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Problem 13.3 Which of the following are functions from the set A to the set B?
Give reasons for your answers.

(g) Define f:Q — R by

x+1ifxe2Z
fx)=¢ x—1ifxe3Z .
2 otherwise

f(6)?



Problem13.5. Let X be a nonempty set and let A be a subset of X. The character-
istic function or indicator function of the set A in X is

lifxeA
XA : X — {0,1} defined by xa(x) = {UifxeX\A :

(a) Since this is called the characteristic function, it probably is a function, but
check this carefully anyway.

(b) Determine the domain and range of this function. Make sure you look at all
possibilities for A and X.

Dom(f) =X
ran(f) = {0,1} ?

The domain of the function is the set X.

fA = @, thenran (£) = {0}.1f4 # Dand4d < X ,thenran(£) = {0,1}.if

A = X ,thenran (1‘) = {l}



Problem 14.8. For each of the functions below, determine whether or not the func-
tion is one-to-one and whether or not the function is onto. If the function is not
one-to-one, give an explicit example to show what goes wrong. If it is not onto,
determine the range.

(a) Define f:R — Rby f(x) = /(x2+1).
(b) Define f: R — R by f(x) = sin(x). (Assume familiar facts about the sine

function.)
(c) Deﬁnef ZxZ — Z by f(n,m) = nm.

A ““E" ™ T (), (u 50
(f)l is one-to-one Onto? Casel: |B| = 2, not onto!

range is {(a,b),a€A} ' f((x.y).( PR E]| = Ly el 0 you

recognize this function?)

(f) Let A and B be nonempty and b € B. Define f : A — A x Bby f(a) = (a.b).

(g) Let X be a nonempty set. Define f : Z(X) — Z(X) by f(A) =X\ A.

(h) Let B be a fixed proper subset of a nonempty set X. We define a function
f:2(X)— Z(X)by f(A)=ANB.

(1) Let f : R — R be defined by

2—xifx <1
flx)= { 1/x otherwise



Problem 14.13 Let F([0, 1]) denote the set of all real-valued functions defined on
the closed interval [0, 1]. Define a new function ¢ : F([0,1]) — R by ¢(f) = f(0).
Is ¢ a function from F ([0, 1]) to R? Is it one-to-one? Is it onto? Remember to prove
all claims, and to provide examples where appropriate.

Solution We note that ¢ is a function.

This is not one-to-one because two different functions can map zero to the same value; that is, if we take f
defined by f(x) =0 for all x and we take g defined by g(x) = = for all x, then [ # g but

O(f) = f(0) = 0=g(0) = é(g).

This is onto, however. Take x € R and note that the constant function [, defined by f,(y) = x for all

y € [0,1] is an element of F([0,1]). Therefore, ¢(f.) = f(0) = z. So ¢ is onto.



Problem 15.11 Suppose that f : A — B and g, and g, are functions from B to A
such that fogy = fog,. Show that if f 1s bijective, then g = g>. lf g1of =gr0 f
and f 1s bijective, must g; = g>?

fog1=f-g2, gl-f=g2-f, ?
so VX€EB, f(gl(x))=f(g2(x)) so VX€EA, gl(f(x))=g2(f(x))
because fis bijection because fis bijection
gl(x)=g2(x) for all x€B so g1(x)=g2(x) for all xEB
so gl=g?2 so gl=g2

Ifg, o £ = g, o I, thenlikewisewecangetg, = g,butx € dom (f_l) = ran (f),

the domains of £/ and g, may not be same. So g, and g, do not need to equal.

*+ f is bijection
Vx(x EB-3JAy(ye AAf(y) = x))

X grof(y) =gz0f(y)
~ g1(x) = ga(x)




Problem” 15.15 Let A, B.C, and D be nonempty sets. Let f:A —Bandg:C — D
be functions. Consider H defined on AUC by

[ f)ifxecA
H(A)_{g(,r) ifxeC’

consider A={1,2},B={3,4}C={1,2}D={5,6} consider A={1,2},B={3,4}C={3,4}D={5,6}
f(x)=x+2,g(x)=x+4 f(x)=x+2,g(x)=x+2

H(1)=f(1)=3 H(1)=g(1)=5 then H is a function

then H is not a function when AN C=0, H is a function

fANC + @?

ifvxe AnC, f(x) = g(x) > H(x) is a function

Vxe ANnC, f(x) = g(x) > H(x) is a function



Problem 16.21  Suppose that f : X — Y is a function, and let B; and B; be subsets
of Y.

(a) If f~'(B1) = f~'(B2), must By = B,?
(b) Let f be a bijective function. Show that if f~!(B;) = f~!(B»), then B; = B».
Indicate clearly where you use one-to-one or onto. Did you use both?

*(b) x4 @5

Va€eB1
for f1(B1)= f1(B2) * f is onto
IbeB2, f1(a)=F1(b) v Vb € By, j”;'J(ﬁ;Eabe A, s.t.,
a)=
because f(x) is onto 2 f(@) € LBy = F1(By)
so there exist x0€A,f(x0)=a,f(x0)=Db Y f is a function
f is a function ~ f(a) =b € B,
~ By €SB
so a=b 1 2
EJEEE‘HE: BZ - Bl
so a EB2 ~B. =B
b1 = by
B1cC B2

Ino, just use onto




In what follows, f : X — Y will always denote a bijective function between two
subsets, X and Y, of R satisfying f~! =1/f.

l.

N

NS AEW

What can you say about the domain and range of such a function?
Find an example of such a function, where the domain of f consists of a single
point. f = {(1,1)} f={1,1),(-1,-1)}
Find an example of such a function on a domain consisting of two points.
Can such a function f exist on the integers? Why or why not?
Show that (fo f)(x) =1/xand f(1/f(x)) =xforallx € X. 5
Show that f(1/x) = 1/f(x) for all x € X. (_fof)gx) =)
Define a function g : (R\ {0}) — (R\ {0}) by _f )

(f~te H)(x)
—x, if x>0 .

X

gﬁy‘{yﬂfﬁx if x < 0.

1
f (ﬁ) = ()=

X

?

o



