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Sym(C) ∼= S4

∣∣∣{H : H ≤ Sym(C)
}∣∣∣ = 30
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Sym(T ) ∼=

A4

∣∣∣{H : H ≤ Sym(T )
}∣∣∣ = 10

Hengfeng Wei (hfwei@nju.edu.cn) 4-5 Polyhedral Groups (I) April 08, 2019 6 / 24



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Sym(T ) ∼= A4

∣∣∣{H : H ≤ Sym(T )
}∣∣∣ = 10

Hengfeng Wei (hfwei@nju.edu.cn) 4-5 Polyhedral Groups (I) April 08, 2019 6 / 24



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Sym(T ) ∼= A4

∣∣∣{H : H ≤ Sym(T )
}∣∣∣ =

10
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Sym(T ) ∼= A4

Proof.
(1) To find all even perms. in S4

(2) To show that
∣∣∣Sym(T )

∣∣∣ <
∣∣∣S4

∣∣∣
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∣∣∣Sym(T )
∣∣∣ <

∣∣∣S4
∣∣∣

∵ (1 2) /∈ Sym(T )
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Clockwise
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Rotate through vertices:

Fixing 1 : ρ1 = (2 3 4) ρ2
1 = (2 4 3) ρ3

1 = 1

Fixing 2 : ρ2 = (1 3 4) ρ2
2 = (1 4 3) ρ3

2 = 1

Fixing 3 : ρ3 = (1 2 4) ρ2
3 = (1 4 2) ρ3

3 = 1

Fixing 4 : ρ4 = (1 2 3) ρ2
4 = (1 3 2) ρ3

4 = 1

# = 8 + 1 = 9
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Rotate through edge-edge:

r1 = (1 4)(2 3)

r2 = (1 2)(3 4)

r3 = (1 3)(2 4)

# = 3
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ρ1 = (2 3 4) ρ2
1 = (2 4 3)

ρ2 = (1 3 4) ρ2
2 = (1 4 3)

ρ3 = (1 2 4) ρ2
3 = (1 4 2)

ρ4 = (1 2 3) ρ2
4 = (1 3 2)

r1 = (1 4)(2 3)

r2 = (1 2)(3 4)

r3 = (1 3)(2 4)

Sym(T ) ∼= A4 =

id, 3-cycle︸ ︷︷ ︸
#=8

, 2-2-cycle︸ ︷︷ ︸
#=3
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∣∣∣{H : H ≤ Sym(T )
}∣∣∣ = 10

H ≤ A4 =⇒
∣∣H∣∣ = 1, 2, 3, 4, 6, 12

∣∣H∣∣ =



1 : id (# = 1)

2 : ⟨r1⟩, ⟨r2⟩, ⟨r3⟩ (# = 3)

3 : ⟨ρ1⟩, ⟨ρ2⟩, ⟨ρ3⟩, ⟨ρ4⟩ (# = 4)

4 : {1, r1, r2, r3} ∼= K4 (# = 1)

6 : (# = 0)

12 : A4 (# = 1)
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Theorem (Groups of Order 4)∣∣G∣∣ = 4 =⇒ G ∼= Z4 ∨ G ∼= K4 ∼= Z2 × Z2

0

1

2

3

Z4
K4 ∼= Z2 × Z2
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Theorem (Groups of Order 4)∣∣G∣∣ = 4 =⇒ G ∼= Z4 ∨ G ∼= K4 ∼= Z2 × Z2

Proof.

∣∣G∣∣ = 4, H ≤ G =⇒
∣∣H∣∣ = 1, 2, 4

∃a ∈ G : |a| = 4

G = ⟨a⟩ ∼= Z4

∀a ∈ G : a ̸= e =⇒ |a| = 2

H = {e, a, b, ab}

a2 = b2 = e, ab = ba
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Theorem (Groups of Order 6)∣∣G∣∣ = 6 =⇒

G ∼= Z6 ∨ G ∼= D3

0

1

2

3

4

5

Z6

s

r2srs

1

rr2

D3
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Theorem (Groups of Order 6)∣∣G∣∣ = 6 =⇒ G ∼= Z6 ∨ G ∼= D3

∣∣G∣∣ = 6, H ≤ G =⇒
∣∣H∣∣ = 1, 2, 3, 6

(1) ∃a ∈ G, |a| = 6 =⇒ G = ⟨a⟩ ∼= Z6

(2) ∀a ∈ G, a ̸= e =⇒ |a| = 2 ∨ |a| = 3

∃a ∈ G : |a| = 2 ∃a ∈ G : |a| = 3

G =
{

e, a, a2, b, ba, ba2
}

(a3 = b2 = e)
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Theorem (Theorem 6.15)
A4 has no subgroup of order 6.

By contradiction.
Suppose that A4 has a subgroup H of order 6.

H ≇ Z6 =⇒ H ∼= D3

D3 =
{

e, a, a2, b, ba, ba2
}

(a3 = b2 = e, bab−1 = a−1)

D3 contains 3 elements of order 2.
H contains 3 elements of order 2.

{1, r1, r2, r3} ⊆ H

K4 ∼= {1, r1, r2, r3} ≤ H =⇒ 4 | 6
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Arthur Cayley (1821 – 1895)
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D3

Γ(G, S), S is a generating set

Hengfeng Wei (hfwei@nju.edu.cn) 4-5 Polyhedral Groups (I) April 08, 2019 21 / 24



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

0

1

2

3

4

5

Z6

s

r2srs

1

rr2

D3

Γ(G, S), S is a generating set

Hengfeng Wei (hfwei@nju.edu.cn) 4-5 Polyhedral Groups (I) April 08, 2019 21 / 24



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

ρ1 = (2 3 4) ρ2
1 = (2 4 3)

ρ2 = (1 3 4) ρ2
2 = (1 4 3)

ρ3 = (1 2 4) ρ2
3 = (1 4 2)

ρ4 = (1 2 3) ρ2
4 = (1 3 2)

r1 = (1 4)(2 3)

r2 = (1 2)(3 4)

r3 = (1 3)(2 4)

a = (1 2 3) b = (1 2)(3 4)
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1

a2a

ba

a2ba

aba bab

aba2

ba2

ab

b

a2b

a3 = b2 = 1
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a2a

ba

a2ba

aba bab

aba2

ba2

ab

b

a2b

a3 = b2 = 1 (ba)3 = 1
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Sym(T ) ∼= A4 arranged on a truncated tetrahedron
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Office 302
Mailbox: H016

hfwei@nju.edu.cn
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