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11.3

a) Yes,
I. ∀𝑟 ∈ ℝ,we have 0,0, 𝑟 ∈ 𝐴𝑟 , so 𝐴𝑟 ≠ ∅
II. Try to show  𝑟∈ℝ𝐴𝑟 = ℝ

3

① First, it is obvious that ∀𝑟 ∈ ℝ, 𝐴𝑟 ⊆ ℝ
3, so  𝑟∈ℝ𝐴𝑟 ⊆ ℝ

3

② Second, for each 𝑎, 𝑏, 𝑐 ∈ ℝ3, we have 𝑎 + 𝑏 + 𝑐 = 𝑟0 ∈ ℝ, so 𝑎, 𝑏, 𝑐 ∈ 𝐴𝑟0; 

as a result, 𝑎, 𝑏, 𝑐 ∈  𝑟∈ℝ𝐴𝑟 And consequently, ℝ3 ⊆  𝑟∈ℝ𝐴𝑟
③ Therefore,  𝑟∈ℝ𝐴𝑟 = ℝ

3

III. ∀𝑟1, 𝑟2 ∈ ℝ, if 𝐴𝑟1 ∩ 𝐴𝑟2 ≠ ∅, then 𝐴𝑟1 = 𝐴𝑟2
∵ 𝐴𝑟1 ∩ 𝐴𝑟2 ≠ ∅

∴ ∃𝑥 ∈ 𝐴𝑟1 ∩ 𝐴𝑟2
assume x=(a,b,c), we have 𝑎 + 𝑏 + 𝑐 = 𝑟1 and 𝑎 + 𝑏 + 𝑐 = 𝑟2
∴ 𝑟1 = 𝑟2
∴ 𝐴𝑟1 = 𝐴𝑟2



11.3

b) Yes,
I. ∀𝑟 ∈ ℝ,we have 0,0, 𝑟 ∈ 𝐴𝑟 , so 𝐴𝑟 ≠ ∅
II. Try to show  𝑟∈ℝ𝐴𝑟 = ℝ

3

① First, it is obvious that ∀𝑟 ∈ ℝ, 𝐴𝑟 ⊆ ℝ
3, so  𝑟∈ℝ𝐴𝑟 ⊆ ℝ

3

② Second, for each 𝑎, 𝑏, 𝑐 ∈ ℝ3, we have 𝑎2 + 𝑏2 + 𝑐2 = 𝑟0
2 ∈ ℝ, so 𝑎, 𝑏, 𝑐 ∈

𝐴𝑟0; as a result, 𝑎, 𝑏, 𝑐 ∈  𝑟∈ℝ𝐴𝑟 And consequently, ℝ3 ⊆  𝑟∈ℝ𝐴𝑟
③ Therefore,  𝑟∈ℝ𝐴𝑟 = ℝ

3

III. ∀𝑟1, 𝑟2 ∈ ℝ, if 𝐴𝑟1 ∩ 𝐴𝑟2 ≠ ∅, then 𝐴𝑟1 = 𝐴𝑟2
∵ 𝐴𝑟1 ∩ 𝐴𝑟2 ≠ ∅

∴ ∃𝑥 ∈ 𝐴𝑟1 ∩ 𝐴𝑟2
assume x=(a,b,c), we have𝑎2 + 𝑏2 + 𝑐2 = 𝑟1

2 and 𝑎2 + 𝑏2 + 𝑐2 = 𝑟2
2

∴ 𝑟1 = 𝑟2
∴ 𝐴𝑟1 = 𝐴𝑟2

𝐴1 = 𝐴−1 ?



11.7

10.8 

10.8 



I. ∀𝑚 ∈ ℕ, it is obvious that 𝑥𝑚 ∈ 𝐴𝑚, so 𝐴𝑚 ≠ ∅
II. To show   𝑚∈ℕ𝐴𝑚 = 𝑃

① It is obvious that 𝐴𝑚 ⊆ P, so  𝑚∈ℕ𝐴𝑚 ⊆ 𝑃
② For each 𝑝 ∈ 𝑃, we have 𝑝 ∈ 𝐴 deg(𝑝) ⊆  𝑚∈ℕ𝐴𝑚. Therefore, 𝑃 ⊆  𝑚∈ℕ𝐴𝑚
③ So,  𝑚∈ℕ𝐴𝑚 = 𝑃

III. To show ∀𝑚1, 𝑚2 ∈ ℕ, if 𝐴𝑚1 ∩ 𝐴𝑚2 ≠ ∅, then 𝐴𝑚1 = 𝐴𝑚2
① ∵ 𝐴𝑚1 ∩ 𝐴𝑚2 ≠ ∅

② ∴ ∃𝑝 ∈ 𝐴𝑚1 ∩ 𝐴𝑚2, so deg(𝑝) = 𝑚1 𝑎𝑛𝑑 deg(𝑝) = 𝑚2
③ ∴ 𝑚1 = 𝑚2, so 𝐴𝑚1 = 𝐴𝑚2

𝒑(𝒙) = 𝟎
𝐝𝐞𝐠 𝒑 = −∞

Special case:



