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3-2 Amortized Analysis
(Part II: Advanced Examples)

Hengfeng Wei

hfwei@nju.edu.cn

October 15, 2018
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Robert Tarjan

“Amortized Computational
Complexity”, 1985
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What work are you proudest of?

Proudest? It’s hard to choose.
I like the self-adjusting search tree data structure

that Daniel Sleator and I developed.
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“Self-Adjusting Binary Search Trees – Splay Tree”, JACM, 1985
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Splay(x, T ) :

Moving node x to the root of the tree T by · · ·

Search(x, T ) RETURN x∗/Λ
Insert(x, T ) ASSUME x /∈ T

Delete(x, T ) ASSUME x ∈ T

T ← Join(T1, T2) ASSUME x ∈ T1 < y ∈ T2

(T1, T2)← Split(x, T ) RETURN x ∈ T1 ≤ x ∧ y ∈ T2 > x
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Splay(x, T ) :

Moving node x to the root of the tree T by performing a sequence of
rotations along the path from x to the root.

y

Cx

BA

x

y

CB

A

Right Rotation

Left Rotation
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A chain of length n

A sequence of n Splay

n

x

1

n∑
i=1

ci = Θ(n2)

c̄i = Θ(n)
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x

BA

Case 0: x is the root
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y

Cx

BA

x

y

CB

A

Case 1: zig (zag)

y = p(x) is the root
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z

Dy

Cx

BA

x

y

z

DC

B

A

Case 2: zig-zig (zag-zag)

y = p(x) z = p(y)

x = lc(y) y = lc(z)

(1) : y − z (2) : x− y
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z

Dy

x

CB

A

x

z

DC

y

BA

Case 3: zig-zag (zag-zig)

y = p(x) z = p(y)

x = rc(y) y = lc(z)

(1) : x− y (2) : x− z
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1: procedure Splay(x, T )
2: while x ̸= T.root do ▷ Case 0
3: switch · · · do
4: case 1 : zig
5: · · ·
6: return
7: case 2 : zig-zig
8: · · ·
9: case 3 : zig-zag

10: · · ·
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Splay(1)

Splay(2)
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Amortized Analysis of Splay

A splay tree T of n-node
An arbitrary sequence of m Splay

# of rotations

Theorem

ĉSplay = O(log n).
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D0, o1, D1, o2, · · · , Di−1, oi, Di︸ ︷︷ ︸
the i-th operation

, · · · , Dn−1, on, Dn

Φ :
{

Di | 0 ≤ i ≤ n
}
→R

ĉi = ci +
(
Φ(Di)− Φ(Di−1)

)

∑
1≤i≤n

ci =

 ∑
1≤i≤n

ĉi

 +
(

Φ(D0)− Φ(Dn)︸ ︷︷ ︸
net decrease in potential

)
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∑
1≤i≤n

ci =

 ∑
1≤i≤n

ĉi

 +
(

Φ(D0)− Φ(Dn)︸ ︷︷ ︸
net decrease in potential

)

Φ(D0)− Φ(Dn)︸ ︷︷ ︸
net decrease in potential

≤ 2 =⇒
∑

1≤i≤n

ci ≤

 ∑
1≤i≤n

ĉi

 + 2
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Φ0 Splay1 Φ1 Splay2 Φ2 · · · Φi−1 Splayi Φi︸ ︷︷ ︸
the i-th Splay

· · · Splaym Φm

ĉSplayi
= cSplayi

+ (ΦSplayi
− ΦSplayi−1)
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s(x) : # of nodes in the subtree rooted at x

r(x) = log s(x)

Φ =
∑
x∈T

r(x)

ĉSplayi
= cSplayi

+ (ΦSplayi
− ΦSplayi−1)
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ĉIterj = cIterj + (ΦIterj − ΦIterj−1)

By Case Analysis.

ĉj = cj + (Φj − Φj−1)

Remember: Iter
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Case 0
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= 0 + 0
= 0
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Case 1: zig
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≤ 1 + rj(x)− rj−1(x)
≤ 1 + 3
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rj(x)− rj−1(x)

)
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ĉj = cj + (Φj − Φj−1)
= 1 + rj(x) + rj(y)− rj−1(x)− rj−1(y)

≤ 1 + rj(x)− rj−1(x)
≤ 1 + 3

(
rj(x)− rj−1(x)

)

Hengfeng Wei (hfwei@nju.edu.cn) 3-2 Amortized Analysis October 15, 2018 22 / 30



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

y

Cx

BA

x

y

CB

A

Case 1: zig
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ĉj = cj + (Φj − Φj−1)
= 2 + rj(x) + rj(y) + rj(z)− rj−1(x)− rj−1(y)− rj−1(z)

= 2 + rj(y) + rj(y)− rj−1(x)− rj−1(y)
≤ 2 + rj(x) + rj(z)− 2rj−1(x)
≤ 3

(
rj(x)− rj−1(x)

)

Hengfeng Wei (hfwei@nju.edu.cn) 3-2 Amortized Analysis October 15, 2018 23 / 30



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

z

Dy

Cx

BA

x

y

z

DC

B

A

Case 2: zig-zig
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rj−1(x) + rj(z) = log sj−1(x) + log si(z)

≤ 2 log
(

sj−1(x) + sj(z)
2

)
≤ 2 log

(
sj(x)

2

)
= 2 log sj(x)− 2
= 2rj(x)− 2

rj(z) ≤ 2rj(x)− rj−1(x)− 2
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ĉIterj ≤


0, Case 0
1 + 3

(
rj(x)− rj−1(x)

)
, Case 1

3
(
rj(x)− rj−1(x)

)
, Case 2

3
(
rj(x)− rj−1(x)

)
, Case 3

ĉSplayi
=

∑
1≤j≤l

ĉIterj
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1≤j≤l
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cIterj + (ΦIterj − ΦIterj−1)

)

≤ 3
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rIterl

(x)− rIter0(x)
)

+1
= 3

(
log n− rIter0(x)

)
+ 1

≤ 3 log n + 1
= O(log n)
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ĉIterj ≤


0, Case 0
1 + 3

(
rj(x)− rj−1(x)

)
, Case 1

3
(
rj(x)− rj−1(x)

)
, Case 2

3
(
rj(x)− rj−1(x)

)
, Case 3
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Theorem (Balance Theorem)∑
1≤i≤m

cSplayi
= O

(
(m + n) log n

)

Proof.

∑
1≤i≤m

cSplayi
=

 ∑
1≤i≤m

ĉSplayi

 +
(

ΦSplay0 − ΦSplaym︸ ︷︷ ︸
net decrease in potential

)

≤ m log n + n log n

= (m + n) log n
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Φ =
∑
x∈T

r(x)
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Search(x, t)

Insert(x, t)

Delete(x, t)

Join(t1, t2)

Split(x, t)
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“Move-to-Front” (MTF) List
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Office 302
Mailbox: H016

hfwei@nju.edu.cn
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