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Vol. 6, No. 2, April 1985 016
AMORTIZED COMPUTATIONAL COMPLEXITY*

ROBERT ENDRE TARJANY
Abstract. A powerful technique in the complexity analysis of data structures is amortization, or averaging
over time. Amortized running time is 4 realistic but robust complexity measure for which we can obtain
surprisingly tight upper and lower bounds on a variety of algorithms. By following the principle of designing

algorithms whose amortized complexity is low, we obtain “self-adjusting” data structures that are simple,
flexible and efficient. This paper surveys recent work by several researchers on amortized complexity.

“Amortized Computational Complexity”, 1985
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Amortized analysis is
an algorithm analysis technique for
analyzing a sequence of operations
irrespective of the input to show that
the average cost per operation is small, even though

a single operation within the sequence might be expensive.
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By averaging the cost per operation over a worst-case sequence,
amortized analysis can yield a time complexity that is
more robust than average-case analysis, since
its probabilistic assumptions on inputs may be false,
and more realistic than worst-case analysis, since it may be
impossible for every operation to take the worst-case time,

as occurs often in manipulation of data structures.
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Accounting Method
Summation Method

Potential Method

Amortized Analysis
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The Summation Method
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01,02,...,0n

C1,€2,...,Cp
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01,02,...,0n

C1,€2,...,Cp

=1
n
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The Summation Method for Dynamic Tables
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The Summation Method for Dynamic Tables

On any sequence of n TABLE-INSERT on an initially empty array.
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The Summation Method for Dynamic Tables

On any sequence of n TABLE-INSERT on an initially empty array.

0j: 01 02 03 04 O5 0 O7 08 09 010
¢G: 1 2 3 1 5 1 1 1 9 1
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The Summation Method for Dynamic Tables

On any sequence of n TABLE-INSERT on an initially empty array.

0j: 01 02 03 04 O5 0 O7 08 09 010
¢G: 1 2 3 1 5 1 1 1 9 1

(i—1)+1=1 ifi—1isan exact power of 2
1 0.W.

C; =
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The Summation Method for Dynamic Tables

On any sequence of n TABLE-INSERT on an initially empty array.

0j: 01 02 03 04 O5 0 O7 08 09 010
¢G: 1 2 3 1 5 1 1 1 9 1

. (i—1)+1=1 ifi—1isan exact power of 2
1 0.w.

[logn]—1
Zcz—n—l— Z 2 =n+ (2" _1) < n+2n=3n
=1 7=0
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The Accounting Method
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017027"'7077/
C1,C2,...,Cp

ai,ag,...,0n

)
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017027"'7077/
C1,C2,...,Cp

ai,ag,...,0n

G =c¢ +a; (ai >=< O)‘

Amortized Cost = Actual Cost + Accounting Cost
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017027"'7077/
C1,C2,...,Cp

a1,0a2,...,0n

G =c¢ +a; (ai >=< O)‘

Amortized Cost = Actual Cost + Accounting Cost

n
Vn, Zci < Zéz
i=1
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017027"'7077/
C1,C2,...,Cp

ai,ag,...,0n

G =c¢ +a; (ai >=< O)‘

Amortized Cost = Actual Cost + Accounting Cost

n n
Vn, Zc,- < Z:éZ <= |Vn, Zai >0
i=1 i=1
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017027"'7077/
C1,C2,...,Cp

ai,ag,...,0n

G =c¢ +a; (ai >=< O)‘

Amortized Cost = Actual Cost + Accounting Cost

n n
Vn, Zc,- < Z:éZ <= |Vn, Zai >0
i=1 ; i=1

Key Point: Put the accounting cost on specific objects.
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The Accounting Method for Dynamic Tables

Q:CAZ':?)VS. éiZQ
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The Accounting Method for Dynamic Tables

Q:CAZ':?)VS. éiZQ

Y4
Il
w
I
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The Accounting Method for Dynamic Tables

Q:CAZ':?)VS. éiZQ

5=3= 1+ 1 + 1
~— ~—
insert  move itself  help move another
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The Accounting Method for Dynamic Tables

Q:c}:?)vs. éiZQ

G=3=_1+ 1 + 1

insert  move itself  help move another

A

e a;
TABLE-INSERT (normal) | 3 1 2
TABLE-INSERT (expansion) | 3 1+t —t+2
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The Potential Method

g OVEAZ-

-
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DO; 01, D17 02, -, Di—la 05, D’i? Ty Dn—17 On, Dn,
M—/

the i-th operation
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DO; 01, D17 02, -, Di—la 05, D’i? Ty Dn—17 On, Dn,
M—/

the i-th operation

o:{Di[0<i<n} >R
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DO; 01, D17 02, -, Di—la 05, D’i? Ty Dn—17 On, Dn,
M—/

