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4.1-16 An alternate version of the Ear Lemma states that a triangulated 
polygon is either a triangle with three ears or has at least two ears.
(This version does not specify that the ears are nonadjacent.) What happens 
if we try proving this by induction, using the same decomposition that we 
used in proving the Ear Lemma?

• 如果要证明，如何证？
• 数学归纳法+反证
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𝐸𝑖: the i-th location has no key

𝑁 𝐸1 𝐸2…𝐸𝑘 = 𝑆 − 

𝑖=1

𝑘

−1 𝑖+1𝑆𝑖

𝑆 = 𝑆0 = 𝑘
𝑛

𝑆1 =
𝑘
1
∙ 𝑘 − 1 𝑛

𝑆1 =
𝑘
2
∙ 𝑘 − 2 𝑛

…

𝑆𝑖 =
𝑘
𝑖
∙ 𝑘 − 𝑖 𝑛

…

= 𝑆 − 

𝑖=1

𝑘

−1 𝑖+1
𝑘
𝑖
∙ 𝑘 − 𝑖 𝑛

= 

𝑖=0

𝑘

−1 𝑖
𝑘
𝑖
∙ 𝑘 − 𝑖 𝑛

𝑃 𝐸1 𝐸2…𝐸𝑘 =
𝑁 𝐸1 𝐸2…𝐸𝑘

𝑆



• |𝑆| = 2𝑛 − 1 !

• 𝐸𝑖:第i对夫妇坐在一起

• 求: 𝑁 𝐸1 𝐸2 …𝐸𝑛 = 𝑆 −  𝑘=1
𝑛 −1 𝑘+1𝑆𝑘

• 𝑆𝑘:至少有k对夫妇坐在一起的安排集合（有重复）
• 𝑆𝑘 =?

• 𝑆𝑘 =
𝑛
𝑘
∙ 2𝑘 ∙ 2𝑛 − 𝑘 − 1

• 𝑆0 = |𝑆|

• 𝑁 𝐸1 𝐸2 …𝐸𝑛 = 𝑆 −  𝑘=1
𝑛 −1 𝑘+1𝑆𝑘 =  𝑘=0

𝑛 −1 𝑘𝑆𝑘 =

 𝑘=0
𝑛 −1 𝑘

𝑛
𝑘
∙ 2𝑘 ∙ 2𝑛 − 𝑘 − 1
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𝑁𝑒 ∅ : the number of objects in the collection having non property in P

𝑁𝑒 ∅ = 𝑆 − 

𝑘=1

𝑛

−1 𝑘+1𝑆𝑘

其中|𝑆| = 𝑚, 𝑆𝑘 =  1≤𝑖1≤𝑖2≤⋯𝑖𝑘≤𝑛, |𝐸𝑖1⋂𝐸𝑖2⋂…⋂𝐸𝑖𝑘 |, k=1,2,3…,n

𝐸𝑖: the element in S has property 𝑝𝑖 ∈ 𝑃

又∵ 𝐸𝑖1⋂𝐸𝑖2⋂…⋂𝐸𝑖𝑘 = 𝑁𝑎 𝑝𝑖1 , 𝑝𝑖2 , … , 𝑝𝑖𝑘
∴ 𝑆𝑘 =  𝐾𝑘⊆𝑃, 𝐾𝑘 =𝑘𝑁𝑎(𝐾𝑘)

∴ 𝑁𝑒 ∅ = 𝑆 −  𝑘=1
𝑛 −1 𝑘+1  𝐾𝑘⊆𝑃, 𝐾𝑘 =𝑘𝑁𝑎(𝐾𝑘)

= 𝑆 −  𝑘=1
𝑛  𝐾𝑘⊆𝑃, 𝐾𝑘 =𝑘 −1

𝑘+1𝑁𝑎(𝐾𝑘)

= 𝑆 −  𝑘=1
𝑛  𝐾𝑘⊆𝑃, 𝐾𝑘 =𝑘 −1

𝐾𝑘 +1𝑁𝑎(𝐾𝑘)

= 𝑆 −  𝐾⊆𝑃, 𝐾 >0 −1
𝐾 +1𝑁𝑎(𝐾)

=  𝐾⊆𝑃 −1
𝐾 𝑁𝑎(𝐾)
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𝑆 = 52 ∙ 51 ∙ ⋯ ∙ 27 =
52!

26!
𝐸𝑥 = having a king on the 𝑥 th draw

𝐸𝑥 =
4
1
∙
51!

26!
, 𝑃 𝐸𝑥 =

𝐸𝑥

𝑆
=
4

52
=
1

13

𝑃 𝐸𝑖 = 𝑃 𝐸𝑗 = 𝑃 𝐸𝑥

𝐸𝑖⋂𝐸𝑗 =
4
2
∙ 2! ∙

50!

26!
, 𝑃 𝐸𝑖⋂𝐸𝑗 =

𝐸𝑖⋂𝐸𝑗

𝑆
=
3

13∙51

而𝑃 𝐸𝑖 𝑃 𝐸𝑗 =
1

13
∙
1

13

𝑃 𝐸𝑖 𝑃 𝐸𝑗 ≠ 𝑃 𝐸𝑖⋂𝐸𝑗
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设𝐴 = 𝑆, 𝐹𝑆, 𝐹𝐹𝑆,… , 𝐹𝑖𝑆, …

𝑋: 𝐴 → 𝑅

𝐸 𝑋 = 

𝑒∈𝐴

𝑋 𝑒 ∙ 𝑃 𝑒 = 

𝑖=0

∞

𝑋 𝐹𝑖𝑆 ∙ 𝑃 𝐹𝑖𝑆

= 

𝑖=0

∞

𝑋 𝐹𝑖𝑆 ∙ 1 − 𝑝 𝑖𝑝

= 𝑝 

𝑖=0

∞

𝑋 𝐹𝑖𝑆 ∙ 1 − 𝑝 𝑖

如果𝑋 𝐹𝑖𝑆 ∙ 1 − 𝑝 𝑖 ≥
1

𝑖
,则𝐸 𝑋 不收敛，即𝑋 𝐹𝑖𝑆 ≥

1

𝑖 1−𝑝 𝑖
即可


