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UnionFind - —f PR £4E3EEY

MAKE-SET(x) creates a new set whose only member (and thus representative)

1s x. Since the sets are disjoint, we require that x not already be in some other
set.

UNION(x, y) unites the dynamic sets that contain x and y, say Sy and Sy, into a

new set that is the union of these two sets. We assume that the two sets are dis-
joint prior to the operation. The representative of the resulting set is any member
of Sy U Sy, although many implementations of UNION specifically choose the
representative of either S, or S, as the new representative. Since we require
the sets in the collection to be disjoint, conceptually we destroy sets S, and S,,
removing them from the collection §. In practice, we often absorb the elements
of one of the sets into the other set.

FIND-SET(x) returns a pointer to the representative of the (unique) set contain-
Ing x.
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we care only that 1f we ask for the representative of a dynamic set
twice without modifying the set between the requests, we get the same answer both
times.
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CONNECTED-COMPONENTS (G)
1 for each vertex v € G.V
o 0 o o @ 2 MAKE-SET(v)
3 for each edge (u.v) € G.E
4 if FIND-SET(u#) # FIND-SET(v)
5

o o @ UNION(u, v)

SAME-COMPONENT (u, v)

| if FIND-SET(u#) == FIND-SET(v)
2 return TRUE
3 else return FALSE

Edge processed Collection of disjoint sets
initial sets {a} {b} {c} {d} {e} {+ {eg} {(h}y {} )
(b.d) {a} {bd}y {c} {e} v gy {ny Gy Uy
(e.8) {a} {bd} {c} {egr ) thy 4y Uy
(a,) {ac} {b.d} {egy U} {hy i}y Ul
(h.i) {a.c} {b.d} {e.g} {f} {h,i} {j}
(a.b) {a,b.c,d} {e.g} {f} {h.i} {j}
(e.f) {a.b.c.d} {e,f.g} {h.,i} {j}
(b.c) {a.bcd} {e,f.g} {h.,i} {}
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Implementing by Linked-List
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A single UNION operation can still take £2(n) time
if both sets have (2(171) members.
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Theorem 21.1

Using the linked-list representation of disjoint sets and the weighted-union heuris-
tic, a sequence of m MAKE-SET, UNION, and FIND-SET operations, n of which
are MAKE-SET operations, takes O(m + nlgn) time.
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ADT 1nTree #[ Disjoint-set Forest
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Union by Rank
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Path Compression
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MAKE-SET(x)

E= e _
ank mEw sy, | wp=x 14

7 e i i : A -/,
2 & ./I(III/\ 0 ik 47 ¢ [ 4 7 4
UNION(x, y) (a] £ib S Hjl ?
| LINK(FIND-SET(x), FIND-SET(v))
LINK(x, y)
X FIND-SET(x
I if x.rank > y.rank ' x)
) V.p = x i if x 7%.\ P . —
3 elsex.p=y /, ‘,; retu:ﬁp\-—) IND-ETEE )
4 if x.rank == y.rank ] x -
5 y.rank = y.rank + 1

rank, which is an upper bound on the height of the node
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Amortized Analysis: AggregateJ5i%

INCREMENT(A)

1 i =0

2 whilei < A.](’Hg!h and A[f] e ?‘Zﬂ]%}l_—g_/l\k1ﬁﬁg_iﬁi+§&§§ J\EQ;IZP:L
z ] — ] —_ N\ . = . ~ ' -

A ;.4[;] ; +Ul {FniRincrementi & RSN

5 ifi < A.length

6 Afi] = 1

TR All] (i=0,1,2,.. k-1) £ "BX" BFPRREMip—iR, FrLA,
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Amortized Analysis: Accountingf3i%

INCREMENT(A)

1 i=0 [ [&n N incrementi2{FRIFS,

2 whilei < A.length and A[i] == 1 ABETE "B, MESEAE
3 Al =0 IRE (BB EOREIER)
Pl s i RFFEN Sk’ 7=

5 ifi < A.length

6 Ali]l = 1

FRCET R ek ” J7 S E R RR N “accounting cost”
R 45 Baccounting costBE/E AL A I _EFR,  DUA 2 AR AIE
B I R RS S, LB A K T-accounting cost.

- WhilefgF 7 I1lip(line 6) /9setiB(E, mMwhilefEFARAYAip(line 3)IresetiF{E, |
MJaccounting costEIN T : set: 2 reset: 0




Amortized Analysis: Potential 5%
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5 ifi < A.length fJamortized costy:

6 A[f]: | (’T'i:('f"l_(D(Df)_(D(D{_l).

- X EURAAT SRR ERAE SR T B T 1A 5K
R b,5E S “HRE” M. ARIAHIRERO.
Y& = ) (ci+®D;)—P(Diy))

=i e R IR SRR H B O(reset) (B3
= ;c',- + ®(D,)— ®(D,) . y\jti’ )I—I\IJ bigbi_l-ti'i'l
/IZ{EEKE:: (D(Dn) i (D(D(J)'
Amortized costFi o] LUE
JISCRRITBY EBR. .