𝑝 = 𝑥 + 1 𝑥 + 2
𝑞 = 𝑥 + 1
𝑟 = (𝑥 + 2)
1. 𝑝 ∈ 𝐴𝑞
2. 𝑟 ∈ 𝐴𝑞Ans: No

𝑝 = 𝑥 + 1 𝑥 + 2
𝑞 = 𝑥 + 1
𝑟 = (𝑥 + 2)

So, 𝑝 = 𝑞𝑟 = 𝑟𝑞
∴ 𝑝 ∈ 𝐴𝑞 and 𝑝 ∈ 𝐴𝑟
But, 𝐴𝑞 ≠ 𝐴𝑟



12.10



12.10

(a)
Obviously，∀𝑥, 𝑥 ∈ S ∪ 𝑇 ⇒ 𝑥 < 𝐶
∴ ∀𝑥, 𝑥 ∈ S ⇒ 𝑥 < 𝐶; ∀𝑥, 𝑥 ∈ T ⇒ 𝑥 < 𝐶
∴C is a upper bound of both S and T
As A = sup 𝑆, 𝐵 = sup 𝑇, by the definition of supremum, we have:
𝐴 ≤ 𝐶 and 𝐵 ≤ 𝐶

(b)From (a) we got 𝑪 ≥ 𝒎𝒂𝒙{𝑨,𝑩}, we only need to prove 𝑪 ≤ 𝒎𝒂𝒙{𝑨,𝑩}, 
Without losing generality, assume 𝐴 ≥ 𝐵, then:

• ∀𝑥 ∈ 𝑆, 𝑥 ≤ 𝐴
• ∀𝑥 ∈ 𝑇, 𝑥 ≤ 𝐵 ≤ 𝐴

∴ ∀𝑥, 𝑥 ∈ S ∪ 𝑇 ⇒ 𝑥 ≤ 𝐴
∴ 𝐴 is a upper bound of S ∪ 𝑇
As 𝐶 = sup S ∪ 𝑇 , by the definition of supremum, we have:
𝐶 = sup S ∪ 𝑇 ≤ 𝐴

Consequently, 𝑪 = 𝒎𝒂𝒙{𝑨,𝑩}

Let A = sup 𝑆, 𝐵 = sup 𝑇, 𝐶 = sup S ∪ 𝑇



Problem(12.16(e))
Prove that (𝒫 ℤ ,⊆) has the ”least upper set property”(in other words, show 
every upper bounded set has a least upper set)

• Idea: construct and prove
• Construct: for 𝒜 ⊆ 𝒫 ℤ , we can obtain a set C by:

𝐶 =  

𝑋𝑖∈𝒜

𝑋𝑖

• Prove: try to show C is the least upper set
• Assume U is the least upper set of𝒜

• ∵ ∀𝑋𝑖 ∈ 𝒜, it’s obvious that 𝑋𝑖 ⊆  𝑋𝑖∈𝒜𝑋𝑖 = 𝐶

• ∴ 𝐶 is an upper set of𝒜, i.e., 𝑈 ⊆ 𝐶

• Then, ∀𝑋𝑖 ∈ 𝒜 ⇒ 𝑋𝑖 ⊆ 𝑈

• ∴ 𝐶 =  𝑋𝑖∈𝒜𝑋𝑖 ⊆ 𝑈

• ∴ 𝐶 = 𝑈



Problem(12.23)
Prove that for two arbitrary real numbers 𝑎 and 𝑏 with 𝑎 < 𝑏,
there is an irrational number 𝑐 such that 𝑎 < 𝑐 < 𝑏.

(Hint: Consider
𝑎

2
and
𝑏

2
)

•
𝑎

2
and
𝑏

2
are real numbers, a<b

• By Theorem 12.11, there is a rational number 𝑐′ such that:
𝑎

2
<

𝑐′ <
𝑏

2

• ∴ 𝑎 < 2𝑐′ < 𝑏, let 𝑐 = 2𝑐′

• Now, we have to show c is an irrational
• H: assume c is a rational number, then ∃𝑝, 𝑞 ∈ ℤ, 𝑞 ≠ 0,s.t. 𝑐 =

𝑝

𝑞

• As 𝑐′ is also a rational number, then ∃𝑝′, 𝑞′ ∈ ℤ, 𝑞′ ≠ 0,s.t. 𝑐′ =
𝑝′

𝑞′

• So, 𝑐 =
𝑝

𝑞
= 2𝑐′ =

2𝑝′

𝑞′

• ∴ 2 =
𝑝𝑞′

𝑝′𝑞
should be an rational number, contracting with the fact that 

2 is irrational.

• ∴ H is not right, and c is an irrational


