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Gottlob Frege (1848-1925) “Basic Laws of Arithmetic”
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Gottlob Frege (1848-1925) “Basic Laws of Arithmetic”

MF—PREZETEERR, KAENEREITT: SR ITE
HEIESERR, AEATBKRERERME Z3E. - (MR
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Bertrand Russell (1872-1970)
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Bertrand Russell (1872-1970)

PRINCIPIA
MATHEMATICA
TO 56
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Bertrand Russell (1872-1970)

PRINCIPIA
MATHEMATICA
TO 456
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BAVEE SRR AT B 48 dh AP LA E M 1Bt Ik 37 B 3
SRE—EMERNES.
— Cantor GEBIZSEIBICEAMM
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BAVEE SRR AT B 48 dh AP LA E M 1Bt Ik 37 B 3
SRE—EMERNES.
— Cantor GEBIZSEIBICEAMM

Theorem (#EFE R N)
Vio(x) 3X : X = {x | (x)}.
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Definition (Russell's Paradox)

o) ="r g
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Definition (Russell's Paradox)

o) ="r g

R={z|z¢x}
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Definition (Russell's Paradox)

o) ="r g

R={z|z¢x}

Q:ReR?
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Q: BRANRESREFEEFE, MIENAHIELL?

REE L2
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Solution: {z | x ¢ x} does not exist!

 tan90°
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A Little Axiomatic Set Theory (ZFC)

Ernst Zermelo (1871-1953) Abraham Fraenkel (1891-1965)
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Definition (Axiom Schema of Separation)

W) (VXTY 1Y = {z € X | g(2)}).
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Y(@)=z ¢
Theorem

R={x|z ¢z} is not a set.
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Theorem

b)=zda

R={x|z ¢z} is not a set.

Proof.

For Your Research.

NOT SURE
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Theorem

b)=zda

R={x|z ¢z} is not a set.

Proof.

For Your Research.

NOT SURE
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VX:Rx={rxeX|x¢ux}
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VX:Rx={rxeX|x¢ux}

Q:RXeRx?
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VX:Rx={rxeX|x¢ux}

Q Ry € Rx?
Theorem
There is no universe set.
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VX:Rx={rxeX|x¢ux}

Q Ry € Rx?
Theorem
There is no universe set.
VC3z -z ¢ C.
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VX:Rx={rxeX|x¢ux}

Q:RXeRx?

Theorem

There is no universe set.

VC3x : x ¢ C.

Proof.
By contradiction.
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VX:Rx={rxeX|x¢ux}

Q:RXeRx?

Theorem

There is no universe set.

VC3x : x ¢ C.

Proof.
By contradiction.

{zelClzx ¢}
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VX:Rx={rxeX|x¢ux}

Q:RXeRx?

Theorem

There is no universe set.

VC3x : x ¢ C.

Proof.
By contradiction.

{frellegrt={z|x¢ur}

O

v

Hengfeng Wei (hfwei@nju.edu.cn) 1-8 £E5RHIZE 2017 £ 12 o4 H 11 / 34



VX:Rx={rxeX|x¢ux}

Q:RXeRx?

Theorem

There is no universe set. (It is too “big” to be a set!)

VC3x : x ¢ C.

Proof.
By contradiction.

{frellegrt={z|x¢ur}

O]

v
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Definition (“N")
ANB={zre€ A|z € B}
={x|xe ANz € B}

Definition (“\")
A\B={x € A|z ¢ B}
={z|ze€ ANz ¢ B}
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Definition (“N")
ANB={zxe€Alxe€ B}
={x|xe ANz € B}

Definition (“\")
A\B={x € A|z ¢ B}
={z|ze€ ANz ¢ B}

We can never look for objects “not in B"” unless we know where
to start looking. So we use A to tell us where to look for
elements not in B. — UD (Chapter 6)
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Definition (Axiom of Extensionality)

VAVBVz(x € A <= v € B) <= A=B.

Hengfeng Wei (hfwei@nju.edu.cn) 1-8 £E5RHIZE 2017 £ 12 H 04 H 13 / 34



Definition (Axiom of Extensionality)

VAVBVz(x € A <= v € B) <= A=B.

