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V2 is not rational (Pythagoreans)?

Proot.

Suppose, to the contrary, that /2 is rational. Then there exist inte-
gers p and g (with g nonzero) such that V2 = p/g. We may assume
that p and g have no common factor, for if they did, we would sim-
plify and begin again. Now, we have that \/_q — p Squarlng both
sides, we obtain 2g* = p*. Thus p* even, we
know .from Problem. 3.1 that p m A VA IR 1t 2m tor
some integer m. This means ee that

iXtherefore”
g* = 2m?*. But this means that ¢ LEI’JEE% M 9 Prob-
lem 3.1 that g is even. So p and ! 2, which is
completely absurd, since we assumt : 0 common factor.

Therefore our assumption that /2 is rational must be wrong and we
have completed the proof of the theorem. |



There are infinitely many prime numbers.

Proof. We set a contrary of
To prove this statement suppose, to the contrary <aa our theorem and use

finitely many primes. Then we may write these finitely many
primes in ascending order as

this assumption to
start
2,3,5...,N

!

where N is the largest prime. Now consider the number M defined
by
Then we get a

contradiction through
If M is prime, then M is a prime that is larger than the largest prime a valid argument

N. Therefore, we must conclude that M is not prime, and so it is
divisible by some prime number, P. However, P must appear j
list of primes

M=(2:3-5 - N)+1.

2,3,5, ...

which we gave earlier. en we divide M by P, we obtain a Then we get the
remainder of : Sl theorem quickly
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Theorem 5.3.
Let x and y be real numbers. Then |xy| = |x||y|.

Proof.
First suppose that x > 0 and y > 0. Then xy > 0 and we have
|xy| = xy, |x| = x, and |y| = y. Therefore,

lxy| = xy = |x]|yl,

and we have established the result in this case.
Second, suppose thatx < 0 andy < 0. Thenxy > 0 and we have
|xy| = xy, || = —x, and |y| = —y. Therefore,

Xyl = xy = (=) (—y) = Ixllyl,

and we have the result for this case as well.
Third, suppose that either x = 0 or y = 0. Then xy = 0 and we
have |xy| = 0, and either |x] = 0 or |y| = 0. Therefore,

lxy| = 0 = [x][yl,

establishing the result in this case too.
For our final case, suppose that one number is positive and the
other is negative. Thus, we may assume that v < 0 and y > 0. Then

xy < 0 and we have |xy| = —(xy), |x| = —x, and |y| = y. Therefore,
Xyl = —(xy) = (—)y = |x[lyl.
We have now established the result for all four Eossible cases and

we may conclude that |xy| = |x||y| for all real numbersxandy. H
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Well-ordering principle of N.
Every nonempty subset of the natural numbers contains a minimum.
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Theorem 17.1 (Principle of mathematical induction).
For an integer n, let P(n) denote an assertion. Suppose that

(1) (The base step) P(1) is true, and

(i1) (The induction step) for all positive integers n, if P(n) is true, then
P(n+1)1s true.
P(’n_) holds for all positive integers n.

P(1),vn(P(n) » P(n + 1)) R HEHE HvnP (n)?
P() AVn(P(n) » P(n+ 1)) » VnP(n) R HKE



Proof.

Suppose the induction principle were false. Then there would exist
an assertion P that would satisfy conditions (7) and (i7) of the the-
orem, but P(n) would be false for some n € Z7. Solet A = {k €
Zt . P(k) is false}. Our supposition implies that A is nonempty. By
the well-ordering principle [p. 135], the set A has a minimum. Let
m denote this minimum. By condition (i), m # 1. Since m € Z7T, it
follows that m > 2. Consider the integern = m—1 > 1. Since n < m
and m is the minimum ot A, we know that n ¢ A. Thus P(n) is true.
By condition (11), P(n + 1) is true too. But P(n 4+ 1) = P(m), so P(m)
must also be true, a contradiction. B
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* Let A and B be finite sets and let f:A->B. If |A|>|B|, then fis not one
to one function. If |A|<|B]|, then fis not onto.

AHTREE YT, =
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Knowing Each Other or Not

Problem: show that among any 6 persons, there are 3 who know

each other, or there are 3 who don’t know any two others.

Pigeonhole 1: those knowing A

B
C There must be at least 3
elements which fall into
A one of the two pigeonhole.
not knowing each other ©
O

knowing each other

Pigeonhole 2: those not knowing A
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