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TCEE12.3%i%:>]5
TCEE 12 |v) i1
TCZH13.175%: 5. 6.
TCEE13.27%5 ]2
TC5513.3 1%+ >J1. 5
TCZH13.475 %1, 2.

14



CSE55.577 |7 /i 8

e hash nitems into k locations

— (a) probability that all n items hash to different locations

— (b) probability that the i-th item is the first collision
« A i-1

k'™ k

— (c) expected number of items you hash until the first collision

° mlnilwll Ak—l i—1
— kll k
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e expected number of empty slots when you hash 2k items into

a hash table with k slots
— EF5.15 K
sy

e expected fraction of empty slots when k is reasonably large

_ 2k
k(l—lj K\ 2
. k : 1 1
lim =| lim (1——} =—
k K —>+o0 k e

K—+00
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e Selects a key uniformly at random from among n keys in the
hash table of size m and returns it in expected time
O(L(1+1/a)).

— ikl BENLERER L —Dchain, BT EENLEBER ML —key, XFERTLANG?

— J7ik2: BENLEEER L T, IR R Hkey
« Setchain, WIHLEATRTIA:

m L /
Z_Ii:... — /[ 2L (L[]
i1 N /
. Fiffchaintiitkey, MIHE I I: ?
Zh“'—i _ —t—{/[&s] J2L k] 32 &[]
iog N /
— Rl
/——*l/\ﬁ's\ <L k|
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e character string interpreted in radix 2P

— X,...X X2 IX:(2P)!

@) ox @) )b +x )
(xi—Xj)((Zp)i—(Zp)j)
(Xi _ijzp _1)...

>
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e (d) Show that the expected length E[X] of the longest probe
sequence is O(lgn).

2lgn

E[X]:iz;:iPr(X =i)= izﬂ:iPr(X =i)+imzr;:njlpr(x =)

SZIgn;Pr(X =i)+n Zn:Pr(X =)

i=2lgn+1

=2lgnPr(X <2lgn)+nPr(X >2Ign)

< 2Ign+n0(1j

=0(lgn)
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e (b) Show that P,<nQ,.
— P =Pr(& % H)—ME k)
=Pr(fF1E —ME Ak H H AR <k)
<Pr(fFAE—ME k)
<SPr(ZBiMME k)
=2Qy
=nQ,
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o BSTHIE R
— TR, SHT AL, IXFEEXNE?
— S FWAHRTT A, <A TR A
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 Any comparison-based algorithm for constructing a binary
search tree from an arbitrary list of n elements takes Q(nlgn)
time in the worst case.

— R B R Fo(nlgn), Mlcomparison-based sorting L 75 o(nlgn) .
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k successive calls to TREE-SUCCESSOR take O(k+h) time.

— HSR AR i
Je AT A T RP 22 L T B IRAR, 3 PR R
S E NS

— BT EEFIMRKE®E L (<=h)
— Hesmm ERENIREREE — R R R, AR R [A]
o [a] FEA
- kMNE4E (=
- HEA R R ekey B RIS _F, RAFET RIS 2R MEAE L (<=h)

P,

11
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o NtFAyLl—E X1 G 4k ?
o NtFAy2—E X2 MIFTK ?

o VEXR: WRHIVEEAREIR T ULy MR 7M.

ﬁ /\ﬁ—\
J\;«.
L N

%v\
y2 | 2
@ @x2 %ﬁ)yl

®x1

12
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Instead of x.p, keeps x.succ.
— SZHlgetParent PR %X
— VERYE 252 T R B succ

13



TCH 122 |r] i1

(a) insert n items with identical keys.
Y.

(b) alternates between x.left and x.right.
— nlgn

(c) list

— N

(d) randomly between x.left and x.right.

— Worst-case: n?
— Expected: nlgn
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Number of internal nodes with black-height k?

— Largest: 221, A j&22+2.1 (P309: from, but not including, a node...)
— Smallest: 2k-1, A&k ( P308: We shall regard these NILs as...)

