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Vu,v,w € V, dist(u,v) + dist(v,w) = dist{u,w). (6.2)
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Bk 6.1 AR R
BA: BBE G = (V.Ew), Tigu
i TRV REPRTIRRT d 91EN oo; BE QWHEN V

1 ud + 0
2 while @ # # do
a v 4 arg min w.d;
wel)
1| @« Q\{vh
5 foreach (1‘,‘&.‘:} c F do
6 if wd > v.d + w((v, w)) then
7 | w.d +— vd + wi(v, w)):
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Tk 6.1 RO @_00 2_@ 0
WA: BBUE G = (V.E,w), Tk u 3/ 2 - 1
Wi TR V BB TLAH d MK oo & QWML V AN R o0

1 ud + 0 ! - _h“w

2 while @ # # do 0

i
1
1
) inw.d; ! P N
Q+Q\{vk 1 P N »
N 1 1 L4
foreach (v,w) € E do Q0 ’ 1 .
if wd > v.d + w((v, w)) then A~ @ -t @
| w.d +— vd + wi(v, w)): 2 . 0
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wel)
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1 ud + 0 i @ o0
2 while Q # ( do B N

a v 4 arg min w.d;
wel)

Q< Q\ {vkh

foreach (1‘,‘&.‘:} c F do

if wd > v.d + w((v, w)) then
| w.d +— vd + wi(v, w)):
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Wik 6.1 ST

WA BHEG=(V.B,w), T&u
WE: TSV RErE AR d WMEN oo S QWEAV

1 ud 0
2 while @ # # do
a v 4 arg min w.d;
wel)
1| @« Q\{vh
5 foreach (v,w) c F do
6 if wd > v.d + w((v,w)) then
7 | w.d +— vd + wi(v, w)):

2023/10/23




TBIUERA TR ETE

e 6.1 WORHrFRIA A AR while (ERREIEAERT, CAESG Q TR

HIE-T g, v 2 vd = dist(u,v).

m ubjE
o VYR X?
o yVEIER X"
o xfYEX?

Wik 6.1 ST

WA BREG=(V.E.w), TG u

i TRV REPRTIRRT d 91EN oo; BE QWHEN V

1 ud 0
2 while @ # # do
a v 4 arg min w.d;
wel)
1| @« Q\{vh
5 foreach (v,w) c F do
6 if wd > v.d + w((v,w)) then
7 | w.d +— vd + wi(v, w)):

yd < zd+w((z,y))
= dist(u,y)
< dist(u,v)

(=

< w.

<yd.
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Wik 6.1: Wit B < dist(u,v)

WA WHEG=(V.E,w), T&u

Bt Tt V B TRRS d BIIDY oot 4 QWM V <wvd
1 ud + 0
2 while @ #£ @ do < y.d.
a v 4 arg min w.d;

wel)
Q+— Q\{vh

foreach (v,w) c F do
if wd > v.d + w((v,w)) then
| w.d +— vd + wi(v, w)):
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WA BREG=(V.E.w), TG u
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1 ud 0
2 while @ # # do
a v 4 arg min w.d;
wel)
1| @« Q\{vh
5 foreach (v,w) c F do
6 if wd > v.d + w((v,w)) then
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Bk 6.1 AR R

A BREG=(V.Ew), g u

A iR V RETE TERY d PHE oo; S QWEN V
1 ud + 0
2 while @ # # do

a v 4 arg min w.d;
wel)

1| @« Q\{vh
foreach (1‘,‘&.‘:} c F do
if wd > v.d + w((v, w)) then
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Wik 6.1 ST

WA BHEG=(V.B,w), T&u

i TRV REPRTIRRT d 91EN oo; BE QWHEN V

1 ud 0
2 while @ # # do
a v 4 arg min w.d;
wel)
1| @« Q\{vh
5 foreach (v,w) c F do
6 if wd > v.d + w((v,w)) then
7 | w.d + v.d + wi(v, w)):

DUKSTRA(G, w, s)

INITIALIZE-SINGLE-SOURCE (G, )
S=40
0 =aG.V
while O #
U = EXTRACT-MIN(Q)
S = SU{u}
for each vertex v € G.Adj|u]
RELAX (u.v,w)

0o~ SN h ) D =
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Triangle inequality (Lemma 24.10)
For any edge (u,v) € E, we have §(s.v) < d(s,u) + w(u, ).
Upper-bound property (Lemma 24.11)
We always have v.d > 6(s. v) for all vertices v € V', and once v.d achieves the
value &(s, v), it never changes.
No-path property (Corollary 24.12)
If there is no path from s to v, then we always have v.d = §(s.v) = o0.

