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(Euclid's Division Theorem, Restricted Version) Let n be a positive
integer. Then for every nonnegative integer m, there exist unique integers
g and r such that m =ng+rand 0 <r <n.
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For the purpose of a proof by contradiction, we assumed that there is a
nonncgative integer m for which no such ¢ and r exist. We chose a smallest

such m and observed that m — n is a nonnegative integer less than m. Then
we said:

Therefore, there exist integers ¢' and r’ such that m —n =
ng' +r' withO<r <n Butthenm = n(g’' + 1) + r’. So, by tak-
ingg=q ' +landr=r.weoblainm=gn+r withO<r<n
This contradicts the assumption that there are no integers ¢ and
r with 0 <r < n such that m =gn + r. Thus, by the principle of
proof by contradiction, such integers g and r exist
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XHE: p(m-n) = p(m)




Pivotal Role of the Proof

We assumed that a counterexample with a smallest m existed.!

Using the fact that p(m’) had to be true for every m’ smaller than m,
we chose m" = m — n and observed that p(m’) had to be true.

We used the implication{[p(m —n) = p(m)]}to conclude the truth of
p(m).

However, we had assumed that p(m) was false, so this assumption is
contradicted in the proof by contradiction.
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// Assuma that n is a positiva integer.
// This is a recursive program that inputs n and prints a datailad proof
// showing that si{n) = n*i{n+1)/1.

(1) if (o0 == 1}

(2) print *We note that"
(3) print * s5(l) =« 1 « 1*2/2, so tha formula is correct form - 1.°
(4] alse
(5) print *To prova that s{*, n, *) = *, n, *"**, n+l,
*/2, wa first prova that*®
(E) print * s(*, n-1l, *) = *, n-1, ***,  n, */2."
(7) provaSum(n-1}
(8) print “Having proved s!', g-l, °*)e*, n-1, **, 8, */2s=",
(n- ll'nf“ " wae add *
(9) print ° \to tha fzrft and last valuas, getting °
‘si*, n, *) =", (in-11*n/2 ¢+ n), *."
(10 print * 'This aqual . “** n+l,

o - aa‘tha formula is corrnct arie™_ a ".°

IFﬂLZ:
XA U A A A A2
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Because recursion works, we
can call this program to print a proof for any o Because a program exists

that can gencrate a complete proof for any a, the property must be true
for all n.
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B Towers of Hanoi

— How many moves are need to move all the disks to the
third peg by moving only one at a time and never placing a
disk on top of a smaller one.

T(1)=1
T(n) =2T(n-1) +1




Solution of Towers of Hanol

T(n)=2T(n-1) + 1
2T(n-1)=4T(n-2) +2
4T(n-2) =8T(n-3) +4 |

202T(2) = 21 T(1) + 2072

j> T(n) =2"-1
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B Cutting the plane

— How many sections can be generated at most by n
straight lines with infinite length.

L(0)=1
L(n) =L(n-1) +n

Intersecting all™n

existing lines l

most sections as




Solution of Cutting the Plane

L(n) = L(n-1)+n
= L(n-2)+(n-1)+n
= L(n-3)+(n-2)+(n-1)+n

= L(0)+1+2+.4. ..+(n-2)+(n-1)+n

A L(n) =n(n+1)/2 +1



Josephus Problem

"K—'KLK’- For even n
2n-197 ""3 N o
X ! et y-Rig
[ \ 2n-3) Xs What about odd n?
\ / \
I ]Ql \ The first person
\ / \ / was killed, so, the
\\ v ;? Eersons \ / new number would
I reo ¥ N e ¥ be k+1
— k‘ hy . -
k+1K--Ik Lis ke+3 I“K}cﬂh_l
The solution is: newnumber (J(n))
And the newnumber(k) 1S 2x-1 0 =1
Think the case of 5 () =2]m)-1, fornzl:

persons, and 10 persons.
I2n+1)=2]n)+1, fornzl.




Solution In Recursive Equations

J(1)=1,
()=2m)-1, fon>1
(In+1)=2]m)+1, fanzl




Explicit Solution for small 77s

n

1

23

4567

§91011 121314 15

16

Jin)

1

13

1357

1357 9111315

Look carefully ...
and, find the pattern...

and, prove it!




Eureka!

