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CS1.2-1

In how many ways can we pass out k distinct pieces of fruit to n children
(with no restriction on how many pieces of fruit a child may get)?
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CS1.2-5

Assuming k < n, in how many ways can we pass out k distinct pieces of
fruit to n children if each child may get at most one piece? What if

k > n? Assume for both questions that we pass out all the fruit.

AA Jun (Institute of Computer S e Problem Solving March 19, 2020 3/17




CS1.2-5

Assuming k < n, in how many ways can we pass out k distinct pieces of
fruit to n children if each child may get at most one piece? What if

k > n? Assume for both questions that we pass out all the fruit.

THE TWELVEFOLD WAY

balls per urn

unrestricted

>1

<1

n labeled balls,
m labeled urns

n-tuples
of m things

n-permutations | partitions of {1 n}
of m things into m ordered parts

n unlabeled balls,
m labeled urns

n-multicombinations
of m things

compositions of n
into m parts

n-combinations
of m things

n labeled balls,
m unlabeled urns

\n}

partitions of {1,...
into < m parts

partitions of {1,...,
into m parts

n pigeons
into m holes

n unlabeled balls,
m unlabeled urns

partitions of n
into < m parts

partitions of n
into m parts

n pigeons
into m holes




CS1.2-5

Assuming k < n, in how many ways can we pass out k distinct pieces of
fruit to n children if each child may get at most one piece? What if

k > n? Assume for both questions that we pass out all the fruit.

THE TWELVEFOLD WAY

balls per urn unrestricted <1 >1
n labeled balls, n-tuples n-permutations | partitions of {1,...,n}
k m labeled urns of m things of m things | into m ordered parts
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n labeled balls, | partitions of {1,...,n}| n pigeons | partitions of {1,...,n}
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n unlabeled balls, partitions of n n pigeons partitions of n
m unlabeled urns | into < m parts into m holes into m parts
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Assuming k < n, in how many ways can we pass out k distinct pieces of
fruit to n children if each child may get at most one piece? What if
k > n? Assume for both questions that we pass out all the fruit.
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CS1.2-15

A tennis club has 2n members. We want to pair up the members by twos

for singles matches.

(1) In how many ways can we pair up all the members of the club?

(2) Suppose that in addition to specifying who plays whom, we also
determine who serves first for each pairing. Now in how many ways can we

specify our pairs?
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determine who serves first for each pairing. Now in how many ways can we
specify our pairs?

A permulation of {1,2,...,2n} is corresponding to a possible way!
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Question-1
In how many ways can we pair up all the members of the club?
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Question-1
In how many ways can we pair up all the members of the club?
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How many ways are equivalent to this? n! x 2"
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Question-1
In how many ways can we pair up all the members of the club?

23929

mox Mpx | Mpx

How many ways are equivalent to this? n! x 2"

So, the number of different ways is ,5,2;7; = %!
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Question-2
Suppose that in addition to specifying who plays whom, we also determine
who serves first for each pairing. Now in how many ways can we specify

our pairs?

Mpa n

How many ways are equivalent to this?
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Question-2
Suppose that in addition to specifying who plays whom, we also determine
who serves first for each pairing. Now in how many ways can we specify

our pairs?

Mpa n

How many ways are equivalent to this? n!
So, the number of different ways is % = (2n)™!
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Question-2
Suppose that in addition to specifying who plays whom, we also determine
who serves first for each pairing. Now in how many ways can we specify

our pairs?

maa

Stepl: select n players from the 2n players to play the n as for all
matches, totally (*7).

Step2: assign the remaining n players to the n bs.
Same as putting n different balls into n different bins, nZ

So, there are (zn”) x n? different ways in total.
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CS1.5-4

Use multisets to determine the number of ways to pass out n identical
apples to m children. Assume that a child may get more than one apple.
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CS1.5-4

Use multisets to determine the number of ways to pass out n identical
apples to m children. Assume that a child may get more than one apple.

Theorem (CS Theorem 1.8)

The # of n-element multisets
chosen from an m-element set is

Theorem
The # of weak composition of n
with m terms is

()0 ()=

n=7 m=5 (Apples and Children)

{t. 1, 3 1, 4 3, 5}

N T

7T=3+0+2+1+1
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CS 1.5-12

A standard notation for the number of partitions of an n-element set into
k classes is S(n, k). Because the empty family of subsets of the empty set
is a partition of the empty set, S(0,0) is 1. In addition, S(n,0) is O for
n > 0, because there are no partitions of a nonempty set into no parts.
S5(1,1)is 1.
@ Explain why S(n, n) is 1 for all n > 0. Explain why S(n,1) is 1 for all
n> 0.

@ Explain why S(n, k) =S(n— 1,k — 1)+ kS(n—1,k) for 1 < k < n.
© Make a table like Table 1.1 that shows the values of S(n, k) for values
of n and k ranging from 1 to 6.
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Set Partition (CS : 1.5 —12)

{:} 1 # of partitions of set IV into k parts

{:}:{Z:i}+k{”;1} (n>0,k > 0)

n is alone n is not alone
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IEMRR (Summation)
BT EN TBRANRENE r.

procedure CONUNDRUM(n)
r<o0

for i + 1to ndo
for j< i+ 1to ndo
for k< i+j—1to ndo
r<—r+1
end for
end for
end for

LoNOaRW M

10: return r

11: end procedure

# = 27:1 er',:i-i-l ZZ:H—J’—I 1
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IEMRR (Summation)
#= 21 2jmit1 Dk=itj-11

# = 27:1 Efzit}lzzzfﬂq 1
Doic1 2 (M= +2—))

i (n—i+2)(n—i+1-(i+1)+1)- (i+1+nfi+1)(n2fi+17(i+1)+1))
f (”*i+2)(nf2i+1)7%2*2f+1))
p (A=) () 4 1))
_ Z,-le("—2"+2)(n—2i+1)
- Z;L:%J ("+1)%ﬂ+2)+4 Z,-L:%J izfX:’_LjJ (4n+6)i

LgJEL%J+1)(2LgJ+1) LgJ(ngJrl)(AnJre)
6 — 2

_
NIs

_ 131 (n+1)(n+2)+4-

2

MA Jun (Institute of Computer e Problem Solving March 19, 2020 13 /17



IEMRR (Summation)
#= 21 2jmit1 Dk=itj-11

if nis even if nis even

e L%J(L%H?(?L%JH) B L%J(L%J;l)mm)

4 = Ble)e) .

(nt1)(r2) 14 g(gﬂ)e(zgﬂ) B g(g+12)(4n+6)
2

n
— 2

n(n+2)(2n—1)
24
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IEMRR (Summation)
#= 21 2jmit1 Dk=itj-11

if nis even if nis odd

# = L3](n+1)(n+2)+4- LgJ(L%ng)(ZLgM)f L%J(ngzﬂ)ww)
s i) (ni2)ea 2 CT ) T ()
- 2

(n=1)(n+1)(2n43)
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IEMIRR (Summation)

EA=EMEIR, FrA r BXTF n PI=R=.
FIRAASIEEL R
mEU71|%E§nJ DEBITIS
ﬁn +%n2—%n ,nis even
ry =
in3+%n2—in—l ,nis odd
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#ER (Summation)

EA=ERER, FLA r AXTF n BI=XRR.

FIRANBIRE LR
WMEEISIEEEL, SISt

%n3+%n2—%n ,nis even
rh =

1.3,1,2 1. 1 ;
7 +gn isn— 3§ ,nisodd

fn= 151+ 5n* — 550 — & (1 — (-1)")
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Thank You!

Questions?

Office 819
majun®nju.edu.cn
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