{a,a} = {a}
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Set Operations

n U\
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UD 7.1 (b): Distributive Property

AN(BUC)=(ANB)U(ANC)
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UD 7.1 (b): Distributive Property

AN(BUC)=(ANB)U(ANC)

Theorem (Distributive Property (Theorem 7.1))
Au(BNC)=(AUB)N(AUC)

Proof.

Ifx €e AU(BNC), thenx € A orx € BN C. Suppose first that
x€A.Thenx € AUBandx € AUC. In this first case, we see that
x € (AUB)N(AUC). Now suppose that x € BN C. Then x € B and
x € C. Since x € B, we see that x € A U B. Since we also have x € C,
we see that ¥ € AU C. Therefore, x € (A U B) N (A UC) in this case
as well. In either case x € (A U B) N (A U C) and we may conclude
that AU(BNC) S (AUB)N(AUC)

‘To complete the proof, we must now show that (AUB)N(AUC) ©
AU(BNC).Soifx € (AUB)N(AUC), thenx € AUBandx € AUC.
It is, once again, helpful to break this into two cases, since we know
that citherx € A orx € A. Now if x € A, thenx € AU(BNC). If x € 4,
then the fact that ¥ € AUB implies that x must be in B. Similarly, the
fact that x € AU C implies that x must be in C. Therefore, x € BNC.
Hence ¥ € AU (BN C). In either case x € A U (BN C) and we may
conclude that (AUB)N(AUC) S AU(BNC)

Since we proved containment in both directions we may
conclude that the two sets are ]

wei@nju.edu.cn 1-8 EARHIEZE 2017 £ 12 A 04 H 15 / 34



UD 7.1 (¢): DeMorgan's Law
Let X denote a set, and A,B C X.

X\(ANB)=(X\A)U(X\B)
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UD 7.1 (¢): DeMorgan's Law
Let X denote a set, and A,B C X.

X\(ANB)=(X\A)U(X\B)
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UD 7.1(d)
Let X denote a set, and A, B C X.

ACB + (X\B)C(X\A)
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UD 7.1(d)
Let X denote a set, and A, B C X.

ACB + (X\B)C(X\A)
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UD 7.1(d)
Let X denote a set, and A, B C X.

ACB + (X\B)C(X\A)

N\

For any given z, - - -
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UD 7.1(d)
Let X denote a set, and A, B C X.

ACB + (X\B)C(X\A)

N\

For any given z, - - -

Q:ABCX?
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UD 7.1(d)
Let X denote a set, and A, B C X.

ACB + (X\B)C(X\A)

N\

For any given z, - - -

Q:ABCX? (=X =07)
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Equivalence: UD 7.8
Consider the following sets:

(i) (ANB)\ (ANBNC)
(i) ANB\(ANBNC)
(i) AnBNCe

(iv) (ANB)\C

(v) (A\C)N(B\C)

(a) Which of the sets above are written ambiguously, if any?
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Equivalence: UD 7.8
Consider the following sets:

(i) (ANB)\(ANnBNCQC)

(i) AnB\ (AnBNCQC)

(i) AnBNC*

(iv) (AnB)\C

(v) (A\C)N(B\C)

(a) Which of the sets above are written ambiguously, if any?
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Equivalence: UD 7.8
Consider the following sets:

(i) (ANB)\(ANBNCQC)
(i) AnB\ (AnBNCQC)
(i) AnBNC*

(iv) (AnB)\C

(v) (A\C)N(B\C)

(a) Which of the sets above are written ambiguously, if any? )

(i) : (ANB)\ (ANBNC) vs. AN (B\(ANBNC))
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Equivalence: UD 7.8
Consider the following sets:

(i) (ANB)\(ANBNCQC)
(i) AnB\ (AnBNCQC)
(i) AnBNC*

(iv) (AnB)\C

(v) (A\C)N(B\C)

(a) Which of the sets above are written ambiguously, if any? )

(i) : (ANB)\ (ANBNC) vs. AN (B\(ANBNC))

