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2 ‘ #wR (v):
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XFFBrA . AECH m REAUE, SR rd/RRIEN AR E P ErAl
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IRBER O((n+m) - a(n)), HAHERE o 2SR E AT AAE R R SR e &
B L, ZERRIER AN O(mlogm).,
Suppose that all edge weights in a graph are integers in the range from 1 to |V/|.

How fast can you make Kruskal’s algorithm run? What if the edge weights are
itegers in the range from | to W for some constant W ?
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4
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6 HA Cu, v);
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XFFBrA . AECH m REAUE, SR rd/RRIEN AR E P ErAl
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Suppose that the edge weights in a graph are uniformly distributed over the half-

open interval [0, 1). Which algorithm, Kruskal’s or Prim’s, can you make run
faster?
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BUii: TS VB TOAHS mw MK oo, parent RLY nul; A f‘“#marﬂ “ W) y
86 0 Wik v M A B R AR NE AR

1 VO RER AT

2 rmw ¢ 0;

1 foreach v € V do

s while Q # 0 do z ‘ A (0);

4 | v« argminu.mw; 3 foreach (u,v) € E do

5| Q« Quii”}; 4 if &4 (u) # &# (v) then
[ if v # r then 5 %L‘ﬁﬁ ((u t‘))'.

7 ‘ il (v.parent, v)); 6 R (u, 0);

8 foreach (v,w) € E do

9 if we @ H w((v,w)) < wmw then

10 wmw — w((v,w));

11 w.parent < v;

2023/10/23 30




TRIEFRX PN EARESR (157

GENERIC-MST(G, w)

1 A=10

2 while A does not form a spanning tree

3 find an edge (u, v) that is safe for A
4 A= AU{(u,v)}

5 return A

an edge that we can add to 4 without violating the invariant:

Prior to each iteration, A is a subset of some minimum spanning tree.
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We first need some definitions. A cutf (S, V — §) of an undirected graph G =
(V, E) is a partition of V. Figure 23.2 illustrates this notion. We say that an edge
(u,v) € E crosses the cut (S, V — ) if one of its endpoints is in S and the other
isin V' — S. We say that a cut respects a set A of edges if no edge in A crosses the
cut. An edge is a light edge crossing a cut if its weight is the minimum of any edge
crossing the cut. Note that there can be more than one light edge crossing a cut in
the case of ties. More generally, we say that an edge is a light edge satisfying a
given property if its weight is the minimum of any edge satisfying the property.

:
f
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Theorem 23.1

Let G = (V, E) be a connected, undirected graph with a real-valued weight func-
tion w defined on E. Let A be a subset of E that is included in some minimum
spanning tree for G, let (S, V — §) be any cut of G that respects A, and let (u, v)
be a light edge crossing (S, V' — §). Then, edge (u, v) is safe for A.

w(T") = w(T)—w(x.y)+ w(u,v)
< w(T).
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Professor Sabatier conjectures the following converse of Theorem 23.1. Let G =
(V, E) be a connected, undirected graph with a real-valued weight function w de-
fined on E. Let A be a subset of E that is included in some minimum spanning
tree for G, let (S.V — S) be any cut of G that respects A, and let (u, v) be a safe
edge for A crossing (S, V —.S). Then, (u, v) is a light edge for the cut. Show that
the professor’s conjecture is incorrect by giving a counterexample.
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Professor Sabatier conjectures the following converse of Theorem 23.1. Let G =
(V, E) be a connected, undirected graph with a real-valued weight function w de-
fined on E. Let A be a subset of E that is included in some minimum spanning
tree for G, let (S.V — S) be any cut of G that respects A, and let (u, v) be a safe
edge for A crossing (S, V —.S). Then, (u, v) is a light edge for the cut. Show that
the professor’s conjecture is incorrect by giving a counterexample.

w
N
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Professor Borden proposes a new divide-and-conquer algorithm for computing
minimum spanning trees, which goes as follows. Given a graph G = (V. E),
partition the set V' of vertices into two sets V/; and V, such that |V;| and |V5| differ
by at most 1. Let £ be the set of edges that are incident only on vertices in V;, and
let E, be the set of edges that are incident only on vertices in V5. Recursively solve
a minimum-spanning-tree problem on each of the two subgraphs G, = (V, E,)
and G, = (V5. E,). Finally, select the minimum-weight edge in E that crosses the
cut (1, V3), and use this edge to unite the resulting two minimum spanning trees
into a single spanning tree.

Either argue that the algorithm correctly computes a minimum spanning tree
of G, or provide an example for which the algorithm fails.
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Show that if an edge (u, v) is contained in some minimum spanning tree, then it is
a light edge crossing some cut of the graph.
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Show that if an edge (u, v) is contained in some minimum spanning tree, then it is
a light edge crossing some cut of the graph.
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Show that a graph has a unique minimum spanning tree if, for every cut of the
graph, there is a unique light edge crossing the cut. Show that the converse is not
true by giving a counterexample.
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Show that a graph has a unique minimum spanning tree if, for every cut of the
graph, there is a unique light edge crossing the cut. Show that the converse is not

true by giving a counterexample.

Solution: Suppose MST is not unique, i.e., there exist 7} and Ty where both of them are
MST and they are not identical. Suppose e; € T} but e; ¢ Ts, if we remove e; from T3, then
we will have two trees with vertex sets V; and V,. By problem 1 of HW #2, we know that e;
is a minimum cost edge in the cut between V; and V;. Now consider T3, again problem 1 of
HW #2, we know that T, contains an edge e that is a minimum cost edge of the cut between
Vi and V,. However, since e # e; we must have: ¢(e;) = c(ez) which is contradicting with
the assumption that for every cut of the graph, the edge with the smallest cost across that
cut is unique.
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Let 7" be a minimum spanning tree of a graph G, and let L. be the sorted list of the
edge weights of 7. Show that for any other minimum spanning tree 7’ of G, the
list L is also the sorted list of edge weights of T".
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