G:Z2><Z4

G=7, H=27, K = 3Z
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Problem 9.3-23
GxKE2HxK—G=H
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Problem 9.3-23
GxKE2HxK—G=H J
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GxKE2HxK—G=H J
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Problem 9.3-23
GxKE2HxK—G=H J

G=17, H={e}, K=]]z

neN
“On Cancellation in Groups” by R. Hirshon, 1969
GxK>2HxK, |[K|<oo = GXH J
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Problem 11.4-17
¢ : G1 — (o is a surjective group homomorphism.

Hy <Gy, ¢(Hy)=Hy= Gi/H| = Gy/H>
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Problem 11.4-17
¢ : G1 — (o is a surjective group homomorphism.

Hy <Gy, ¢(Hy)=Hy= Gi/H| = Gy/H>

G1:ZQ, GQZ{e}, H1:{0}, HQZ{C}
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Problem 11.4-5
Find all homomorphisms from Zs4 to Zg. J

¢ : Loy — Zng
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Problem 11.4-5
Find all homomorphisms from Zs4 to Zg. J

¢ : Loy — Zng

o(1) =a? ¢(xr) = za (mod 18)
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Problem 11.4-5
Find all homomorphisms from Zs4 to Zg. J

¢ : Zoa — Zasg
o(1) =a? ¢(r) = za (mod 18)

(1) =a = ord(a) | ord(1)
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Problem 11.4-5
Find all homomorphisms from Zs4 to Zg. J

¢ Loy — s
o(1) =a? ¢(r) = za (mod 18)

#(1) =a = ord(a) | ord(1)

Theorem

Lord(¢(w)) | ord(x)]
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Problem 11.4-5
Find all homomorphisms from Zs4 to Zg. J

¢ Loy — s
o(1) =a? ¢(r) = za (mod 18)

#(1) =a = ord(a) | ord(1)

Theorem

Lord(¢(w)) | ord(x)]

ord(a) | ged(24,18) =6
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Problem 11.4-5
Find all homomorphisms from Zs4 to Zg. J

¢ Loy — s
o(1) =a? ¢(r) = za (mod 18)

#(1) =a = ord(a) | ord(1)

Theorem

Lord(¢(w)) | ord(x)]

ord(a) | ged(24,18) =6

$(1) =0,9,6,12,3,15
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Theorem (The First Isomorphism Theorem)

G
Ker

Y:G— H— = yY(G)

Theorem (The Second Isomorphism Theorem)

H HN
< ~ T
H_G,N<1G:>HHN N

Theorem (The Third Isomorphism Theorem)
G _ G/N

NQHQG:E:W

Theorem (The Fourth Isomorphism Theorem (Correspondence))

N<G =
{(normal) subgroups of G containing N} <> { (normal) subgroups of G /1

|
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Theorem (The Fourth Isomorphism Theorem (Correspondence))

NaG =
{(normal) subgroups of G containing N} < { (normal) subgroups of G/
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Theorem (The Fourth Isomorphism Theorem (Correspondence))

NaG =
{(normal) subgroups of G containing N} < { (normal) subgroups of G/

<G ' <G/N

N — {¢}
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Theorem (The First Isomorphism Theorem)

G o
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Theorem (The First Isomorphism Theorem)

G o

Q : What if ¢ is injective?
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Theorem (The First Isomorphism Theorem)

G

: H
v:G— :>Ke”/}

=9(G)

Q : What if ¢ is injective?
G=9(G)
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Theorem (The First Isomorphism Theorem)

G

: H
Yv:G— :>Ke”/}

=9(G)

Q : What if ¢ is injective?
G =4(G)

Q : How to decide whether 1 is injective or not?
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Theorem (The First Isomorphism Theorem)

G
Ker

Vv:G— H—= = Y(Q)

Q : What if ¢ is injective?
G =4(G)

Q@ : How to decide whether 1 is injective or not?