Hengfeng Wei (hfwei@nju.edu.cn)

the i-th operation

o:{Di[0<i<n} >R

G = ci+ (®(D) — (D 1))
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DU; 01, D17 02, =, Di—l; 05, Di7 T D'n—17 On, D’n,
—— —

1<i<n

Hengfeng Wei (hfwei@nju.edu.cn)

the i-th operation

o:{Di[0<i<n} >R

G = ci+ (®(D) — (D 1))

S o= a|+( 2Do)-2Dy) )

net decrease in potential
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Soa={ > a|+( ®(Dy) - @(Dy) )

<i< << . .
Isisn Isisn net decrease in potential
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Soa={ > a|+( ®(Dy) - @(Dy) )

1<i<n 1<i<n

net decrease in potential

®(Do) —®(Dy) <O = | > < | > é&|+0
— ——

1<i<n 1<i<n

net decrease in potential
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1<i<n 1<i<n

S = ( > cz-)+( (Do) — (D) )

net decrease in potential

®(Dg) —®(Dy) <O = | Y < ( > éi)+m

1<i<n 1<i<n

net decrease in potential

0=0(Vi, ®(D;) > ®(Dg)) = Vn, Y < Y &

1<i<n 1<i<n
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1<i<n 1<i<n

S oa= ( > cz-)+( (Do) — (D) )

net decrease in potential

®(Dg) —®(Dy) <O = | Y < ( > @)er

1<i<n 1<i<n

net decrease in potential

0=0(Vi, ®(D;) > ®(Dg)) = Vn, Y < Y &

1<i<n 1<i<n

®(Dg) =0, Vi<i<n: ®D;)>0
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1<i<n 1<i<n

S = ( > cz-)+( (Do) — (D) )

net decrease in potential

®(Dg) —®(Dy) <O = | Y < ( > éi)+m

1<i<n 1<i<n

net decrease in potential

0=0(Vi, ®(D;) > ®(Dg)) = Vn, Y < Y &

1<i<n 1<i<n

(I)(Do) =0, Vi<i<n: (I)(DZ) >0 (Typically)
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HOW
g
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IT WORKS

BUT NGEESURE WHY

DIYLOL.COM
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The Potential Method for Dynamic Tables

T.num
oO=—-
T.size
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The Potential Method for Dynamic Tables

T.num
oO=—-
T.size

When to expand?
EXPANSION :
How large to expand to?
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The Potential Method for Dynamic Tables

T.num
oO=—-
T.size

When to expand? a=1

EXPANSION :
How large to expand to? « =1/2
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The Potential Method for Dynamic Tables

T.num
oO=—-

T.size

When to expand? a=1
EXPANSION :
How large to expand to? « =1/2

When to contract?

CONTRACTION :
How small to contract to?
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The Potential Method for Dynamic Tables

T.num
a=——
T.size
When to expand? a=1
EXPANSION :
How large to expand to? « =1/2
When to contract? a=1/4
CONTRACTION :
How small to contract to? « =1/2
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The Potential Method for Dynamic Tables

T.num
oO=—-
T.size

{When to expand? a=1
EXPANSION :

How large to expand to? « =1/2

{When to contract? a=1/4
CONTRACTION :

How small to contract to? « =1/2

=
IN
Q
IN
p—

Hengfeng Wei (hfwei@nju.edu.cn) 3-2 Amortized Analysis October 08, 2018 17 / 30



2-Tonum — T.size if a(T)>1/2
T.size/2 — T.num  if a(T) < 1/2

o~ |
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2-Tonum — T.size if a(T)>1/2
T.size/2 — T.num  if a(T) < 1/2

o~ |

®(Ty) =0, @(Ti))>0
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2-Tonum — T.size if a(T)>1/2
T.size/2 — T.num  if a(T) < 1/2

o~ |

®(Ty) =0, @(Ti))>0

a=1/2 = &(T)=0

Hengfeng Wei (hfwei@nju.edu.cn) 3-2 Amortized Analysis October 08, 2018 18 / 30



2-Tonum — T.size if a(T)>1/2
T.size/2 — T.num  if a(T) < 1/2

o~ |

®(Ty) =0, @(Ti))>0
a=1/2 = &(T)=0

a=12~a=1= ®T):0~ T.num
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2-Tonum — T.size if a(T)>1/2
T.size/2 — T.num  if a(T) < 1/2