15



TCE13.1° 5% >]7

e Ratio of red internal nodes to black internal nodes.
— Largest: 2
— Smallest: 0

e______....-?-Q‘D::::::;;_"__"__"6 _ = -« °
_1¢\ @ i'__'J') oo 'i’__ﬂ) (D ¢ D @ 35} 1(39
Goooom @ @ coo@
m m (i}
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e Exactly n-1 possible rotations.
— & rotation K — N 42 B 1 H AT A B A7 &
— BRI R . — M2 B rotation, st Hin- 15

L LEFT-ROTATE(T, x)
'f.'..-) L TTCTTE NPT T PP PTTR PP PR :r,-'q_‘\'l
\> R e
X ¥ | 1 o [ w
& RIGHT-ROTATE(T, v) M—&
p p ¥
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7] @1: dynamic programming

ﬁ‘ Aﬁé 1) 1) el A ) Usﬁiﬁﬁ dynamic programming 3K fig ?
m IR A R R 2 A2 AT T AR

1'/J\1Eﬁﬁpdynam|c programming V42008 [ 2

1. Characterize the structure of an optimal solution.

Recursively define the value of an optimal solution.
Compute the value of an optimal solution.

W N

Construct an optimal solution from computed information.

5 dynamic programmingiz 47 B [8] ) B 25 a2 W i ?
top-down with memorizationfllbottom-up method™f-|> 5 ¢ ?
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o YRAEUL ISR fidtrod cutting 14 VU 25 B I 2
1. Characterize the structure of an optimal solution.
2. Recursively define the value of an optimal solution.
3. Compute the value of an optimal solution.
4. Construct an optimal solution from computed information.

(a) (b) (c) (d)

OOCD OO OO0 OODD

lengthi |1 2 3 4 5 & 7 & 9 10
picep; [ 5 8 9 10 17 17 20 24 30
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\]@il1: dynamic programming (4

o YRAEUL ISR fidtrod cutting 14 VU 25 B I 2
1. Characterize the structure of an optimal solution.
2. Recursively define the value of an optimal solution.
3. Compute the value of an optimal solution.
4. Construct an optimal solution from computed information.

rp = max (p; + rp—;)

1=i=n

(a) (b) (c) (d)

OOCD OO OO0 OODD

length i | 1

3 4 5 6 7 8 9 10
Fn:ii_'i_'p,ll 5 & 9

w17 17 20 24 30
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| @il1: dynamic programming (4

o PREEUEBA K i matrix-chain multiplication [t PU >0 B ng, 2
1. Characterize the structure of an optimal solution.
2. Recursively define the value of an optimal solution.
3. Compute the value of an optimal solution.
4. Construct an optimal solution from computed information.

(A1(A2(A4:44))) .
(A1((A245)A4)) .
(A, 45)(Az44)) .
((A(A245))Ay) .
(((A,45)A3)Ay) .
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| @il1: dynamic programming (4

o PREEUEBA K i matrix-chain multiplication [t PU >0 B ng, 2
1. Characterize the structure of an optimal solution.
2. Recursively define the value of an optimal solution.
3. Compute the value of an optimal solution.
4. Construct an optimal solution from computed information.

0 ifti =j .
mli, j1= | min {m[i.k]+mlk + L jl+ pioapep;} ifi<J.

i=<k<j

(A1(A2(A4:44))) .
(A1((A245)A4)) .
(A, 45)(Az44)) .
((A(A245))Ay) .
(((A,45)A3)Ay) .
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\]@il1: dynamic programming (4

o PREEVLIASKR f#longest common subsequence ] PUAN 45 BN, 2
1. Characterize the structure of an optimal solution.
2. Recursively define the value of an optimal solution.
3. Compute the value of an optimal solution.
4. Construct an optimal solution from computed information.

S1 = ACCGGTCGAGTGCGCGGAAGCCGGCCGAA
S, = GTCGTTCGGAATGCCGTTGCTCTGTAAA

GTCGTCGGAAGCCGGCCGAA

24
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° 1'/J\

1
2.
3.
4

\]@il1: dynamic programming (4

Characterize the structure of an optimal solution.
Recursively define the value of an optimal solution.
Compute the value of an optimal solution.