(none) : (ANB)\ (ANBNC) = AN (B\ (ANBNC))
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Equivalence: UD 7.8
Consider the following sets:

(i) (ANB)\(ANBNCQC)
(i) AnB\ (AnBNCQC)
(i) AnBNC*

(iv) (AnB)\C

(v) (A\C)N(B\C)

(a) Which of the sets above are written ambiguously, if any? )

(i) : (ANB)\ (ANBNC) vs. AN (B\(ANBNC))
(none) : (ANB)\ (ANBNC) = AN (B\ (ANBNC))
(none): from the left to the right
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Equivalence: UD 7.8
Consider the following sets:

(i) (ANB)\(ANnBNCQC)

(i) ANB\ (AnBNC(C) m'su"dersbandmgpuzzledm

(i) AnBNC* .“:mzz'*gC%nfuslj%@«ﬁ

(iv) (ANB)\C e oty

(v) (A\C)N(B\C) T @R

(a) Which of the sets above are written ambiguously, if any? )

(i) : (ANB)\ (ANBNC) vs. AN (B\(ANBNC))
(none) : (ANB)\ (ANBNC) = AN (B\ (ANBNC))
(none): from the left to the right
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Equivalence: UD 7.8
Consider the following sets:

(i) (ANB)\ (ANBNC)
(i) ANB\(ANBNC)
(i) AnBNCe

(iv) (ANB)\C

(v) (ANC)N(B\C)

(c) Prove that (AN B)\ C = (A\ C) N (B\ C). )
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Equivalence: UD 7.8
Consider the following sets:

(i) (ANB)\ (ANBNC) -
(i) ANB\ (ANBNC) ‘
(i) AnBNCe "'
(iv) (ANB)\ C "‘
(v) (A\NC)N(B\C)
(c) Prove that (AN B)\ C = (A\ C) N (B\ C). )
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Equivalence: UD 7.8
Consider the following sets:

(i) (ANB)\ (ANBNC) -
(i) ANB\ (ANBNC) ‘
(i) AnBNCe "'
(iv) (ANB)\ C "‘
(v) (A\NC)N(B\C)
(c) Prove that (AN B)\ C = (A\ C) N (B\ C). )

A\C={z|z€c ANz ¢ C}
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Equivalence: UD 7.8
Consider the following sets:

(i) (ANB)\ (ANBNC) -
(i) ANB\ (ANBNC) ‘
(i) AnBNCe "'
(iv) (ANB)\ C "‘
(v) (A\NC)N(B\C)
(c) Prove that (AN B)\ C = (A\ C) N (B\ C). )

A\C={z|z€c ANz ¢ C}

A\C=Ance
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Ub 7.9
Prove that the union of two sets can be rewritten as the union of two
disjoint sets.

(a) Prove that (A\ B)N B =1
(b) Prove that AUB=(A\B)UB
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ub 7.9
Prove that the union of two sets can be rewritten as the union of two
disjoint sets.

(a) Prove that (A\ B)N B =1
(b) Prove that AUB=(A\B)UB

"REST, —ERRMEFR
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ub 7.9
Prove that the union of two sets can be rewritten as the union of two
disjoint sets.

(a) Prove that (A\ B)N B =1
(b) Prove that AUB=(A\B)UB

By contradiction.

"REST, —ERRMEFR
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ub 7.9
Prove that the union of two sets can be rewritten as the union of two
disjoint sets.

(a) Prove that (A\ B)N B =1
(b) Prove that AUB=(A\B)UB

By contradiction. (A\B)UB = ---

"REST, —ERRMEFR
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Set Family {4, : a € I}
n U
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UA4j=404U--Ud,  [(4;=41Nn40N---NA4,
j=1 j=1
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UA4j=404U--Ud,  [(4;=41Nn40N---NA4,

j=1 j=1
UAj:AlUAQU--' mA]‘:AlﬂAgﬂ”'
j=1 j=1
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U 4o
y {z|Jaecl:xe A}

N do=
I {z|Vael:xze A}
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U 4o
y {z|Jaecl:xe A}