Theorem (Ker v and Injectivity)
Y : G — H is injective <= Ker 1) = {eq} J
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Theorem (The First Isomorphism Theorem)

G
Ker

Vv:G— H— = Y(Q)

Q : What if ¢ is injective?
G =4(G)

Q@ : How to decide whether 1 is injective or not?

Theorem (Ker v and Injectivity)
Y : G — H is injective <= Ker 1) = {eq} J

: Quotient G out by Ker 1

Ker v
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pr=(234) pi=(243) = (14)23)
pa=(134) p3=(143)

ps=(124) p3=(142) 2= (12E
b= (123) f=(132) s = (18R

Sym(T) = Ay = qid, 3-cycle, 2-2-cycle
#=8 #=3
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pr=(234) pi=(243) = (14)23)
pa=(134) p3=(143)

ps=(124) p3=(142) 2= (12E
b= (123) f=(132) s = (18R

Sym(T) = Ay = qid, 3-cycle, 2-2-cycle
#=8 #=3

A
4 ~ 0
{1,71,72,73}
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r‘l
;’r !
) S

quotient process ,” . Ker(¢) u (.-I

' kS
a0, OmO) \ S ita =ga) S
Ay - ’,’l

\‘\ Ay — \
T Rery N

a*Ker(¢) — aKer ()

¢:A4_>C3 (Kerqﬁz{l,x,y,z})
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Theorem (The First Isomorphism Theorem)

G o
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Theorem (The First Isomorphism Theorem)

G o

G
To sh — = .
o show — 9
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7 X 7

(1, 1))

1
N
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7 x 7.
- ~7
((1,1))
[:ZXZ—7Z
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7 x 7.
- ~7
((1,1))
[:ZXZ—7Z

fim,n)=m—n
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7 x 7.

~7
((1,1))
[:ZXZ—7Z
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Theorem (The Second Isomorphism Theorem)

H HN
HNN N

2

H<GN<«G— ——
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Theorem (The Second Isomorphism Theorem)

H HN
HNN N

2

H<GN<«G— ——
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Theorem (The Second Isomorphism Theorem)

H _ HN
H<GN i
GNIGC—= TN =N
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Theorem (The Second Isomorphism Theorem)

H _ HN
H<GN i
GNIGC—= TN =N

What if H NN = {e}?
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Theorem (The Second Isomorphism Theorem)

H HN
<G.N ~
H <G, <1G:>HHN N

What if H NN = {e}?
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Theorem (The Second Isomorphism Theorem)

H HN
<G.N ~
H <G, <1G:>HHN N

What if H NN = {e}?

HN

H
N

12

he H+ hNCHN
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Theorem (The Second Isomorphism Theorem)

H _ HN
H < N ~
SCGNIG— g N =N

What if H NN = {e}?

HN

H
N

12

he H+ hNCHN

What if he HNN (h # €)?
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Theorem (The Second Isomorphism Theorem)

H _ HN
H < N ~
SCGNIG— g N =N

What if H NN = {e}?

HN

H
N

12

he H+ hNCHN

What if he HNN (h # €)?

he HNN — hN =N
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-
Theorem (The Second Isomorphism Theorem)

H<GN<«G=— —— il EHN

HNN N

Problem 11.4-7

Wei (hfwei@nju.edu.cn)
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Theorem (The Second Isomorphism Theorem)

H HN
<G,N T
H<GN<«G TAN ~

Problem 11.4-7
G =1Z9yy, H=(4), N =/(6)

HNN =
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Theorem (The Second Isomorphism Theorem)

H HN
<G,N T
H<GN<«G TAN ~

Problem 11.4-7
G =1Z9yy, H=(4), N =/(6)

HAN = (12)
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Theorem (The Second Isomorphism Theorem)

H HN
<G,N T
H<GN<«G TAN ~

Problem 11.4-7

G =12y, H=({4), N=(6)

HAN = (12)
HN =

Wei (hfwei@nju.edu.cn) Isomorphism Theorems April 15, 2019 19 / 23



Theorem (The Second Isomorphism Theorem)

H HN
<G,N T
H<GN<«G TAN ~

Problem 11.4-7

G =12y, H=({4), N=(6)