Construct an optimal solution from computed information.

0 ifi=00rj=0,
cli.jl=scli—=1.j—=1]1+1 if i, j = 0and x; = y; ,
| max(c[i, j —1],c[i =1, j]) ifi,j > 0and x; # y; .

S1 = ACCGGTCGAGTGCGCGGAAGCCGGCCGAA
S, = GTCGTTCGGAATGCCGTTGCTCTGTAAA

GTCGTCGGAAGCCGGCCGAA

RE 1L HH 3K fiflongest common subsequence ) P4 25 g, 2

25
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o VREEVLAH SR iR optimal binary search treesH) V4~ JR N, ?
Characterize the structure of an optimal solution.

Recursively define the value of an optimal solution.
Compute the value of an optimal solution.

1
2
3
4. Construct an optimal solution from computed information.

i| o ! 2 3 4 :
7; 015 010 005 010 020
gi

005 010 005 005 005 010




\)

\]@il1: dynamic programming (4

o YREEVLIAKR fifoptimal binary search trees ] VU~ g, 2
1. Characterize the structure of an optimal solution.
2. Recursively define the value of an optimal solution.
3. Compute the value of an optimal solution.
4. Construct an optimal solution from computed information.

o gi—1 if j=i—1.
L”[*'-J’]:[ min {e[i,r — 1]+ e[r + 1, j] + w(i, j)} ifi < j
. S+ wli, )y ifi = .

isr<j

i| o ! 2 3 4 :
7; 015 0.10 0.05 0.0 020
gi | 005 010 005 005 005 0.10
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e unweighted longest simple path A4 DN EH Il F454 7
e unweighted shortest simple path /T4 ANELEIXA™ 7] @51 2

i

W SE—
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e 4

I

=)

{HE Ut BH SK i longest palindrome subsequence ') U250 B8
?

JE

Characterize the structure of an optimal solution.
Recursively define the value of an optimal solution.
Compute the value of an optimal solution.

Construct an optimal solution from computed information.

B w e

A palindrome 1s a nonempty string over some alphabet that reads the same for-
ward and backward. Examples of palindromes are all strings of length 1, civic,
racecar, and aibohphobia (fear of palindromes).

Give an efficient algorithm to find the longest palindrome that is a subsequence
of a given input strimg. For example, given the input character, your algorithm
should return carac.



] &1: dynamic programming ()

jw

e 4

I

—

{HE Ut BH SK i longest palindrome subsequence ') U250 B8
?

JE

Characterize the structure of an optimal solution.
Recursively define the value of an optimal solution.
Compute the value of an optimal solution.

B w e

Construct an optimal solution from computed information.

longest({i,j)= j-i+1 if j-i<=@,
2+longest(i+l,j-1) if x[i]==x[]]
max(longest(i+l,j),longest(i,j-1)) otherwise

A palindrome 1s a nonempty string over some alphabet that reads the same for-
ward and backward. Examples of palindromes are all strings of length 1, civic,
racecar, and aibohphobia (fear of palindromes).

Give an efficient algorithm to find the longest palindrome that is a subsequence
of a given input strimg. For example, given the input character, your algorithm
should return carac.
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o YRBEVLAHR fifedit distance Y20 BRI, 2
1. Characterize the structure of an optimal solution.
2. Recursively define the value of an optimal solution.
3. Compute the value of an optimal solution.
4. Construct an optimal solution from computed information.

Imsertion of a =ingle zvmbol., If @ = 4V, then inzerting the svmbol X produces XV, This can also be
demoted ©—¥, uszing © to denote the empty string.

Deletion of a zingle symbol changes UXV to 1V (X—= & ).

Substitution of a single symbol X for a symbol V ?5 X changes NXV to W)V D?*jj.