Convergence property (Lemma 24.14)
If s ~+ u — v is a shortest path in G for some u.v € V, and if u.d = §(s.u) at
any time prior to relaxing edge (u, v), then v.d = §(s, v) at all times afterward.

Path-relaxation property (Lemma 24.15)

If p=(vo.vq1..... V) is a shortest path from 5§ = v to v, and we relax the
edges of p in the order (v, V1), (V1. V2), ..., (Ve_1,Vg), then vp.d = 8(s, v).

This property holds regardless of any other relaxation steps that occur, even if
they are intermixed with relaxations of the edges of p.
Predecessor-subgraph property (Lemma 24.17)

Once v.d = §(s,v) for all v € V, the predecessor subgraph is a shortest-paths
tree rooted at s.
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BELLMAN-FORD (G, w, s)

| INITIALIZE-SINGLE-SOURCE (G, s)
2 fori =1to|G.V|—1

3 for each edge (u,v) € G.E

4 RELAX (u, v, w)

5 foreachedge (v,v) € G.E

6 ifv.d >u.d+ w(u,v)

7 return FALSE

8 return TRUE
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BELLMAN-FORD(G,w, s)

| INITIALIZE-SINGLE-SOURCE (G, s)
2 fori =1to|G.V|—1

3 for each edge (u,v) € G.E

4 RELAX (u, v, w)

5 foreachedge (v,v) € G.E

6 ifv.d >u.d+ w(u,v)
7
8

return FALSE
return TRUE

DUKSTRA(G, w. s)

INITIALIZE-SINGLE-SOURCE (G, )
S=40
0 =aG.V
while O #
U = EXTRACT-MIN(Q)
S = SU{u}
for each vertex v € G.Adj|u]
RELAX (u.v,w)

0o~ SN h ) D =
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Path-relaxation property (Lemma 24.15)

It p={(vo,v1,..., V) 18 a shortest path from s = vy to v, and we relax the
edges of p in the order (vg, vy), (V1,V2), ..., (Ve_1,Vg), then vg.d = 8(s, vg).

This property holds regardless of any other relaxation steps that occur, even if
they are intermixed with relaxations of the edges of p.

BELLMAN-FORD (G, w, s) DUKSTRA(G, w, s)

| INITIALIZE-SINGLE-SOURCE (G, s) 1 INITIALIZE-SINGLE-SOURCE(G,s)
2 fori =1to|G.V|—1 2 §5=9

3 for eachedge (u.v) € G.E 3 0=0G.V

4 RELAX (u. v, w) 4  while QO # 0

5 for each edge (u.v) € G.E 5  u = EXTRACT-MIN(Q)

6 ifv.d >u.d+ w(u,v) 6 S = S U{u}

7 return FALSE 7 for each vertex v € G.Adj|u]

8 return TRUE 8 RELAX (u,v, w)
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B FAZNINE (negative-weight cycle) 7
n XNERE—ERRAIEFRHRNEL?

BELLMAN-FORD(G,w, s)

| INITIALIZE-SINGLE-SOURCE (G, s)
2 fori =1to|G.V|—1

3 for each edge (u,v) € G.E

4 RELAX (u, v, w)

5 foreachedge (v,v) € G.E

6 ifv.d >u.d+ w(u,v)
7
8

return FALSE
return TRUE
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B FAZNINE (negative-weight cycle) 7
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BELLMAN-FORD (G, w, s)

| INITIALIZE-SINGLE-SOURCE (G, s)
2 fori =1to|G.V|—1

3 for each edge (u,v) € G.E

4 RELAX (u, v, w)

5 foreachedge (v,v) € G.E

6 ifv.d >u.d+ w(u,v)

7 return FALSE

8 return TRUE
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HLEZRNE (negative-weight cycle) ?
XANEE—E R R I E H Ay T A E D ?
A 4—ERR A Ms TR AN E?

