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Theorem.

Let H be a subgroup of a group G and N a normal subgroup of
G. Then

e HNis a subgroup of G
e HN Nis a normal subgroup of H
e H/(HNN) = (HN)/N
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1 HN< G,HN={hn:he H,ne N}
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1HN§G,HN:{hn:h€H7n€N} ERR 1/3

Proof.

L1 HptE
Suppose that hyni, hono € HN, N is normal in G
According to Theorem 10.3
(hz)ilnlhg S N,((hg)*lnth)ng cN
(hlnl)(hgng) = h1h2<(h2)_1n1h2)n2 is in HN
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Theorem. Theoram 103

Let G be a group and N be a subgroup of G. Then the
following statements are equivalent

e NI G
e Forallge G,gNg ' c N
e Forallge GgNg ! =N
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ERA
1 HN< G,HN = {hn: he H,ne N}

Proof.
1.2 BUTHFEE

Since HN< G,ee HN'N
Yhn € HN, (hn)e = e(hn) = hn
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1 HN< G,HN = {hn: he H,ne N}

Proof.

1.3 FTFE
Vhn € HN, (hn)=t = n=th=! = (h=th)nh~!
(h='h)n='h=! € G because
(h=th)yn=th=t = h=Y(hnh=1) and h=1 € H,(hnh~ 1) e N

O
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2 HN Nis normal in H
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2 HN Nis normal in H

Proof. i 2/3
Vhe Hne HAN
e hnh™' € H because h,n,h~' € H
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2 HN Nis normal in H

Proof.
Vhe Hne HNN
e hnh™!' € H because h,n,h~! € H
e hnh~! € N because n€ N, Nis normal in Gand he G
O

IERA 2/3
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2 HN Nis normal in H

Proof.

Vhe Hne HNN
e hnh™! € H because h,n,h~! € H
e hnh~! € N because n€ N, N is normal in Gand he G
e hnh=' € HN' N, so HN N is normal in H

IERA 2/3
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3 (HN)/N 2 H/(HN N)
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3 (HN)/N= H/(HN N)

Proof.
o (HN)/N={hnN: hn € HN} = {hN: h € H}

AERA 3/3
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3 (HN)/N= H/(HN N)

Proof.

o (HN)/N = {hnN: hn € HN} = {hN: h € H}

e define ¢ : H— (HN)/N by h— hN
the map ¢ is onto: VAN € (HN)/N, ¢(h) = hN

1ERR 3/3
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3 (HN)/N= H/(HN N)

Proof.
define ¢ : H— (HN)/N by h+— hN TR 3/3

® ¢ is homomorphism:
Vhy, he € H, ¢(h1ha) = hyha N = hy NhoN = ¢(h1)p(h2)

O
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3 (HN)/N= H/(HN N)

Proof.
define ¢ : H— (HN)/N by h— hN 3

e Because ¢ is a homomorphism, according to
First Isomorphism Theorem
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Theorem.
o If $: H— (HN)/N is a group homomorphism R
and K = ker ¢, then K'is normal in H

e Let ¢; : H— H/K be the canonical homomorphism
then there exists a unique isomorphism ¢ : H/K — ¢(H)
such that ¢ = 20
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Proof.
o K=kerg, KIH
e ¢: H— (HN)/N homomorphism R

e ¢y : H— H/K canonical homomorphism
o ¢ : H/K— ¢(H) = (HN)/N unique isomorphism
* =20
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3 (HN)/N= H/(HN N)

Proof.
o HN/N= ¢(H) = H/K
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3 (HN)/N = H/(HN N)

o (HN)/N = ¢(H) = H/K

K=¢""({eN}) = ¢~ ({N})
K< H,nN= N
K:
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3 (HN)/N= H/(HN N)

Proof.
o (HN)/N=¢(H) = H/'K
e K=HNN

o (HN)/N = ¢(H) = H/(HN N)
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Proof.

define a map ¢ from H to HN/N by H+— hN. The map ¢ is

onto, since any coset hnN = hN is the image of hin H. We

also know that ¢ is a homomorphism because

d(hh") = hh'N = hNK'N = ¢(h)p(h') i

By the First Isomorphism Theorem, the image of ¢ is
isomorphic to H/ ker ¢:

HN/N = ¢(H) 2 H/ ker ¢

O
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Definition.

A homomorphism between groups (G, ) and (H, o) is a map
¢ : G — H such that

P(g1 - &2) = ¢(g1) © ¢(g2)

B EATREFTAA BIER the ¢ is onto, RIEHA:
e the ¢ is well defined
e and the image of homomorphism is subset of (HN)/N?

SRIEHR¥E First Isomorphism Theorem #§H (HN)/N = H/K
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o (HN)/NL 6(H) = H/KE H/(HAN)
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