o~ |

(Ty) =0, B(T}) >0
a=1/2 = B(T)=0
a=12~a=1= ®T):0~ T.num

a=1/2~a=1/4 = ®(T):0~ T.num

Hengfeng Wei (hfwei@nju.edu.cn) 3-2 Amortized Analysis October 08, 2018 18 / 30



O(T) = 2-Tonum —T.size if a(T) >1/2
-\ Tusize/2 — Tonum  if (T) < 1/2

G = ¢+ (CI)Z‘ — @i—l)
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O(T) = 2-Tonum —T.size if a(T) >1/2
-\ Tusize/2 — Tonum  if (T) < 1/2

G = ¢+ (CI)Z‘ — @i—l)

By Case Analysis.

Hengfeng Wei (hfwei@nju.edu.cn) 3-2 Amortized Analysis October 08, 2018 19 / 30



(T) = 2-Tonum —T.size if a(T) >1/2
-\ Tusize/2 — Tonum  if (T) < 1/2

G =c¢ + (CI)Z‘ — @i—l)
By Case Analysis.

TABLE-INSERT
oy < 1/2
o1 < 1/2

a; > 1/2

a1 <1

ai—1 >1/2 {

a1 =1
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(T) = 2-Tonum —T.size if a(T) >1/2
-\ Tusize/2 — Tonum  if (T) < 1/2
G = ¢+ (CI)Z‘ — @i—l)

By Case Analysis.

TABLE-INSERT TABLE-DELETE
@i-1 < 1/2 aj—1 < 1/2 num';lfl 1
a; >1/2 mumi 1 1
@i-1 <1 a; <1/2
i1 2 1/2 g >1/2
Q-1 = 1 o Z 1/2
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(T) = 2-Tonum —T.size if a(T) >1/2
-\ Tusize/2 — Tonum  if (T) < 1/2
G = ¢+ (CI)Z‘ — @i—l)

By Case Analysis.

TABLE-INSERT TABLE-DELETE
Qi1 < 1/2 a1 < 1/2 num';lfl 1
%2172 Tsizei 4
i<t a; < 1/2 (Ml < 47
Q1 > 1/2 o1 Z 1/2 s1ze; 1 4
@1 =1 ;> 1/2
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TABLE-DELETE

num;_1 — 1
ai—1 <1/2 A A
S1z€;1

=

¢ =c¢+ (‘1%' - ‘I)ifl)
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TABLE-DELETE

num;_1 — 1
ai—1 <1/2 A A
S1z€;1

=

¢ =c¢+ (‘1%' - ‘I)ifl)

=1+ (size;/2 — num;) — (size;—1/2 — num;_1)
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TABLE-DELETE

num;_1 — 1
ai—1 <1/2 A A
S1z€;1

=

¢ =c¢+ (‘1%' - ‘I)ifl)
=1+ (size; /2 — num;) — (sizej—1/2 — num;_1)
=1+ (size;/2 — num;) — (size;/2 — (num; + 1))
=2
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TABLE-DELETE

num;_1 — 1
a1 < 1/2 A 171 >
Stze;—1

] =

& =c¢i+ ((I)i - ‘I‘i—l)
=1+ (size;/2 — numy;) — (size;—1/2 — num;_1)
=1+ (size;/2 — numy;) — (size; /2 — (num; + 1))
=2

%
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TABLE-DELETE

Qi1 > 1/2 N o > 1/2

G =c¢+ ((I)i — (I)i_1>
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TABLE-DELETE

Qi1 > 1/2 N o > 1/2

G =c¢+ ((I)i — (I)i_1>

=14 (2 -num; — size;) — (2 - num;_1 — size;_1)
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TABLE-DELETE

Qi1 > 1/2 N o > 1/2

& =c¢+ (‘I)i - (I)i—1>
=14 (2 -num; — size;) — (2 - num;_1 — size;_1)
=14+ (2 -num; — size;) — (2 (num; + 1) — size;)
=—-1
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TABLE-INSERT TABLE-DELETE

a; < 1/2(0) wzl(l)
Q< 1/2 { 7 Qg < 1/2 size;—1 1 411
num;—1—
o = 1/2 <3) size,-,ll < 4 (2)
OLZ;1<1(3) ai<1/2 (1/2)
o1 = 1/2 o1 > 1/2
;1 = 1 (3) (6% Z 1/2 (*1)
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TABLE-INSERT TABLE-DELETE

a; < 1/2(0) mumia—l > 1)

o < 1/2 { i Gy < 1/2 size;_1 1 411

num;_1—

a121/2(3) ﬁ<z(2)
i1 < 1(3) o < 1/2(1/2)

o % 1>1/2 0117121/2
a1 =1 (3) o > 1/2 (—1)

