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14.32. Let B = {a, b, c,d, e, f} be ordered as in Fig. 14-17(b).

(a) Find all minimal and maximal elements of B.

(b) Does B have a first or last element?

(c) List two and find the number of consistent enumerations of B into the set {1, 2, 3, 4, 5, 6}.

(c)11 7

Fig. 14-17



14.44. Suppose the following are three consistent enumerations of an ordered set A = {a, b, ¢, d}:

[(a, 1), (b,2),(c.3),d, D], [(a, 1), 3)(c2),dd], I[al),(b4a),(.2),d,3)]

Assuming the Hasse diagram D of A is connected, draw D.




14.58. Show that the isomorphism relation A = B for ordered sets is an equivalence relation, that is:

(a) A= Aforanyorderedset A. (b) fA=B.thenB=A. (¢) fA=Band B=C,then A =C.

* Key point:

Two ordered sets X and Y are said to be isomorphic or similar, written

X~Y

if there exists a one-to-one correspondence (bijective mapping) f: X — ¥ which preserves the order relations,
1.e., which is a similarity mapping. (1) (2)

Suppose X and Y are partially ordered sets. A one-to-one (injective) function f: X — Y 1s called a similarity
mapping from X into Y if f preserves the order relation, that is, if the following two conditions hold for any pair
aand a’ in X:

(1) Ifa 2a’ then f(a) 2 f(a).

(2) Ifa| a’ (noncomparable), then f(a)| f(a).




14.62. Suppose A and B are well-ordered isomorphic sets. Show that there is only one similarity mapping f: A — B.

* Proof-1

+ A, B are well — ordered
case(1): A, B are finite
A can be denoted as:{ag, aj, ..., an}, where |A| =n,a; S ajfor0=i=j=n
B can be denoted as:{bg, by, ..., by}, where [B| =n,b; S bhjfor0=i=j=n
case(2): A, B are infinite
A can be denoted as:{ag, a4, ..., A, ...}, wherea; S ajforO0=i=j
B can be denoted as:{bg, by, ..., by, ...}, wWhereb; S bjfor0 =i =
For both cases:
* A,B are isomorphic
=~ there is a bijective similarity mapping f: A = B :
“Foreach a; € A, f(a;) = b;” by introduction on /.
Base: i=0
it is easy to show that f(ay) = by
H: fori < k,f(ai) - bi
l:fori =k +1,if f(axys1) # brs1,
v fisl—to—1andfori <k, f(a;) =b;
~3b; € B,j >k + 1s.t.f(ayx4+1) = b;
M+ f is bijective, andfori <k, f(a;) = b;
o f M (bryr) € Aand agyq < f7 (bryr)
~ f(ag+1) = bj < f(f~(bxs1)) = byy1, which is contractive to by, 4 < bj(ask+1<j
so, the assumption f(ay,;) # byx4q iswrong! f(ax+1) = br41



(*) Every element a € S, other than a last element, has an immediate successor. For, let M(a) denote the set of

elements which strictly succeed a. Then the first element of M(a) is the immediate successor of a.

+ A, B are well — ordered
case(1): A, B are finite
A can be denoted as:{ag, aj, ..., an}, where |A| =n,a; S ajfor0=i=j=n
B can be denoted as:{bg, by, ..., by}, where [B| =n,b; S bhjfor0=i=j=n
case(2): A, B are infinite
A can be denoted as:{ag, a4, ..., A, ...}, wherea; S ajforO0=i=j
B can be denoted as:{bg, by, ..., by, ...}, wWhereb; S bjfor0 =i =
For both cases:
* A,B are isomorphic
=~ there is a bijective similarity mapping f: A = B :
“For each a; € A, f(a;) = b;” by introduction on i.
Base: i=0
it is easy to show that f(ay) = by
H: fori < k,f(ai) - bi
l:fori=k+1,let f(a;;1) =by(m=i+1)
according to the fact (*), a4 is the first element of M(ay), so is by,
+ f is bijective, andfori <k, f(a;) = b;
s fTH(brs1) € M(ag) and agiq < f 71 (bgsr)
“ f(aks1) = by < f(f_l(bkﬂ)) = b1
M bpy1 < byy(bg4q is the first element of M(by,))
So, f(akx+1) = D41



14.62. Suppose A and B are well-ordered isomorphic sets. Show that there is only one similarity mapping f: A — B.

* Assume there are two different bijective similarity mapping f: A —
B,and g:A—-> B

As f, g are different, define C = {a|a € A, f(a) # g(a)}. Obviously ,C + @
 C € AandA is well-ordered

~ C is well-ordered, and let ¢ € C be the first element of C;

It is easy to show that for everya’ € A,a’ < ¢, we have f(a') = g(a’)
e Let f(c) =x,g9(c) = y,x # y, then xand y are comparable(why?), without
losing generality, assume x < y

* As g is bijective, then g71(x) € A — S,(c), here S,(c) = {p|p €

A,p<c}ie, gt (x) € {plp €A rc<p}

+ 2 g(@) < g(g7' ()

* LY X

« ~x=1y,f(c) = g(c), contradicting to C’s definition

* So, fand g should be the same.



14.66. Consider the lattice M in Fig. 14-19(b).

(a) Find all join-irreducible elements.

(b) Find the atoms.

(c) Find complements of a and b, if they exist.

(d) Express each x in M as the join of irredundant join-irreducible elements.

(e) Is M distributive? Complemented?

* Does M contain a sub-lattice isomorphic to

N /N

b e
¢ N / \ /
0 0
(@) (b
Fig. 14-7

Suppose M is a nonempty subset of a lattice L. We say ¥ is a sub—lattice
of L if M itself is a lattice (with respect to the operations of 7).

We note that ¥/ is a sub—lattice of L if and only if # is closed under the
operations of /\ and V of L.




14.75. A lattice M 1is said to be modular if whenever a < ¢ we have the law
avibac)=(avb)Ac

(a) Prove that every distributive lattice 1s modular.
(b) Verify that the non-distributive lattice in Fig. 14-7(b) 1s modular; hence the converse of (a) 1s not true.

(c) Show that the nondistributive lattice in Fig. 14-7(a) is non-modular. (In fact, one can prove that every non-modular
lattice contains a sublattice isomorphic to Fig. 14-7(a).)

I

xV(yAz)=(xVy) Az / \

Discussion on different cases on possible values of x,y,z: X b ¢

Casel:x =0 \ /
xV(yANz)=0V(yAz)=yAz 0
xvy)Az=00Vy)Az=yAzZ )

Case2: x € {a, b, c}

* Case2.l:z=x
xVyAz)=xV(yAx)=x
xvy)hz=(xVyAx=x

e Case2.2:z=1

xVyAnz)=xV(yAI =xVy
(xvy)hz=(xVy Al=xVy

Case3:x=1,z=1
xVyAz)=1IV(yAI =1
(xvy)hnz=UVvy) ANlI=1