The Levenszhtein diztance between “kitten” and “zitting” iz 3. The minimal edit zcript that transforms the
former into the latter iz:

1. kitten — sitten (substitution of "z for “k7)

2, zitten —* zittin (zubstitution of “1i7 for “e”)

5. =ittin —* =zitting (inzertion of 27 at the end).
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\]@il1: dynamic programming (4

o YRBEVLAHR fifedit distance Y20 BRI, 2
1. Characterize the structure of an optimal solution.
2. Recursively define the value of an optimal solution.
3. Compute the value of an optimal solution.
4. Construct an optimal solution from computed information.

i1 j-1 fora; =y
_ dim1j + waa(hi) . .
= min ¢ d; 51 + Wins(6;) for a; # b frlsismlsjan
it jm1 + Weubl B, B}

Imsertion of a =ingle zvmbol., If @ = 4V, then inzerting the svmbol X produces XV, This can also be
demoted ©—¥, uszing © to denote the empty string.

Deletion of a zingle symbol changes UXV to 1V (X—= & ).

Substitution of a single symbol X for a symbol V ?5 X changes NXV to W)V D?*jj.

The Levenszhtein diztance between “kitten” and “zitting” iz 3. The minimal edit zcript that transforms the
former into the latter iz:

1. kitten — sitten (substitution of "z for “k7)

2, zitten —* zittin (zubstitution of “1i7 for “e”)

5. =ittin —* =zitting (inzertion of 27 at the end).
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o YREAFHf#greedy algorithms )™ E Z 1 i 2
— greedy-choice property

— optimal substructure
o YRBEANHELE Hractivity-selection problem BB AT A X AN
P o R — AN A] 2

e NfZgreedy algorithmstt.dynamic programming i ?

L

P | =

7 8 9 10 11
; 8 2 12
100 11 12 14 16

Lh | b

-1 Al =

LR R ]
=
oo

|~
o
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o YREAFHf#greedy algorithms )™ E Z 1 i 2
— greedy-choice property

— optimal substructure
o YRBEANHELE Hractivity-selection problem BB AT A X AN
P B —ANA] ?
e AT 4greedy algorithmstt.dynamic programming i ?
— making the first choice before solving any subproblems

— making one greedy choice after another
reducing each given problem instance to a smaller one

3 4 5 6 7 8 9 10 11
i 8

2 12

SR W B
-
o
-] Lh| f
Jh
=
oo

i 1
5 i ] o
fi |4 5
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e KT Huffman codes’jgreedy algorithm
— greedy choice/&f14?
— greedy-choice property 2T 4 ?
— optimal substructure {14 ?



0] @2 greedy algorithms (4

Describe an efficient algorithm that, given a set {x;, X2,...,Xx,} of points on the
real line, determines the smallest set of unit-length closed intervals that contains
all of the given points. Argue that your algorithm is correct.

36



0] @2 greedy algorithms (4

Describe an efficient algorithm that, given a set {x;, X,...,X,} of points on the
real line, determines the smallest set of unit-length closed intervals that contains
all of the given points. Argue that your algorithm is cormrect.

Sol: First we sort the set of n points {zy,z9,....,7,} to get the set Y = {y1.yo,....yn}
such that y; < yo < ... < y,. Next, we do a linear scan on {y;,ya, ..., y,} started from
y;. Everytime while encountering y;, for some i € {1,...,n}, we put the closed interval
Y, y; + 1] in our optimal solution set S, and remove all the points in Y covered by
i, yi + 1]. Repeat the above procedure, finally output S while ¥ becomes empty. We
next show that S i1s an optimal solution.

We claim that there is an optimal solution which contains the unit-length interval [y, y; +
1]. Suppose that there exists an optimal solution S* such that y; is covered by [z', 2"+ 1] €
S* where 2’ < 1. Since y; is the leftmost element of the given set, there is no other point
lying in [z', y;). Therefore, if we replace [z, 2+ 1] in S* by [y, y1 + 1], we will get another
optimal solution. This proves the claim and thus explains the greedy choice property.
Therefore, by solving the remaining subproblem after removing all the ponts lying in
[y1,y1 + 1], that 1s, to find an optimal set of intervals, denoted as S’, which cover the
points to the right of y1 + 1, we will get an optimal solution to the original problem by

taking union of [y1,y1 + 1] and 5"



0] /8l2: greedy algorithms ()

+ BT B 016,47