WHY WY 4
REAL]
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2-Tonum —T.size if a(T) >1/2

®(T) = {T.size/2 —Tnum  if a(T) < 1/2
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2-Tonum —T.size if a(T) >1/2

d(T) =
) T.size/2 —T.num  if a(T) < 1/2

CTABLE-INSERT =
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2-Tonum —T.size if a(T) >1/2

d(T) =
) T.size/2 —T.num  if a(T) < 1/2

CTABLE-INSERT = 9

CTABLE-DELETE =
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2-Tonum —T.size if a(T) >1/2

d(T) =
) T.size/2 —T.num  if a(T) < 1/2

CTABLE-INSERT = 9

CTABLE-DELETE = 2
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The Summation Method for “Power of 2" (Problem 17.1-3)

i if 7 is an exact power of 2

Cc;, =
' 1 o.w.

0;: 01 02 03 04 O5 0 O7 03 09 O]9
¢G: 1 2 1 4 1 1 1 8 1 1
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The Summation Method for “Power of 2" (Problem 17.1-3)

o — i if 4 is an exact power of 2
11 ow.

0;: 01 02 03 04 O5 0 O7 03 09 O]9
¢G: 1 2 1 4 1 1 1 8 1 1

[logn|

zn:ci =(n—[logn] —1)+ > 27
i=1

§=0
= (n— |logn] — 1) + (2llenl+1 1)
<(n—|logn] —1)+ (2n—1)
< 3n
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The Summation Method for “Power of 2" (Problem 17.1-3)

o — i if 4 is an exact power of 2
11 ow.

0;: 01 02 03 04 O5 0 O7 03 09 O]9
¢G: 1 2 1 4 1 1 1 8 1 1

n [logn|
Zci:(n—LlognJ—1)+ Z 27
i=1 j=0

= (n— |logn] — 1) + (2llenl+1 1)
<(n—|logn] —1)+ (2n—1)
< 3n
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The Accounting Method for “Power of 2" (Problem 17.2-2)

i if 7 is an exact power of 2

ci =
t 1 o.w.

O;. 01 0Oy 03 04 05 O¢g Oy 08 09 010
¢: 1 2 1 4 1 1 1 8 1 1
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The Accounting Method for “Power of 2" (Problem 17.2-2)

i if 7 is an exact power of 2

ci =
t 1 o.w.

O;. 01 0Oy 03 04 05 O¢g Oy 08 09 010
¢: 1 2 1 4 1 1 1 8 1 1
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The Accounting Method for “Power of 2" (Problem 17.2-2)

1 o.

W.

{ i if 7 is an exact power of 2
C; =

O; . 01 09 03
cg: 1 2 1

O4 05 O0O¢ O7

4 1 1
-1 2 2

1
2

08 09 010
8§ 1 1
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The Accounting Method for “Power of 2" (Problem 17.2-2)

o — i if 7 is an exact power of 2
11 ow.

O; . 01 09 03
cg: 1 2 1
Qg . 2 1 2

O4 05 O0O¢ O7

4 1 1
-1 2 2

1
2

08 09 010
8§ 1 1
-5 2 2

G=c+ta — a;=3—¢;

Vn, Z a; > 0.

1<i<n
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The Accounting Method for “Power of 2" (Problem 17.2-2)

o — i if 7 is an exact power of 2
11 ow.

O;. 01 0Oy 03 04 05 O¢g Oy 08 09 010

¢: 1 2 1 4 1 1 1 8 1 1
a: 2 1 2 -1 2 2 2 -5 2 2

G=c+ta — a;=3—¢;

Vn, Z a; > 0.

1<i<n

Prove by Mathematical Induction on n.
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The Accounting Method for “Power of 2" (Problem 17.2-2)

o — i if 7 is an exact power of 2
11 ow.

O;. 01 0Oy 03 04 05 O¢g Oy 08 09 010

¢: 1 2 1 4 1 1 1 8 1 1
a: 2 1 2 -1 2 2 2 -5 2 2

T

G=c+ta — a;=3—¢;

Vn, Z a; > 0.

