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(2) for [ from | to N do:
(2.1) L(I) < L(I) x 100/ MAX

\ 4

(1) compute the maximum score in MAX;
(2) FACTOR < 100/MAX;

(3) for [/ from 1 to N do:
(3.1) L(I) < L(I) x FACTOR.
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Our first algorithm, insertion sort, solves the sorfing problem introduced in Chap-
ter 1}

Input: A sequence of » numbers (a.a».....a,).

Output: A permutation (reordering) (a}. a5. ....a,) of the input sequence such
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INSERTION-SORT (A)

for j = 2to A.length
key = Alj]
// Insert A[j] into the sorted sequence A[l .. — 1].
I = j —1
while /i > 0 and A[i]| > key
A[i + 1] = A[i]
I =1 —1
Ali + 1] = key
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now in sorted order. We state these properties of A[l .. j — 1] formally as a loop
invariant:

At the start of each iteration of the for loop of lines 1-8, the subarray
A[l.. ] —1] consists of the elements originally in A[l .. j —1], but in sorted
order.
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INSERTION-SORT (A)

1
2
3

O N W B

for j = 2to A.length

key = Alj]

// Insert A[j] into the sorted
sequence A[l..j —1].

;= [ —1

while i > 0 and A[i] > key
Ali + 1] = AJi]
I =1 —1

Ali + 1] = key

times
a—]

n—1
n—1
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T(n) = cin+c(n—1)+esn—1)+cs Yy t;+csy (t;—1)
j=2 j=2

+C7Z(rj— 1)+ ce(n—1).




‘ Best case

T(n)y = cin+ca(n—1)4+cayn—1)+cs(n—1) +cg(n—1)
(c1+calHHca+cs+cg)n—(ca+ca+cs+cg).




‘ Worst case

_ nin <4 1)
3=t
=2 -
and

A nn—1)
Y -D=—
j=2 B

(see Appendix A for a review of how to solve these summations), we find that in
the worst case, the running time of INSERTION-SORT 1is

n(n+ 1) |
- B )

=+ C¢ (#) + ¢+ (@) + CS(H — 1)

G C C i g ¢
= (?S—F?ﬁ"}—??)ﬁz—i-(f]+C2+C4+—5~——6——?+C3)H

— (2 +cs+c5+05) .

Tn) = cn+c(in—=1)+csn—1)+ cs (




‘ Average case

The “average case” i1s often roughly as bad as the worst case. Suppose that we
randomly choose n numbers and apply insertion sort. How long does it take to
determine where in subarray A[l..j — 1] to insert element A[;]? On average,
half the elements in A[l..j — 1] are less than A[/], and half the elements are
greater. On average, therefore, we check half of the subarray A[1.. j — 1], and
so t; is about j/2. The resulting average-case running time turns out to be a
quadratic function of the input size, just like the worst-case running time.
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Algorithm 1 2 3 4
Time function(ms) 33n 46nlg n 13n2 3.4n3 2"
Input size(n) Solution time
10 0.00033sec. 0.0015 0.0013sec. 0.0034sec. 0.001 sec.
Sec.

100 0.0033sec. 0.03 sec. 0.13 sec. 3.4 sec. 4x1016 yr,

1,000 0.033sec.  0.45 sec. 13 sec. 0.94 hr.,

10,000  0.33 sec. 6.1 sec. 22 min, 39 days

100,000 3.3 sec. 1.3 min. 1.5 days 108 yr.

Time allowed Maximum solvable input size (approx.)
1second 30,000 2,000 280 67 20

1 minute 1,800,000 82,000 2,200 260 26
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4 “Big Ob’

Definition
o Giving g:N—R*, then O(g) is the set of f:N—R*, such
that for some ceR* and some n,eN, f(n)<cg(n) for all

n=n,.
A function fe O (g) If Iimw: C <o
N—>0 g(n)

o Note: ¢ may be zero. In that case, feo(g), “little Oh”
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Let f(n)=n2, g(n)=nlgn, then:

2
/1 11

o fg 0(g), since] im = lim—— = o
oo nlgn oo lgn

nlogn log n

o ge O(f), since lim . = lim

11—>0 n n—>00 ﬁ

= 0

o nlgneO(n?)
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Which grows faster?

log,n or +/n?
So, log,n eO(h)
log, e
im 19921 _ jim 1 _(2Iog2e)llm£ 0
N— o0 N N—o0 1 n—-o N
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= The log function grows more slowly than any
positive power of n

Ilgn € o(n%) for any a>0

grows more slowly than any exponential fu
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Upper J
bounds on P

P’s inherent time complexity algorithmic %
problem P ﬁ L]
: i
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a proof that P requires Gl{-NJ
(N} :
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i) B8 :
Big-O i) “Robustness”
RAABRB?

In other words, as long as the basic set of allowed elementary mstructions 1s
agreed on, and as long as any shortcuts taken in high-level descriptions (such as
that of Figure 6.1) do not hide unbounded iterations of such nstructions, but merely
represent finite clusters of them, big-0 time estimates are robust,
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0.0001
)

We have known that :logn € o(n

(since lim logn

.m0 gt

=0 for any € > 0)

However, which is larger :logn and n°,if n=10""?
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Let A be an array of integers and S a target integer. Design
an efficient algorithm for determining if there exist a pair
of indices 1,J such that A[i]+A[j]=S.

NEIXE "efficient” EI8 "%k

R ARRYERREEKIS ?

Hash[a,]| j&f 2 oo If a; = S-g
Hash(S-a))




‘ Sleeping Tigers

(1) find the “lowest” point P;;

(2) sort the remaining points by the magnitude of the angle they form with the horizontal
axis when connected with Py, and let the resulting listbe Py, ..., Py;

(3) start out with P, and P in the current hull;

(4) for I from 3 to N do the following;

(4.1) add P; tentatively to the current hull;

(4.2) work backwards through the current hull, eliminating a point P, if the two
points Py and P; are on different sides of the line between P;_; and P;, and
terminating this backwards scan when a P; that does not need to be eliminated
is encountered.
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Step (1) O(N)

Step (2) O(N xlogN)
Step (3) o(l)
Step (4) O(N)

Total O(N xlogN)
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