REEEXNEE, ILEHEAMMAs A AR AN E ML ?

=

BELLMAN-FORD (G, w, s)

1 INITIALIZE-SINGLE-SOURCE (G, s)
2 fori =1to|G.V|—1
3 for each edge (u,v) € G.E
4 RELAX (u, v, w)
5 foreachedge (v,v) € G.E

6 ifv.d >u.d+ w(u,v)

return FALSE

8 return TRUE

-]

2023/10/23 31




TREEMBREX MR AN B8
AR E AR 18 2

Gl

m X An. BECAmENE, IR
Z A3 0(nm)

BELLMAN-FORD(G,w, s)

| INITIALIZE-SINGLE-SOURCE (G, s)
2 fori =1to|G.V|—1

3 for each edge (u,v) € G.E

4 RELAX (u, v, w)

5 foreachedge (v,v) € G.E

6 ifv.d >u.d+ w(u,v)

7 return FALSE

8 return TRUE
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n FAZDAG? tAZHFNF?
(socks) 17118

11/16

12/15

o - ) ()
6/7 2/5 3/4

17/18 11/16 12/15 13/14 910 1/8

DAG-SHORTEST-PATHS (G, w, 5)

1 topologically sort the vertices of G
2 INITIALIZE-SINGLE-SOURCE (G, s)
3 for each vertex u, taken in topologically sorted order
for each vertex v € G.Adj[u]
RELAX (u, v, w)

o
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DAG-SHORTEST-PATHS (G, w, )

|
2
3

TN

topologically sort the vertices of G
INITIALIZE-SINGLE-SOURCE (G, s)
for each vertex u, taken in topologically sorted order
for each vertex v € G.Adj[u]
RELAX(u, v, w)

BELLMAN-FORD(G, w, s)

| INITIALIZE-SINGLE-SOURCE(G,s)
2 fori =1to|G.V|—-1

3 for each edge (u,v) € G.E

4 RELAX (u, v, w)

5 foreachedge (u,v) € G.E

6 ifv.d >u.d+ wu,v)
7
8

return FALSE
return TRUE
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Path-relaxation property (Lemma 24.15)

It p={(vo,v1,..., V) 18 a shortest path from s = vy to v, and we relax the
edges of p in the order (vg, vy), (V1,V2), ..., (Ve_1,Vg), then vg.d = 8(s, vg).

This property holds regardless of any other relaxation steps that occur, even if
they are intermixed with relaxations of the edges of p.

DAG-SHORTEST-PATHS (G, w, ) BELLMAN-FORD(G, w, s)

I topologically sort the vertices of G | INITIALIZE-SINGLE-SOURCE(G, )
2 INITIALIZE-SINGLE-SOURCE (G, s) 2 fori =1t0|G.V|—1

3 for each vertex u, taken in topologically sorted order 3 for each edge (u,v) € G.E

TN

~ for each vertex v € G.Adj[u] 4 RELAX (u, v, w)
RELAX(u, v, w) 5 foreachedge (u,v) € G.E
6 ifv.d >u.d+ wu,v)
7 return FALSE
8 return TRUE
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DAG-SHORTEST-PATHS (G, w, )

topologically sort the vertices of G
INITIALIZE-SINGLE-SOURCE (G, s)
for each vertex u, taken in topologically sorted order
for each vertex v € G.Adj[u]
RELAX(u, v, w)

h B W —
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m {REEFERRXLEARIENG?
e system of difference constraints
® constraint graph

X1 —X2 = 0,
xp—xs < -1,
Xy — X5 = 1,
X3 —X; = 5,
X4 — X1 = -
Xg—x3 < -1,
Xs—x3 =< —3,
Xs—Xg < —3.
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