®(D;)—-P(D;i—y) = by —t; +1)—bi
= 1=8.

¢i + P(D;)— P(Di-y)
(’i + l) + (1 - I.")
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- in Amortized Sense

When we use both union by rank and path compression, the worst-case running
time is O(m a(n)), where a(n) is a very slowly growing function, which we de-
fine 1n Section 21.4. In any conceivable application of a disjoint-set data structure,
a(n) < 4; thus, we can view the running time as linear in m in all practical situa-
tions. Strictly speaking, however, 1t is superlinear.
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For integers k =

> 0and j = |, we define the function Ai (/) as
| j+1 ifk =0,
(j) fk =1,
uiﬁn
A ()
Ax(Aa(1)) | | _
A+(2047) a(n) =min{k : Ag(1) = n}
A7 (2047)
A,(2047) O forO=n=<2,
22048 . 2048 — | | forn=3,
i a(n)= {2 ford<n<T7,
(2%)12 3 for8 <n <2047,
167"~ 4 for 2048 < n < Ayl).
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Lemma 214

For all nodes x, we have x.rank < x.p.rank, with strict inequality if x # x.p.
The value of x.rank is initially 0 and increases through time until x # x.p; from
then on, x.rank does not change. The value of x.p.rank monotonically increases
over time.
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B rank F1ERELA, o BXZRECE

level (x) = max {k : x.p.rank = Ar(x.rank)} .

That is, level(x) is the greatest level k for which Ay, applied to x’s rank, is no
greater than x’s parent’s rank.

0 < level(x) < a(n)

“HMevellx)

o , 10 I
iter(x) = max {i : x.p.rank = A, ., (x.rank)} .

That is, iter(x) is the largest number of times we can iteratively apply Aiceix),
applied 1mitially to x’s rank, before we get a value greater than x’s parent’s rank.

| <iter(x) < x.rank (x.rank>1)



Amortized Analysis

a(n) - x.rank if x 1sa root or x.rank = 0,

Pg(x) =

((n) — level(x))-x.rank — iter(x) if x isnot aroot and x.rank = 1.

Corollary 21.9
If node x is not a root and x.rank > 0, then ¢,(x) < a(n) - x.rank.

Lemma 21.10

Let x be a node that is not a root, and suppose that the gth operation is either a
LINK or FIND-SET. Then after the gth operation, ¢,(x) < ¢,_,(x). Moreover, if
x.rank > | and either level(x) or iter(x) changes due to the gth operation, then
Pg(x) = ¢y—1(x)— L. That is, x’s potential cannot increase, and if it has positive
rank and either level(x) or iter(x ) changes, then x’s potential drops by at least 1.

NRFEqMERERElinkakfind,  "$B88" A8, EEAIREETEED



Amortized Cost of Link - as an example

BB aTMRIERLink(xy), FEFHHIrootRy:
FER: link#ER(E R AT RELEX,y, Bilink Ry 5 & 45 R 35 e B 28t . AT PAIE R .
FHAYRHRERTREI M, HixZ ¥ Mo(n)

* By Lemma 21.10, any node that is y’s child just before the LINK cannot have
its potential increase due to the LINK.

* From the definition of ¢, (x ), we see that, since x was a root just before the gth
operation, ¢, (x) = a(n)-x.rank. If x.rank = 0, then ¢,(x) = ¢y, (x) = 0.
Otherwise,

Pg(x) < «a(n)-x.rank (by Corollary 21.9)
= @g1(x).
and so x’s potential decreases.

* Because y is aroot prior to the LINK, ¢,—,(y) = a(n) - y.rank. The LINK
operation leaves y as aroot, and it either leaves y’s rank alone or it increases y’s
rank by . Therefore, either ¢, (v) = @—1(¥) or ¢ (¥) = @Pg—1(¥) + a(n).

The increase in potential due to the LINK operation, therefore, is at most a(n).
The amortized cost of the LINK operation is O(1) + a(n) = O(a(n)). =
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BTC pp.564-: ex.21.1-2, 21.1-3

BTC pp.567-: ex.21.2-1, 21.2-3, 21.2-6
BTC pp.572-: ex.21.3-1, 21.3-2, 21.3-3
BTC pp.582-: prob.21-1




