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e Although P, NP, and NP-complete problems are confined to
the realm of decision problems, we can take advantage of a
convenient relationship between optimization problems and
decision problems.
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* traveling salesperson problem

* set cover problem
* knapsack problem
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— Very few practical problems require time on the order of a high-
degree polynomial.

— For many reasonable models of computation, a problem that can be
solved in polynomial time in one model can be solved in polynomial
time in another.

o FElHL, XfT-parallel computer, N4 Z#iflthe number of processors grows
polynomially with the input size

— The class of polynomial-time solvable problems has nice closure
properties.
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— Rule out “expensive” encodings.

— If two encodings e, and e, of an abstract problem are polynomially
related, whether the problem is polynomial-time solvable or not is
independent of which encoding we use.
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— To accept a language, an algorithm need only produce an answer
when provided a string in L, but to decide a language, it must correctly

accept or reject every string in {0, 1}*.
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P = {L C {0,1}" : there exists an algorithm A that decides L
in polynomial time} .

P = {L : L is accepted by a polynomial-time algorithm} .
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— longest simple path

— hamiltonian cycle

— 3-CNF satisfiability

— circuit satisfiability

— formula satisfiability

— cligue problem

— vertex cover problem

— traverling salesman problem

— subset sum problem  SUBSET-SUM = {(S.1) : there exists a subset §'  § such that t = 3" __, 5} .

— primality testing
* http://en.wikipedia.org/wiki/Primality_certificate
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YRIEAHEf#L, is polynomial-time reducible to L, ?

if there exists a polynomial-time computable function f : {0,1}" — {0, 1}* sucl

that for all x € {0, 1}",

x € Lyifand only if f(x) € L, .
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Lemma 34.3
If Ly,L, € {0,1}" are languages such that L, =<p L, then L, € P implies
L] e P.
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. ; ) yes, f(x)e Ly yes, x € L,
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no, f(x) &L, no,x & Ly

Ufr L =2k 8 X.NP-hard ?

L' =p L for every L' € NP
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Theorem 34.4
If any NP-complete problem is polynomial-time solvable, then P = NP.
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The circuit-satisfiability problem i1s NP-hard. / \ \
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. Prove L. € NP.

Select a known NP-complete language L'

Describe an algorithm that computes a function f mapping every instance
x € {0,1}" of L' to an instance f(x)of L.

Prove that the function f satisfies x € L’ if and only if f(x) € L for all
x € {0,1}".

Prove that the algorithm computing f runs in polynomial time.

10



CIRCUIT-SAT)

SAT

(EUQUE;

{FERTEX%HJVEE“

-
{ HAM-CYCLE
£

TSP )

L
{SUBSET-SUM )

11



7] fi4: NPC (4

o A% circuit satisfiability /92 #llformula satisfiability, M1
WEBH J5 22 NP-hard ?

—"||_ “'H\ xg _\I Xig
.x"

12



0] 4. NPC &

o W ¥formula satisfiability 94 £3-CNF satisfiability, MMl

W BH J5 35 72 NP-hard ?

¢ = ((x1 = x2) v =((—x1 = X3} V x4)) A X2

' ¢ = i A (e (V2 A X))
J_r A (y2 < (¥yav ya))
xl
‘/A'\I A (ys =[x — x2))
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If C; has 2 distinct literals, that is, if C; = (I, v [,), where [, and [, are literals,

then include (I, v v p) A (v [z v —p) as clauses of ¢".

e

If C; has just 1 distinct literal /, then include (I v pv g) Al v pv —g) A 13

(lv—=pvg)s(lv—=pv—g)as clauses of ¢"'.
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G =(x1Vx2V-x3)) A (X VX2V X3)A (X VX2V X3)

4

Oy =x; v =X v X3
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¢ = C1ACrAC3ACy, where C1 = (x1v—xav—=x3), C3 = (mx1v—x3v=x3), C3 = (—x1v=x2vx3), and C4 = (X1 VvV X2 V X3).
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x x x3 ¢ G G G

|

v, = 1 0 0 0 1 1 0
v, = 0 1 0 1 1 1 0
v, = 0 0 1 0 0 1 1
s = 0 0 0 1 0 0 0
f = 0 0 0 2 0 0 0
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