1<i<n

Prove by Mathematical Induction on n.
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The Accounting Method for “Power of 2" (Problem 17.2-2)

o — i if 7 is an exact power of 2
11 ow.

O;. 01 0Oy 03 04 05 O¢g Oy 08 09 010

¢g: 1 2 1 4 1 1 1 8 1 1
a;: 2 1 2 -1 2 2 2 -5 2 2

T

G=c+ta — a;=3—¢;

\V/Tl, Z a; Z O 1§i§2k

1<i<n

Prove by Mathematical Induction on n.
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The Potential Method for “Power of 2" (Problem 17.1-3)

|

0; . 01
C; . 1
a; . 2

02
2
1

{
1
03

1
2

if 7 is an exact power of 2

0.W.
04 05 0g O7
4 1 1
-1 2 2

1
2

0g 09 010
8§ 1 1
-5 2 2
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{ i if 7 is an exact power of 2

C; =

1 o.w.

0i: 01 02 03 04 05 0g 07 08 09 010
¢cG: 1 2 1 4 1 1 1 8 1 1
a: 2 1 2 -1 2 2 2 -5 2 2
®(D;) =
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-
The Potential Method for “Power of 2" (Problem 17.1-3)

o — i if 4 is an exact power of 2
11 ow.

0;j: 01 02 03 04 O 0 O7 08 Oy O1p
¢G: 1 2 1 4 1 1 1 8 1 1
a: 2 1 2 -1 2 2 2 =5 2 2

i |log |
O(D;) = > aj=2(i— [logi] —1)+ Y (3-2)

J=1 J=0
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o — i if 4 is an exact power of 2
11 ow.

0;j: 01 02 03 04 O 0 O7 08 Oy O1p
¢G: 1 2 1 4 1 1 1 8 1 1
a: 2 1 2 -1 2 2 2 =5 2 2

i |log |
O(D;) = > aj=2(i— [logi] —1)+ Y (3-2)
i=1 Jj=0

J
= 2(i — 2o 1 1) 4 |log ]
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The Potential Method for “Power of 2" (Problem 17.1-3)

o — i if 4 is an exact power of 2
11 ow.

0;j: 01 02 03 04 O 0 O7 08 Oy O1p
¢G: 1 2 1 4 1 1 1 8 1 1
a: 2 1 2 -1 2 2 2 =5 2 2

i |log |
O(D;) = > aj=2(i— [logi] —1)+ Y (3-2)
i=1 Jj=0

J
= 2(i — 2o 1 1) 4 |log ]

®(Dy) £ 0, ®(D;) >0
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The Potential Method for “Power of 2" (Problem 17.1-3)

o — i if 4 is an exact power of 2
11 ow.

0;: 01 02 03 04 05 0O O7 08 09 010
cGg: 1 2 1 4 1 1 1 8 1 1
a: 2 1 2 -1 2 2 2 -5 2 2
i |log | .
O(D;) = > aj=2(i— [logi] —1)+ Y (3-2)
7=1 7=0
= 2(i — 2o 1 1) 4 |log ]
®(Dy) =0, ®(D;)>0
G =ci+ (®(D;) = ®(Diy)) =3
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Array Merging Dictionary (Additional Problem)
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Array Merging Dictionary (Additional Problem)
271
Ag 1
A 2
Ay 4
Az 8
A 2
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Array Merging Dictionary (Additional Problem)

108
Ay 1
Al 2
Ay 4
As 8
A; 2

Ao
Ay
Az
As

11 =20 4921 +93

[5]
[4,8]
[]
[2

,6,9,12,13, 16,20, 25]
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Array Merging Dictionary (Additional Problem)

18
Ay 1
A 2
Ay 4
As 8
4; 2

CREATE : 1  MERGE(A;, 4;) : 2-2°

)
Ao
Ay
Az
As

11 =20 4921 +93

[5]
[4,8]
[]
[2

,6,9,12,13, 16,20, 25]
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Array Merging Dictionary (Additional Problem)

271
Ay 1
A 2 i
Ay 4 Ao
A; 8 Ay
Ay
- 4,
A; 2

CREATE : 1  MERGE(A;, 4;) : 2-2°

11 =20 4921 +93

€;
[5]
[4,8]

[]

[2,6,9,12,13,16, 20, 25]

INSERT(10) : 1 4+ 2 + 4;
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Array Merging Dictionary (Additional Problem)