If we write n in the form n =2 + |,
(where 2™ 1s the largest power of 2 not exceeding
n and where | is what's left),

the solution to our recurrence seems to be:
J(2" 1) = 21+1,  foom=0and0<1<2™

As an example: J(100) = J(64+36) = 36*2+1 =73



Binary Representation

B Suppose N’s binary expansion 1s :
n = [bm bm—l . .b1 bD:'L'
M then:
n = (Ibm_1bm—_2...b1bo)2,
l = (0by, 1bm 5...bybg)s.
2l = (bjn—1bm—2...b1bp0)2,
2l4+1 = (bjp1bjp2...bybp1)2,
IIn) = (bm—1bm-—2...brbobm)2

100 =[1100100, E==) 1001001, =73
B e S s ST RS T o 2 T e T RIS R S SRS
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ZIETIXE TV RISIES =

m TR U 5
a.n — rla’n—l + rzan_z + e 4 rkan_k

R RO SR 77
Xk=l'1Xk_1+I’2Xk_2_|_..._|_rk

m Il R RO TR X2 —rX—1, =0

I‘Fﬂ/‘%ﬂG' a, =Uus, +Vs,
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f_l l_ 19 19 29 39 59 89 13, 21, 34, cosees
=

Jn= St Jnz
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1
— = 1.000000000
1

2
— = 2.000000000

1

3
— = 1.500000000
2

5
— = 1.666666667
3

8
— = 1.600000000
5

13
— = 1.625000000
8

21
— =1.615384615
13

34
- =1.619047619
21

55
— =1.617647059
34

89
— =1.6182181618
55

144
— =1.617977528
89

233
— = 1.618055556
144

377
— = 1.618025751
233

610
— =1.618037135
377

987
— = 1.618032787
610

| -
b,
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Fibonacci &%

f=1
1 NP 1,1,2,3,5,8, 13,21, 34, ......
1,1 P AR AU B R AR
=Tt foo HAFE I8 30-x-1=0, 1 PN AR
1:1+\/§ and szzi
2 2

WRARIUG S i e 8. f=us +vs,=1 and f,=us’+vs," =1

GRS e [1+\/§J”_ I (1—\/5)'
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l. Ifa <2, then T(n) = B(n).
=2, then T(n) = 6O(n logn).
3.1fa>2 thenT(n) = 9(,,'0&
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Suppose that we have a recurrence of the form

n
T(n) =aT (=) +n, \J
| L)
where a is a positive integer and 7(1) is nonnegative. Then we have the
following big ® bounds on the solution: 1/3: gh %% , -Fg%
l. If a < 2, then T(n) = O(n). B
2. If a =2, then T(n) = O(nlogn). gl;l1nl “ jﬁ ' < Bg I]% ?

3. If a > 2, then T(n) = O(n'°%29),

(Master Theorem, PrelYminary Version) Let a be an integer greater than
or equal to 1, and let b be a real number greater than 1. Let ¢ be a positive
real number, and d. a nonnegative real number. Given a recurrence of the
form

T(n) =

alT(n/b) +n¢ ifn>1,
itn=1,

in which n 1s restricted to be a power of b, we get the following:
1. If log, a < ¢, then T(n) = ©(n°).
2. If logy, a = c, then T(n) = O(n°logn).
3. If log,a > c. then T(n) = O (n'ogr )y,
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Recursion Tree for T(n)=aT(n/b)+n°

P T

(n/b)C (n/b) e s a(n/b )

A TN

(n/b2)c (n/b2°  (n/b2)e (n/bz)c(”/b?‘)c (n/b?)¢ (n/b?)e  (n/b?)° (n/b?)¢ > a*(n/b*)"

T T G il

. T(:l) T(:l) T:(l) T:(l) T(:l) T:(l) T(:l) T:(l) T:(1) T(:1)
w g nlogba

o

Total ?
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| 2T(n/3) +4n? ifn> 1, 2T (n/3)+n*? ifn> 1,
T(n) = | é T'(n) =
d Ea=1 ifn=1.

nJn+1 n = n"?

25(n/3)+ f(n) ifn =1,
S(n) = p £ n— ] é nyan+1<4a*? for n=0.

fn)y=nyn+1 S(n)=O(T"(n))




(Master Theorem) Let a and b be positive real numbers, with a > 1
and b > 1. Let T(n) be defined for integers n that are powers of b by

al(n/b)y+ f(n) ifn>1,
T(n) =
if n = 1.

Then we have the following:
[. If f(n)=0O(n°), where log, a < ¢, then
T(n) = ©(n°) = O(f(n)).

2. If f(n) = 0O(n°), where log, a = ¢, then
T(n) = O(nclogn) = O(f(n)logn).

3. It f(n) =0O(n°), where log, a > ¢, then T(n) = O(n'ogr a),
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B CS pp.180-: prol
BCS pp.197-: prol
BCS pp.212-: pro
BCS pp.221-: pro
B CS pp.233-: prol
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0. 16, 17
0. 8,11, 17

0.9, 13, 16
0. 1,4, 6

d. 8-10