N do=
I {z|Vael:xe A}

Q: I#0for (] Aa (UD Pyy)

ael
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U 4o
y {z|Jaecl:xe A}

N do=
I {z|Vael:xe A}

Q: I#0for (] Aa (UD Pyy)

ael

Q: I#0 for UAQ

ael
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> " UD 8.1
A =[0,1/n) B, =1[0,1/n] Cn=(0,1/n)

(b) Find MNy=; An o1 Bn me1Cn

n=1 n=1
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> " UD 8.1

A =[0,1/n) B, =1[0,1/n] Cn=(0,1/n)

(b) Find 72y An = {0} M1 Ba = {0} M1 Cn =0
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> " UD 8.1

A, =10,1/n) B, =1[0,1/n] C,=(0,1/n)

(b) Find M7Z; Ap = {0} MpZ1 Bn = {0} MRZiCn =10

o ©

-

MEPERELS
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: UD 8.1

nl

Ay =10,1/n) B, =1[0,1/n] C,=(0,1/n)

(b) Find M2y An = {0} M2y B = {0} M2

Theorem (The Nested Interval Theorem (Cantor))

1% {[an, bn)} FEMEHR EERF, B
[a1,b1] D [ag,b2] D+ D [an,by] D -+

] Jim (b, — an) =0, NEFEEME—R S ¢ 13 c < [an, by), Vn > 1.
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-
> " UD 8.4

VneZt: Ay CBy# () An C ﬁBn

n=1 n=1

A, =1[0,1/n) By =1[0,1/n]
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-
“NS,": UD 8.4

VneZt: Ay CBy# () An C ﬁBn

n=1 n=1

A, =1[0,1/n) By =1[0,1/n]

THINK

BE
CAREFUL
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DeMorgan's Law: UD Exercise 8.9
)(\ LJ Ag = r]()(\‘Aa)

acl acl
)(\ (1 Aa:: LJ()(\‘AQ)
acl acl
4
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DeMorgan's Law: UD 8.8
A=R\ ﬂ (R\{-n,—n+1,---,0,---,n—1,n})

neZ+
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DeMorgan's Law: UD 8.8
A=R\ ﬂ (R\{-n,—n+1,---,0,---,n—1,n})

neZ+

Xp,={-n,—n+1,---,0,--- ,n—1,n}
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DeMorgan's Law: UD 8.8
A=R\ ﬂ (R\{-n,—n+1,---,0,---,n—1,n})

neZ+

Xp,={-n,—n+1,---,0,--- ,n—1,n}

A=R\ [ (R\ X,)

neZ*

=R\ (R\ {J X)

nezZt
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DeMorgan's Law: UD 8.9
A=Q\ R\ {2n})

nez
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DeMorgan's Law: UD 8.9
A=Q\ R\ {2n})

nez

(@ : What is the temporary universe?
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DeMorgan's Law: UD 8.9
A=Q\ R\ {2n})

nez

(@ : What is the temporary universe?

A=Q\ [ (R\{2n})

nez

=0\ (R\ J{2n})

nel
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Video:

Message To Future Generations — Bertrand Russell
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https://www.youtube.com/watch?v=HXuvEeecZtU

Hengfeng Wei (hfwei@nju.edu.cn)

Power Set

{a,b,c}

{}

{a}, {b}, {c},
{a.b}, {a,c}, {b.c},
{a,b,c}
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Definition (Axiom of Power Set)

VXIYVu(uC X <= uey)

P(X)
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Definition (Axiom of Power Set)
VXIYVu(u C X <= ueY) J

{iu} W
P{@ ) = %@ 2 o

out out
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|SeP(X) «= SCX
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“C" (UD 9.4)
ACB < P(A) CP(B) J
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“C" (UD 9.4)
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Proof.
ACB < P(A) CP(B)

vz(z € P(A)UP(B) = z € P(AUB))
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P(A)UP(B) C P(AUB)

Proof.

ACB < P(A) CP(B)

Vz(z € P(A)UP(B) = = € P(AUB))

P(A)UP(B) # P(AUB)
UD Exercise 9.3
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