271
Ay 1
A 2 i
Ay 4 Ao
A; 8 Ay
Ay
- 4,
A; 2

CREATE : 1  MERGE(A;, 4;) : 2-2°

11 =20 4921 +93

€;
[5]
[4,8]

[]

[2,6,9,12,13,16, 20, 25]

INSERT(10) : 1 +2+4; INSERT():1
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Array Merging Dictionary (Additional Problem)

271
Ay 1
A 2 i
Ay 4 Ao
A; 8 Ay
Ay
- 4,
A; 2

CREATE : 1  MERGE(A;, 4;) : 2-2°

11 =20 4921 +93

€;
[5]
[4,8]

[]

[2,6,9,12,13,16, 20, 25]

INSERT(10) : 1 +2+4; INSERT():1
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The Summation Method for “Array Merging Dictionary”

CREATE : 1  MERGE(A;, 4;) : 2-2°
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The Summation Method for “Array Merging Dictionary” J

CREATE : 1  MERGE(A;, 4;) : 2-2°

Ci

1+2

1+2+4

1+2

0 O Ot s W N - e

1+2+4+4+8
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The Summation Method for “Array Merging Dictionary”

CREATE : 1  MERGE(A;, 4;) : 2-2°

Ci

1+2

1 n |logn]

n .
14244 Zci: Z Lgﬂjgn(UognJ—l—l)
i=1 =0

1+2

0 O Ot s W N - e

1+2+4+4+8
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The Summation Method for “Array Merging Dictionary”

CREATE : 1  MERGE(A;, 4;) : 2-2°

Ci

1+2

1+2+4

1+2

0 O Ot s W N - e

1+2+4+4+8

Hengfeng Wei (hfwei@nju.edu.cn)

n |logn| n A
z;ci = z(:) Lgﬂj < n([logn|+1)
1= J=

Vi, ¢ =1+ |logn]|
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The Accounting Method for “Array Merging Dictionary”

CREATE : 1  MERGE(A;, 4;) : 2-2°
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The Accounting Method for “Array Merging Dictionary”

CREATE : 1  MERGE(A;, 4;) : 2-2°

¢ =1+ |logn]
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The Accounting Method for “Array Merging Dictionary”

CREATE : 1  MERGE(A;, 4;) : 2-2°

¢ =1+ |logn]
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The Accounting Method for “Array Merging Dictionary”

CREATE : 1  MERGE(A;, 4;) : 2-2°

¢ =1+ |logn]

Vn, Y a; >0
i=1
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The Potential Method for “Array Merging Dictionary”

CREATE : 1  MERGE(A;, 4;) : 2-2°
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The Potential Method for “Array Merging Dictionary”

CREATE : 1  MERGE(A;, 4;) : 2-2°

k
j=) 2% =
i=1
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The Potential Method for “Array Merging Dictionary”
CREATE : 1  MERGE(A;, 4;) : 2-2° J
k k
j=Y 2% = |&(D;) = > 2% ([logn| — ;)
i=1 i=1
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The Potential Method for “Array Merging Dictionary”

CREATE : 1  MERGE(A;, 4;) : 2-2°

k
j=) 2% =
i=1

k

®(D;) =Y 2" (llogn) — ;)

=1

INSERTj : A07 A17 cee ,At ~> At+]
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The Potential Method for “Array Merging Dictionary”
CREATE : 1  MERGE(A;, 4;) : 2-2° J
k k
j=Y 2% = |&(D;) = > 2% ([logn| — ;)
i=1 i=1

INSERTj : A07 A17 cee ,At ~> At+]
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The Potential Method for “Array Merging Dictionary”

CREATE : 1  MERGE(A;, 4;) : 2-2°

k k

Jj= 2212 = |®(Dj) = Z?‘”(Uognj - xz>

i=1 i=1

INSERTj : AO7 A17 cee ,At ~> At+]

¢ =cj+ (< j) = ®(Dj 1))
—1+22'L+1 (iQ (Llogn] —4)) + 2" ([logn] — (t +1))

= =0
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The Potential Method for “Array Merging Dictionary”

CREATE : 1  MERGE(A;, 4;) : 2-2°

k k

Jj= 2212 = |®(Dj) = Z?‘”(Uognj - xz>

i=1 i=1

INSERTj : AO7 A17 cee ,At ~> At+]

¢ =cj+ (< j) = ®(Dj 1))
—1+22'L+1 (iQ (Llogn] —4)) + 2" ([logn] — (t +1))

= =0
=1+ Llog n|
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