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SM第14章问题32,44,46,58,62,66,70,75
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• Key point：

(𝟏) (𝟐)



• Proof-1
∵ 𝐴, 𝐵 are well − ordered
𝑐𝑎𝑠𝑒 1 : 𝐴, 𝐵 are finite

A can be denoted as:{𝑎0, 𝑎1, … , 𝑎𝑛}，where 𝐴 = 𝑛, 𝑎𝑖 ≾ 𝑎𝑗 for 0 ≦ 𝑖 ≦ 𝑗 ≦ 𝑛

B can be denoted as:{𝑏0, 𝑏1, … , 𝑏𝑛}，where 𝐵 = 𝑛, 𝑏𝑖 ≾ 𝑏𝑗 for 0 ≦ 𝑖 ≦ 𝑗 ≦ 𝑛

𝑐𝑎𝑠𝑒 2 : 𝐴, 𝐵 are infinite
A can be denoted as:{𝑎0, 𝑎1, … , 𝑎𝑘 , … }，where 𝑎𝑖 ≾ 𝑎𝑗 for 0 ≦ 𝑖 ≦ 𝑗

B can be denoted as:{𝑏0, 𝑏1, … , 𝑏𝑘 , … }，where 𝑏𝑖 ≾ 𝑏𝑗 for 0 ≦ 𝑖 ≦ 𝑗

For both cases:
∵ A,B are isomorphic
∴ there is a bijective similarity mapping 𝑓: 𝐴 → 𝐵 :

“For each 𝑎𝑖 ∈ 𝐴, 𝑓 𝑎𝑖 = 𝑏𝑖” by introduction on i.
Base: i=0

it is easy to show that 𝑓 𝑎0 = 𝑏0
H: for 𝑖 ≤ 𝑘, 𝑓 𝑎𝑖 = 𝑏𝑖
I: for 𝑖 = 𝑘 + 1, if 𝑓 𝑎𝑘+1 ≠ 𝑏𝑘+1,
∵ 𝑓 𝑖𝑠 1 − 𝑡𝑜 − 1 and for 𝑖 ≤ 𝑘, 𝑓 𝑎𝑖 = 𝑏𝑖
∴ ∃𝑏𝑗 ∈ 𝐵, 𝑗 > 𝑘 + 1 𝑠. 𝑡. 𝑓 𝑎𝑘+1 = 𝑏𝑗
又 ∵ 𝑓 is bijective，and for 𝑖 ≤ 𝑘, 𝑓 𝑎𝑖 = 𝑏𝑖
∴ 𝑓−1 𝑏𝑘+1 ∈ 𝐴 and 𝑎𝑘+1 ≼ 𝑓−1 𝑏𝑘+1
∴ 𝑓 𝑎𝑘+1 = 𝒃𝒋 ≼ 𝑓 𝑓−1 𝑏𝑘+1 = 𝒃𝒌+𝟏, which is contractive to 𝒃𝒌+𝟏 ≺ 𝒃𝒋(𝒂𝒔 𝒌 + 𝟏 < 𝒋)

so, 𝐭𝐡𝐞 𝐚𝐬𝐬𝐮𝐦𝐩𝐭𝐢𝐨𝐧 𝑓 𝑎𝑘+1 ≠ 𝑏𝑘+1 is wrong! 𝑓 𝑎𝑘+1 = 𝑏𝑘+1



• Proof-2
∵ 𝐴, 𝐵 are well − ordered
𝑐𝑎𝑠𝑒 1 : 𝐴, 𝐵 are finite

A can be denoted as:{𝑎0, 𝑎1, … , 𝑎𝑛}，where 𝐴 = 𝑛, 𝑎𝑖 ≾ 𝑎𝑗 for 0 ≦ 𝑖 ≦ 𝑗 ≦ 𝑛

B can be denoted as:{𝑏0, 𝑏1, … , 𝑏𝑛}，where 𝐵 = 𝑛, 𝑏𝑖 ≾ 𝑏𝑗 for 0 ≦ 𝑖 ≦ 𝑗 ≦ 𝑛

𝑐𝑎𝑠𝑒 2 : 𝐴, 𝐵 are infinite
A can be denoted as:{𝑎0, 𝑎1, … , 𝑎𝑘 , … }，where 𝑎𝑖 ≾ 𝑎𝑗 for 0 ≦ 𝑖 ≦ 𝑗

B can be denoted as:{𝑏0, 𝑏1, … , 𝑏𝑘 , … }，where 𝑏𝑖 ≾ 𝑏𝑗 for 0 ≦ 𝑖 ≦ 𝑗

For both cases:
∵ A,B are isomorphic
∴ there is a bijective similarity mapping 𝑓: 𝐴 → 𝐵 :