HNN = (12)
HN = (2)
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Theorem (The Second Isomorphism Theorem)

H HN
<G,N T
H<GN<«G TAN ~

Problem 11.4-7

G =12y, H=({4), N=(6)

HAN = (12)

=N

heH

Wei (hfwei@nju.edu.cn) Isomorphism Theorems April 15, 2019 19 / 23



Theorem (The Second Isomorphism Theorem)

H HN

H<GN = —
G, <lG:>HmN ~ J

Problem 11.4-7
G =1Z9yy, H=(4), N =/(6)

HAN = (12)
=N
heH
H _HN (&) _ @
HAN N (12) ()
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Theorem (The Second Isomorphism Theorem)

H HN

H<GN = —
G, <lG:>HmN ~ J

Problem 11.4-7
G =1Z9yy, H=(4), N =/(6)

HAN = (12)

=N

heH

H _HN (&) _ @
HAN N (12) (6

ab = ged(a, b) - lem(a, b)
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Theorem (The Third Isomorphism Theorem)

G _ G/N

N<1H<1G:>E:H/N
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Theorem (The Third Isomorphism Theorem)

G _ G/N

N<1H<1G:>E:H/N
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Theorem (The Third Isomorphism Theorem)

G _ G/N

N<1H<1G:>E:H/N

Not really.
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Theorem (The Third Isomorphism Theorem)

G _ G/N

NQHQG:E:H/N

View G and H from the point of view of N
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Theorem (The Third Isomorphism Theorem)
G . G/N

NaH
N qG:>H HN

Q : What do the elements in % look like?
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Theorem (The Third Isomorphism Theorem)
G . G/N

N<H
4 qG:>H HN

Q : What do the elements in % look like?

G
He —~
g EH
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Theorem (The Third Isomorphism Theorem)
G . G/N

NaH
N <1G:>H HJN

Q : What do the elements in % look like?

G
He —
g GH

Q : What do the elements in H/TN look like?
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Theorem (The Third Isomorphism Theorem)
G . G/N

NaH
N <1G:>H HJN

Q : What do the elements in % look like?

G
He —
g GH

Q : What do the elements in % look like?

N - (H/N)
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Theorem (The Third Isomorphism Theorem)
G . G/N

NaH
N qG:>H HN

Q : What do the elements in % look like?

G
He —~
g EH

Q : What do the elements in H/TN look like?

N - (H/N)

|gN - (H/N) — gH |
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Theorem (The Third Isomorphism Theorem)
G . G/N

NaH
N <1G:>H HJN

Q : What do the elements in % look like?

G
He —
g GH

Q : What do the elements in H/TN look like?

N - (H/N)

|gN - (H/N) — gH |

Absorption!!!
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Theorem (The Third Isomorphism Theorem)

G . G/N

NaH —
< <1G:>H HN

n|m

mZ <Ant <AL
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Theorem (The Third Isomorphism Theorem)

G _ G/N
N<H — =
< <1G:>H HN
n|m
ML <ANL AL
Z _ Z/mZ
nZ  nZ/mZ
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Theorem (The Third Isomorphism Theorem)

G _ G/N
N<H -~
< <1G:>H HN
ML <ANL AL §% Z/10Z
2Z  27Z/10Z
Z . Z/mL
nZ  nZ/mZ
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Theorem (The Third Isomorphism Theorem)

G _ G/N
N<«H -~
< <1G:>H HN
n|m 10Z <2Z<Z
ML <ANL AL §§ Z/10Z
2Z  27Z/10Z
7 _ Z/mZ 0.1.2.---.9
_ = / {071}2{7 ) ) ) }
nZ  nZ/mZ
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Theorem (The Third Isomorphism Theorem)

G _ G/N
N<H — =
< <1G:>H HN
mZ<AnZ AL §§ Z/10Z
27 27/10Z
Z Z/mZ 0 1}2{0’1,27...’9}
nZ  nZ/mZ 0 {0,2,4,6,8})
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