“For each 𝑎𝑖 ∈ 𝐴, 𝑓 𝑎𝑖 = 𝑏𝑖” by introduction on i.
Base: i=0

it is easy to show that 𝑓 𝑎0 = 𝑏0
H: for 𝑖 ≤ 𝑘, 𝑓 𝑎𝑖 = 𝑏𝑖
I: for 𝑖 = 𝑘 + 1, let 𝑓 𝑎𝑖+1 = 𝑏m(𝑚 ≥ 𝑖 + 1)

according to  the fact (*), 𝑎𝑘+1 is the first element of 𝑀 𝑎𝑘 , so is 𝑏𝑘+1
∵ 𝑓 is bijective，and for 𝑖 ≤ 𝑘, 𝑓 𝑎𝑖 = 𝑏𝑖
∴ 𝑓−1 𝑏𝑘+1 ∈ 𝑀(𝑎𝑘) and 𝑎𝑘+1 ≼ 𝑓−1 𝑏𝑘+1
∴ 𝑓 𝑎𝑘+1 = 𝒃𝒎 ≼ 𝑓 𝑓−1 𝑏𝑘+1 = 𝒃𝒌+𝟏
又 ∵ 𝒃𝒌+𝟏 ≼ 𝒃𝒎(𝑏𝑘+1 is the first element of 𝑀 𝑏𝑘 )
So, 𝑓 𝑎𝑘+1 = 𝑏𝑘+1

(*)



• Assume there are two different bijective similarity mapping 𝑓: 𝐴 →
𝐵, and 𝑔: 𝐴 → 𝐵

• As f, g are different, define 𝐶 = 𝑎 𝑎 ∈ 𝐴, 𝑓 𝑎 ≠ 𝑔 𝑎 . Obviously ,𝐶 ≠ ∅

• ∵ 𝐶 ⊆ 𝐴 and A is well-ordered

∴ 𝐶 is well-ordered, and let 𝑐 ∈ C be the first element of C;

• It is easy to show that for every 𝑎′ ∈ A, 𝑎′ ≺ 𝑐, we have 𝑓 𝑎′ = 𝑔(𝑎′)

• Let 𝑓 𝑐 = 𝑥, 𝑔 𝑐 = 𝑦, 𝑥 ≠ 𝑦, then x and y are comparable(why?), without 
losing generality, assume 𝑥 ≼ 𝑦

• As g is bijective, then 𝑔−1 𝑥 ∈ 𝐴 − 𝑆𝐴(𝑐) , here 𝑆𝐴 𝑐 = {𝑝|𝑝 ∈
𝐴, 𝑝 ≺ 𝑐}, i.e., 𝑔−1 𝑥 ∈ {𝑝|𝑝 ∈ 𝐴, 𝑐 ≼ 𝑝}

• ∴ 𝑔 𝑐 ≼ 𝑔 𝑔−1 𝑥

• ∴ 𝑦 ≼ 𝑥

• ∴ 𝑥 = 𝑦, 𝑓 𝑐 = 𝑔 𝑐 , contradicting to C’s definition

• So, f and g should be the same.



• Does M contain a sub-lattice isomorphic to  

Suppose M is a nonempty subset of a lattice L. We say M is a sub-lattice 
of L if M itself is a lattice (with respect to the operations of L). 

We note that M is a sub-lattice of L if and only if M is closed under the 
operations of ∧ and ∨ of L. 



Discussion on different cases on possible values of x,y,z:
Case 1: 𝒙 = 𝟎

𝒙 ∨ 𝒚 ∧ 𝒛 = 𝟎 ∨ 𝒚 ∧ 𝒛 = 𝒚 ∧ 𝒛
𝒙 ∨ 𝒚 ∧ 𝒛 = 𝟎 ∨ 𝒚 ∧ 𝒛 = 𝒚 ∧ 𝒛

Case 2: 𝒙 ∈ 𝒂, 𝒃, 𝒄
• Case 2.1: 𝒛 = 𝒙

𝒙 ∨ 𝒚 ∧ 𝒛 = 𝒙 ∨ 𝒚 ∧ 𝒙 = 𝒙
𝒙 ∨ 𝒚 ∧ 𝒛 = 𝒙 ∨ 𝒚 ∧ 𝒙 = 𝒙

• Case 2.2: 𝒛 = 𝑰
𝒙 ∨ 𝒚 ∧ 𝒛 = 𝒙 ∨ 𝒚 ∧ 𝑰 = 𝒙 ∨ 𝒚
𝒙 ∨ 𝒚 ∧ 𝒛 = 𝒙 ∨ 𝒚 ∧ 𝑰 = 𝒙 ∨ 𝒚

Case 3: 𝒙 = 𝑰, 𝒛 = 𝑰
𝒙 ∨ 𝒚 ∧ 𝒛 = 𝑰 ∨ 𝒚 ∧ 𝑰 = 𝑰
𝒙 ∨ 𝒚 ∧ 𝒛 = 𝑰 ∨ 𝒚 ∧ 𝑰 = 𝑰

𝑥 ∨ 𝑦 ∧ 𝑧 = (𝑥 ∨ 𝑦) ∧ 𝑧


